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Abstract
The mechanical behavior and properties of multilayer graphene sheets and
nanoribbons have been a subject of intensive research in recent years, due to
their potential in electronic, structural and thermal applications. Calculations
of effective properties range from molecular dynamic simulations to use
of structural mechanical continuum models. Here, structural and elastic
parameters are obtained via full atomistic simulations, and a two-dimensional
mesoscopic model for a sheet of graphene is developed utilizing coarse-grain
bead-spring elements with rotational-spring potentials. The assertion of energy
conservation between atomistic and mesoscale models through elastic strain
energy is enforced to arrive at model parameters, incorporating normal and shear
strains, out-of-plane bending and intramolecular interactions. We then apply
our mesoscopic model to investigate the structure and conformational behavior
of twisted ultralong multilayer graphene ribbons with lengths of hundreds
of nanometers, representing several millions of individual atoms, beyond the
accessible regime of full atomistic molecular dynamics. We find a distinct
transition from a twisted (saddle-like) configuration to a helical (coil-like)
configuration as a function of imposed rotation and number of graphene layers.
Further, for single layer graphene ribbons, multiple, stable configurations occur
at discrete rotations due to the surface adhesion. The model developed and
applied here can be more generally used to investigate properties of other
two-dimensional membrane and ribbon-like systems for mesoscale hierarchical
material design.
(Some figures in this article are in colour only in the electronic version)
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1. Introduction
Graphene sheets are one-atom-thick two-dimensional layers of sp2 -bonded carbon that have
remarkable mechanical, thermal and electrical properties [1–3]. Experimental results establish
graphene as one of the strongest materials ever tested in terms of elastic stiffness and ultimate
tensile strength [3, 4]. The superlative properties of mono- and mulitlayer graphene sheets
can facilitate the design of advanced composites with superior mechanical and electrical
performance [5] and impel applications in novel nanostructures. The advantages of graphenebased material systems lie in the relatively flat, monoatomic sheet geometry that balances a
high surface area with the mechanical strength of in-plane carbon bonding, with promising
properties for energy storage [6, 7] and stretchable, more ductile microelectronics [8]. The
desire to enhance the accessible atomistic surfaces and edges inherently limits the scale of such
systems to the order of micrometers. However, even at this length-scale, bottom-up mechanical
investigations are hindered by the computational expense of full atomistic representations, and
conventional continuum theories cannot be applied to describe their structural and mechanical
properties from the bottom-up. This calls for novel approaches to develop models to enable
the engineering design of graphene materials.
A multitude of experimental approaches—including mechanical cleavage [9], top-down
lithography and cutting [10], or peeling [11], as examples—are now applied to fabricate
graphene sheets with desired shape and size. In particular, graphene nanoribbons—graphene
sheets with large aspect ratios of length to width—present intriguing electronic properties
due to their characteristic size and edge shape. Previous atomic-scale microscopy and
spectroscopy studies revealed a significant variety of graphene conformations, where ripples,
kinks and folds have been observed [12–14], depending on the geometry of graphene sheets
and ribbons. These characteristic ‘secondary structures’ of graphene have prominent effects on
the resulting functional material properties and have thus received considerable attention at the
molecular scale [15–17]. However, application in electronic devices, nanoscale materials, etc,
necessitates characterization at larger length-scales. This consequently results in a modelling
impasse—the effect of such secondary structures, or hierarchical configurations, must be
represented, but is limited by the length-scales accessible to full atomistic simulations. To
fully utilize the design potential of graphene ribbons, hierarchical multiscale analytical methods
must be developed that accurately describe the behavior of graphene ribbons at both the nanoand micro-scales.
Intermolecular interactions between graphene sheets require the development of coarsegrain techniques beyond the capacity of traditional continuum and structural mechanics.
Previous multiscale modeling attempts have successfully implemented finite element
representation of graphene via elastic plate formulations [18]—however, such elements
neglect the adhesion and interactions critical to configurations of graphene structures, and
were limited to monolayer graphene. Here, a method to bridge these two approaches is
implemented, using concepts of hierarchical multiscale modeling. Mesoscale coarse-grain
modeling does not intend to disassociate atomistic behavior, but rather incorporate multi-body
atomistic interactions and properties into the intrinsic performance of coarse-grain potentials.
Equivalent atomistic to continuum or structural mechanics approaches have been applied
previously to both graphene sheets and carbon nanotubes, including truss-type analytical
models [19], finite element beams [20] and uniaxial links with nonlinear rotational springs [21],
as examples. Such techniques utilize equivalent elastic strain energy to simplify complex
atomistic behavior. However, the components of such models are ultimately limited to
atomistic scales, parametrically defining carbon–carbon bonding with equivalent elasticity
models. The intent of a mesoscale model is to expand the atomistic to structural mechanics
2
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approach to vastly larger systems. The parameters in the mesoscopic model are fit to reproduce
elastic and adhesion properties of graphene sheets, thereby enabling the modeling of the
dynamics of graphene sheets approaching the microscale over time-scales on the order of
microseconds, bridging the length- and time-scale limitations of full atomistic simulations.
The focal point of this paper is the multi-scale development of a two-dimensional coarsegrain mesoscopic model that can replicate the mechanical behavior of mono- and multilevel
graphene in complex hierarchical configurations. Such methods are intended to simplify
the simulation of more complex systems, such as composite polymer nanofilms [22, 23] or
biological membranes [24] that require time- and length-scales beyond the reach of traditional
molecular dynamics. With the developed mesoscale model, the structure and stability of
twisted graphene nanoribbons are investigated.
2. Methods
A ‘fine-trains-coarse’ approach is implemented to produce mesoscale model derived solely
from atomistic calculations. A series of full atomistic calculations of mechanical test cases
(test suite) is implemented via classical molecular dynamics (MD) to derive a simplified set
of parameters to describe the graphene sheet behavior. Similar modelling approaches have
been used for the mesoscopic simulation of carbon nanotube bundles and arrays [25–28] for
collagen systems [29, 30], for example. Here, we extend the concept to a two-dimensional
representation. The model described hereafter has been previously implemented to investigate
the stable folding of graphene sheets [31].
2.1. Full atomistic simulations and mechanical characterization
The test suite implemented to determine the parameters required for the coarse-grain graphene
sheet consist of the following four loading cases: (i) uniaxial tensile loading to determine
Young’s modulus, E; (ii) simple shear loading to determine shear modulus, G; (iii) out-ofplane bending to determine the bending stiffness per unit width, D and (iv) a stacked assembly
of two sheets to determine the adhesion energy per unit area, γL . The test suite was applied using
a 100 Å × 100 Å graphene sheet with armchair orientation along the x-axis (zigzag orientation
along the y-axis), as depicted in figure 1. The full atomistic investigations utilize the ReaxFF
potential for carbon–carbon interactions [32, 33]. The first-principles-based ReaxFF force field
has been shown to provide an accurate account of the chemical and mechanical behavior of
hydrocarbons, graphite, diamond, carbon nanotubes and other carbon nanostructures [34–36]
while it is capable of treating thousands of atoms with near quantum-chemical accuracy.
A time increment is chosen to be on the order of femtoseconds (1.0 × 10−15 s). All full
atomistic simulations are subject to a microcanonical (NVE) ensemble, carried out at a low
temperature of 10 K to prevent large thermal vibrations. Temperature control was achieved
using a Berendsen thermostat [37]. The MD simulations are performed using the massively
parallelized modeling code LAMMPS [38] (http://lammps.sandia.gov/) capable of running on
large computing clusters.
It is well established that the strain energy and deformation of graphene sheets can be
described by continuum elasticity theory [39–44]. For the current model development, it
is assumed that under small deformation, graphene can be approximated as a linear elastic
isotropic material. Further, to take advantage of the two-dimensional planar arrangement, a
plane stress approximation is utilized to calculate elastic strain energy implemented for energy
conservation between atomistic and mesoscopic models. More complex elasticity models can
be implemented to account for out-of-plane behavior, anisotropic and finite strain effects, but
3

Modelling Simul. Mater. Sci. Eng. 19 (2011) 054003

S Cranford and M J Buehler

Figure 1. Full atomistic model of monolayer graphene sheet (100 Å × 100 Å) implemented in
the first principles ReaxFF force field. Starting configuration for mechanical test suite required for
coarse-grain model parametrization. Representative snapshot after equilibration at 300 K with small
in-plane rippling due to thermal fluctuations. Armchair edges in the x-direction, zigzag edges in the
y-direction. Formulated coarse-grain model for graphene ribbons considers mechanical parameters
with armchair edges.

would require a more thorough suite of atomistic simulations to derive all pertinent parameters,
and is beyond the scope of the current investigation. For plane stress, we define the stress–strain
relationship as
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We define the strain energy as

1
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(2)

where  is the representative volume under stress (here taken as the graphene sheet). The intent
is to assert equivalence between elastic strain energy and coarse-grain molecular potentials.
Uniaxial tension and simple shear. A uniaxial tensile test was applied to the graphene sheet
by implementing periodic boundary conditions along the x-axis only, and deforming the unit
cell by stretching along the x-direction at a uniform rate (thereby inducing a uniform strain
rate). To load the graphene sheet in pure shear, the bottom of sheet was fixed along the x-axis,
while the top was sheared with a constant stretching along the x-direction at a uniform rate
(inducing a uniform shear strain rate). In both cases, the strain rate applied was 1.0 × 10−6 s−1 .
See figures 2(a) and (b). The virial stress is commonly used to relate to the macroscopic
(continuum) stress in molecular dynamics computations. The components of the macroscopic
stress tensor, σij , in a volume  is taken to be [45, 46]


 (a)
1 
1
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 a∈
2 b∈ i
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Figure 2. Applied mechanical test suite and summary of results. (a) Uniaxial tension test along
the x-direction (armchair); plot of σxx versus εxx ; linear fit to small strain to derive Young’s
modulus, E ≈ 0.97 TPa. Also, we illustrate a plot of σyy versus εxx for which σyy ≈ 0, supporting
the assumption used for equation (6). Ultimate strain taken at point of maximum stress, where
εult ∼
= 0.23. (b) Simple shear test with plot of σxy versus γxy ; linear fit to small strain to derive shear
modulus, G ≈ 0.22 TPa. (c) Bending modulus per unit length, D, determined via strain energy.
The minimized potential energy per unit area is fitted by a parabolic function for a set of defined
curvatures, κ. The bending stiffness is then determined from the constant as per equation (7). The
plot given depicts the results for bilayer graphene. (d) Adhesion energy determined by a simple
test in which the potential energy is plotted versus sheet separation. The energy minimum occurs at
the equilibirum spacing (DvdW = 3.35 Å), while adhesion strength is derived from the magnitude
of the energy well. A summary of all results is given in table 1.

5

Modelling Simul. Mater. Sci. Eng. 19 (2011) 054003

S Cranford and M J Buehler

which generates the six components of the symmetric stress-volume tensor, Sij , where m(a) is
the mass of particle ‘a’, vi(a) and vj(a) are the velocities in the ith and j th vector component
basis, ri(a) − ri(b) denotes the distance between particle ‘a’ and atom ‘b’ along the ith vector
component, while Fj(ab) is the force on particle ‘a’ exerted by particle ‘b’ along the j th vector
component, and  is the volume. To reduce random and temperature-related stress fluctuations,
in addition to averaging over the representative volume, , the stress is averaged further over
a small time interval of 100 fs around the desired time of the stress. The total stress can be
calculated as
σij = Sij −1 ,

(4)

where  is taken as the dimensions of the graphene sheet with a thickness equal to the van
der Waals equilibrium spacing (DvdW = 3.35 Å). The graphene sheet was strained to 25%,
which was chosen to encompass the deformation until fracture. The resulting stress–strain
relationships can then be plotted (figure 2(a)). From equation (1), it can be shown that
1
εx = [σx − vp σy ]
(5a)
E
and
2(1 + vp )
1
γxy =
(5b)
τxy = τxy ,
E
G
where E is the desired Young’s modulus and G is the shear modulus. From the results of
the full atomistic simulations, for uniaxial strain, σx  σy (figure 2(a)) thus we arrive at two
simple linear elastic relations:
∂σx ∼ σx
σx = Eεx → E =
,
(6a)
=
∂εx
εx
τxy = Gγxy → G =

∂τxy ∼ τxy
,
=
∂γxy
γxy

(6b)

The simulation returns a Young’s modulus value of approximately 0.968 TPa along the armchair
orientation (uniaxial strain along the x-axis) and 0.957 TPa along the zigzag orientation
(uniaxial strain along the y-axis). We obtain a value of 0.224 GPa for the shear modulus.
The results show good agreement with previous investigations where the determined Young’s
modulus of a single layer graphene sheet is reported on the order of ∼1 TPa, and a shear
modulus ranging from 0.21 to 0.23 TPa, with negligible difference between armchair and
zigzag orientations [19, 47–50].
The ambiguity for the thickness of graphene and carbon nanotubes has been discussed in
a previous study [51] which suggested the stress and elastic moduli of monolayer graphene be
reported in force per unit length (N m−1 ) rather than force per unit area (N m−2 or Pa). Our
value of the graphene in force per unit length is given by 289 N m−1 , which is close to the results
reported in other works [44, 49, 52] (which are broadly in the range 235–354 N m−1 depending
on the method used). Here, the label of ‘Young’s modulus’ is only intended as a placeholder for
the tensile behavior of graphene to parametrize a coarse-grain model—consistent definitions of
cross-section thickness are maintained at both the atomistic and mesoscales, thereby negating
any ambiguity of chosen thickness. In agreement with previous investigations, we assert that
the continuum interpretation of Young’s modulus, E, is not reflective of monolayer graphene,
and is merely used here as a convenient convention for model development. Further, the
introduction of multilayer graphene systems introduces finite thickness, allowing consistency
in model parametrization. Through the use of common terms, more apt comparisons can be
made with previous (and future) coarse-grain studies with other material systems [25, 31].
6
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Regarding the attained value, recent study suggests that internal lattice relaxation, which
effectively decreases the tensile stiffness of monolayer graphene, is not sufficiently reflected in
common molecular potentials [44]. Thus, the axial stiffness (in-plane Young’s modulus) has
been reported in a range from approximately 0.7 to 1.03 TPa (assuming a thickness of 0.335 nm)
[44]. To maintain consistency within our applied ‘test suite’, we use our determined value of
0.968 TPa for modeling, in agreement with reported experimental results [3]. Furthermore,
the current investigation involves a structural comparison of twisted graphene nanoribbons,
wherein variations in stiffness would only marginally affect results. Future refinements in the
atomistic determination of elastic parameters could easily be implemented in the developed
coarse-grain model.
The ultimate strain under tension was taken as the strain level at maximum stress
(εult = 0.23 at 131 GPa). It is noted that the ultimate strain does not necessarily represent
the complete fracture of the graphene sheet, but merely local rupture and subsequent drop in
load capacity. These values are in agreement with previous computational and experimental
studies [3, 49, 50, 52].
Out-of-plane bending modulus. Due to the relative flexibility and single atom thickness of
monolayer graphene, a mechanical bending test is difficult to implement [49, 51]. The isotropic
bending modulus is determined by one-dimensional pure bending experiments using molecular
statics, similar to previous coarse-grain [31] and full atomistic [11, 43, 53] investigations. To
calculate the bending modulus of N layers of graphene, a rectangular sheet of the N layers was
bent into a section of a cylinder with constant radius of curvature throughout the basal plane.
The neutral plane for pure bending is parallel to the N layers and passes through the centroid of
the bending cross section. The edges of the bent sheet were kept fixed and the bulk of the sheet
was allowed to relax to an energy minimum. Energy minimization of the system was performed
using a conjugate-gradient algorithm with an energy-convergence criterion implemented in the
LAMMPS code. The bending modulus was calculated by fitting the energy-curvature data to
the following expression [54]:
Ubend = 21 Dκ 2 ,

(7)

where Ubend is the system strain energy per unit basal plane area, D is the bending modulus per
unit width and κ is the prescribed beam curvature. Curvatures of 0.002–0.012 Å−1 (cylindrical
radii of approximately 83 Å to 500 Å) were imposed on 1-, 2-, 4- and 8-layer graphene systems
and the minimized energies plotted versus κ (representative results for 2-layer system given
in figure 2(c)). The resulting bending stiffnesses were 2.1, 130, 1199 and 13 523 eV for 1-,
2-, 4- and 8-layer graphene, respectively [11]. Previous investigations report smaller values
of monolayer bending stiffness, ranging from 0.69 to 1.5 eV [43, 48, 49, 53], dependent on
technique (ab initio, MD, etc) and the chosen potential. As the current investigation compares
multilayer structures—which are orders of magnitude stiffer than monolayer graphene—the
determined value is deemed adequate. Thus, to maintain consistency within our applied ‘test
suite’, we use the value of 2.1 eV for the modeling of single layer graphene.
Adhesion. We next characterize weak interactions (i.e. van der Waals interactions) between
two graphene surfaces. For adhesion simulations, two copied graphene sheets are simulated
together, moved into close proximity to one another, and then separated, with an energy
minimization procedure undertaken at discrete distances. The geometric configuration at
contact (energy minima) can be used to determine equilibrium distances, while the differences
in energy minima between simulations at the equilibrium distance and at a semi-infinite
separation can be used to extract potential energy gain of adhesion per unit area (figure 2(d)).
7
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Table 1. Summary of results from full atomistic simulations.
Parameter

Value

Units

Young’s modulus, E
Ultimate tensile strain, εult
Shear modulus, G
Bending modulus, D
1 Layer
2 Layer
4 Layer
8 Layer
Surface energy, γL
Equilibrium spacing, DvdW

968
0.23
224

GPa
%
GPa

2.1
130
1199
13 523
260
3.35

eV
eV
eV
eV
mJ m−2
Å

We find an equilibrium distance, DvdW , of 3.35 Å, with a surface energy, γL , of approximately
260 mJ m−2 , which is in reasonable agreement with previous investigations (151 mJ m−2 [55]
to 345 mJ m−2 [56]) and the current molecular model employed. Table 1 summarizes the
results of all atomistic simulations.
2.2. Mesoscale model
We aim to arrive at a two-dimensional mesoscale model developed directly from the results of
atomistic simulations. The basis of the mesoscale model is represented by a function of the
total energy of the system expressed as
φsystem = φT + φϕ + φθ + φadhesion ,

(8)

where φT is the strain energy due to axial stretching, φϕ is the energy due to shear deformation,
φθ is the energy due to out-of-plane bending and φadhesion is the energy due to inter-sheet
adhesion (weak interactions). The total energy contribution of each is calculated by a sum
over all defined bonded (distance), triple (angular) and pair-wise (distance) interactions in the
system (figure 3(a)). A similar approach is used in the development of bead-spring mesoscale
models of carbon nanotubes [25, 27, 28]. To associate full atomistic results with mesoscale
model parameters, we implement an equivalent energy approach.
Tensile stretching parameters. For axial stretching a simple harmonic spring is used to
determine the energy between all pairs of particles in the system (figure 3(b)), given by
φT (r) = 21 kT (r − r0 )2 = 21 kT r 2

(9)

with kT the spring constant relating distance, r, between two particles relative to the equilibrium
distance, r0 = 25 Å. Using the equivalent elastic strain energy,

1
1 Ac Er 2
U (ε) =
= U (r).
(10)
σ ε d =
2
2
r0
Letting φT (r) = U (r),
Ac E
kT =
.
(11)
r0
For the mesoscale model, we do not consider a difference in armchair or zigzag orientation,
and take E = 0.968 TPa. For the implemented square lattice, the cross-sectional area
is taken as Ac = r0 t, where r0 is the equilibrium particle spacing and t is the sheet
8
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Figure 3. Schematic of the coarse-grain graphene model and derived mechanical potentials. (a)
Square lattice model; each coarse-grain particle representative of 25 Å × 25 Å planar section
of graphene sheet. (b) Geometric parameters for tensile stretching (bond) potential; associated
cross-sectional area (Ac ) equal to particle spacing (r0 ) by sheet thickness (t). (c) Geometric
parameters for out-of-plane bending (one-way); change in angle between defined particle triples,
θ–θ0 , approximated by three-point bending. Each particle associated with two bending potentials
(x- and y-direction). (d) Geometric parameters for in-plane distortion (shear); deviation from
normal (90◦ ) configuration, ϕ − ϕ0 , equal to shear strain, γxy . Each particle is associated with four
shear potentials.

thickness. Thus, equation (11) reduces to kT = Et. For multilayer graphene ribbons,
t = m · DvdW , where m is the number of graphene layers. For example, for a monolayer
ribbon, kT = Et = EDvdW ∼
= 465 kcal mol−1 Å−2 . It is noted that, due to the linear harmonic
function, stress at ultimate strain is higher than the physical value. However, due to the
qualitative analysis of the current investigation, a linear relation is deemed adequate. Nonlinear
behavior can easily be introduced for future studies.
Shear deformation parameters. For shear deformation, the strain is equivalent to in-plane
bending (figure 3(d)), represented by a harmonic rotational-spring function:
φϕ (ϕ) = 21 kϕ (ϕ − ϕ0 )2 = 21 kϕ ϕ 2

(12)

with kϕ as the spring constant relating bending angle, ϕ, between three particles relative to the
equilibrium angle, ϕ0 = 90◦ . Using the equivalent elastic strain energy,

1
1
U (γ ) =
(13)
τ γ d = Gγ 2 .
2
2
Noting that
ϕ = ϕ − ϕ0 = γ ,
9
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and letting φϕ (ϕ) = U (γ ),
kϕ = 41 G,

(14)

where a factor of one-fourth is introduced as there is four 90◦ angle potentials per particle.
The associated volume is  = r02 t, where again t is a function of layers.
Out-of-plane bending parameter. For bending, the energy is given by a sum over all triples
in the system (figure 3(b)), given by
φθ (θ ) = 21 kθ (θ − θ0 )2 = 21 kθ θ 2

(15)

with kθ the spring constant relating bending angle, θ, between three particles relative to the
equilibrium angle, θ0 = 180◦ . Assuming three-point bending conditions, with a deflection, ,
the equivalent elastic energy [57] is taken as
U () =

48EI 2
 .
(2r0 )3

(16)

For small deformation,
θ − θ0 ≈ 2/r0 ,
and letting φθ (θ ) = U ():
kθ =

3EI
.
r0

(17a)

The mechanical characterization of bending stiffness resulted in the bending modulus per unit
width, D. To obtain the equivalent stiffness, EI = Dr0 . Subsequently,
kθ = 3D.

(17b)

There is no adjustment for the multilayer graphene, as each case was explicitly characterized
atomistically.
Nonbonding interactions. Weak interactions (van der Waals adhesion) are defined by a
Lennard-Jones 12 : 6 function, given by
φadhesion (r) = 4εLJ

σLJ
r

12

−

σLJ
r

6

,

(18)

with σLJ being the distance parameter and εLJ describing the energy well depth at equilibrium,
calculated by multiplying the surface energy, γL , by the equivalent surface represented by the
mesoscale model, or r02 .
Thus, the mesoscopic model is defined by a total of eight parameters: kT , r0 , kϕ , ϕ0 , kθ ,
θ0 , σLJ and εLJ . The results from the above atomistic simulations are used to determine the
eight parameters via equilibrium conditions (r0 , ϕ0 , θ0 , σLJ ) and energy conservation (kT , kϕ ,
kθ , εLJ ). All parameters are defined solely from atomistic results given in tables 1 and 2.
All coarse-grain simulations are implemented using a modified version of the modeling
code LAMMPS [38]. The LAMMPS code was modified to enable the treatment of graphene
failure using simple cut-off methods for bond and angle potentials. Simulations used an NVT
ensemble [58] with a temperature of 300 K and an integration timestep of 1 fs. A small viscous
damping force (using a viscous force constant of approximately 0.1 pN per m s−1 ) is introduced
dissipate fluctuations during equilibration.
10
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Table 2. Summary of parameters of the mesoscale model.
No. of graphene layers
Parameter

1

2

4

8

Units

kT
r0
kϕ
ϕ0
kθ
θ0
σ
ε

470
25
16 870
90◦
144.9
180◦
2.98
473

930
25
33 740
90◦
8970
180◦
5.96
473

1860
25
67 480
90◦
82 731
180◦
11.92
473

3720
25
134 960
90◦
933 087
180◦
23.84
473

kcal mol−1 Å−2
Å
kcal mol−1 rad−2
—
kcal mol−1 rad−2
—
Å
kcal mol−1

Figure 4. Schematic of graphene ribbon model. (a) Initial configuration: graphene ribbons defined
by width (W ), length (L) and aspect ratio (n). Aspect ratio at a constant n = 20, chosen to maintain
stable, extended ribbon conformations [62]. The inset depicts the implemented coarse-grain lattice.
(b) Twisted configuration: one end of graphene ribbon fixed, while the opposite end is subject to a
twist angle, after which the ribbon is equilibrated and minimized with imposed periodicity (v).

2.3. Nanoribbon twist
The geometry of a rectangular graphene ribbon is defined by its width, W , and length, L
(L  W ), as shown in figure 4(a). The aspect ratio of the ribbon is defined as n = L/W .
Physically, the edge shape (along the length) can be armchair or zigzag. Although the possible
edge shape is critical to the electronic properties of graphene nanoribbons [59, 60], there is
less effect on the mechanical behavior [61], and edge shape is not considered a variable in this
study (all ribbons are considered to have armchair edges). All ribbons are initially constructed
in a flat configuration, with a length of 500 nm and a width of either 25 nm (n = 20) or
50 nm (n = 10). It was previously shown that monolayer graphene maintains stable, extended
ribbon-like structures for aspect ratios of this magnitude [62]. At approximately n > 50,
entropic factors will dominate (and orientational order is kept only below this length-scale),
and the ribbons tend to form wedges, loops or globular structures [62], hindering mechanical
comparison.
11
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To achieve a specific twist, MD simulations are undertaken in which the opposite free
ends of the nanoribbon are held rigid. One end of the ribbon is fixed, while the opposite end is
subject to an applied torsion moment for twist about the x-axis. A torsional strain rate of 720◦
per nanosecond (a rotational period of 0.5 ns) is applied. Using the geometric parameters L
and dθ, we define the periodicity of the twisted ribbons, ν, as the minimum length of a ribbon
to complete a full turn, that is, to cover a twist of 2π . We calculate the periodicity as
L
.
(19)
dθ
The desired twist (or periodicity) determines the number of simulation timesteps using
a constant torsional strain rate (that is, ν = 500 nm requires 500 000 timesteps; ν =
1000 nm requires only 250 000 timesteps, etc). After twisting is complete, the rotated
end is subsequently fixed in the new, twisted configuration. The ribbon is then subject to
equilibration at 300 K for 0.1 ns and minimization (conjugate-gradient algorithm implemented
in the LAMMPS code). The periodicity is introduced as a variable to generalize structural
conformations independently from the chosen ribbon length, L.
ν = 2π.

3. Results and discussion
Many of the exemplary characteristics of graphene depend on the geometrical structure of the
2D planar structure, and can thus be altered by geometric deformation. There have been full
atomistic investigations characterizing potential graphene configurations [18, 62–64], but such
studies have been limited in terms of accessible scale. The availability of the coarse-grained
model allows us to reach significantly larger scales.
3.1. Variation in layers, twisted to helical ribbons
One of the advantages of implementing the current coarse-grain model is the ability to
efficiently investigate multilayer (N -layer) graphene systems with the same computational
effort. Here, a systematic comparison is made for 1-, 2-, 4- and 8-layer graphene systems.
Whereas the tensile and shear stiffness terms are proportional to N , the out-of-plane bending
stiffness is approximately proportional to N 3 (note that this does not hold for a single
graphene sheet when N = 1) while the surface adhesion energy is constant for all models
(see values in table 2). Imposed twist induces an initial curvature as well as a pre-stretch
prior to characterization. As the twisted configurations have been dynamically attained and
equilibrated (as opposed to the generation of ideal geometries), the effect of twist on their
behavior is difficult to predict a priori.
Upon the initial applied end-rotation, all ribbons undertake periodic saddle-like chains
(i.e. twisted ribbons), combined with a smooth increase in strain energy, indicating a constant
configuration during the twist process (depicted in figure 5). For such a configuration, the
edge graphene elements are subject to the most strain and curvature, while the center region
is subject to the most twist [65]. It has been proposed that twisted ribbons could sustain
significantly larger tensile strain due to intrinsic unwinding of the twisted structure subject to
load [63]. However, for larger multilayer ribbons, there is significant pre-strain at the periphery
of a twisted structure in excess of 10% (figure 6), limiting the ultimate tensile deformation.
The concentrated strain is increased as the twist periodicity decreases, until the potential onset
of ultimate strain and fracture (figure 5). For W = 25 nm,failure was incurred at a periodicity
of ∼100 nm for the 8-layer model. This is indicative of a lower bound for the twisted ribbon
configuration, as the peripheral strain is purely geometric and independent of model stiffness.
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Figure 5. Simulation snapshots and strain energy evolution of a twisted eight-layer graphene
ribbon. Strain energy normalized by m × n, where m is the number of particles and n the number
of represented layers. Due to the bending rigidity of the 8-layer model, the ribbon maintains
a regular twisted configuration (saddle-like curvature) until ultimate failure due to tensile strain
(at approximately 1800◦ of rotation or a periodicity of 100 nm).

However, the ribbons deviate from this configuration depending on the number of layers.
For 1-, 2- and 4-layer models, there is a spontaneous transition into a ‘helix’ or coiled
configuration—defined by a cylindrical wrapping—resulting in a more homogeneous strain
field. A distinct transition in the strain energy evolution as a function of applied rotation occurs
as the twisted ribbons subsequently collapse to a coil-like structure (figure 7). After undertaking
a coil-like structure (figure 8), the strain energy gradient decreases, clearly indicating an
energetically preferred ribbon configuration.
Experimental and computational studies have shown that the relationship between material
properties and the macroscopic shape of chiral structures is surprisingly complex [65]. The
transition from twisted to helical conformations has been investigated in other synthetic
systems, attributed to the addition of chiral counterions [66], rearrangement of side-chains [67],
temperature [68] and the interplay between molecular stiffness chirality [69]. Here, the
system is subject to a mechanical force to artificially twist the ribbon from its equilibrium (i.e.
flat/planar) configuration. Temperature fluctuations allow the system to explore conformational
states. It has been shown that an increase in axial stiffness facilitates a coil-like structure [69]—
here, increasing rotations have the same effect by increasing the tensile strain at the edges of
the graphene, increasing the energy required to maintain a twisted, saddle-like state.
The observed structural transformation from twisted ribbons (saddle-like or Gaussian
curvature) to helical ribbons (coil-like or cylindrical curvature) is associated with changes
toward a more uniform and stable molecular configuration. Again, as depicted in figure 6,
a decrease in periodicity induces large deviations in strain from the center to the edge of
the ribbon. Additionally, across the ribbon, the relative twist is inhomogeneous—graphene
sections at the periphery are less twisted than those near the center, whereas in the helical ribbon,
the cylindrical curvature imposes similar twist throughout the width. Minimal strain energy
13
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Figure 6. Simulation snapshots of twisted ribbon configuration depicting local strain. Images
shown from 4-layer graphene ribbon, n = 20. Blue indicates strain less than 1%, green less
than 5%, yellow less than 10% and red less than 15%. Strain distributions depict highest values
and concentration toward the ribbon edges. As the periodicity decreases, the heterogeneity of the
cross-sectional strain distribution increases. The collapse to a coil-like structure relaxes peripheral
strains, and results in a more uniform, homogenous strain across the ribbon.

Figure 7. Normalized strain energy as a function of imposed rotation for 1-, 2- and 4-layer graphene
models, n = 20. Smooth harmonic increase in strain energy as ribbons maintain regular twisted
configuration. Abrupt transition to coiled configuration characterized by irregular strain energy,
followed by a linear increase in strain energy at a lower rate. Transitions occur at periodicities of
337 nm, 191 nm and 141 nm for 1-, 2- and 4-layer models, respectively.

14

Modelling Simul. Mater. Sci. Eng. 19 (2011) 054003

S Cranford and M J Buehler

Figure 8. Simulation snapshots of twisted ribbon configuration to coiled ribbon configuration.
Images shown from 2-layer graphene ribbon, n = 20. Opposite edges colored red and blue for
clarity of conformational shape. Initial (top) snapshot at an imposed rotation of approximately 900◦ ,
where the ribbon maintains a regular, twisted ribbon structure. Collapse to coiled configuration
occurs with minimal additional rotation (middle snapshots). The rotated ribbon preferentially
undertakes a coiled configuration, which asserts more homogeneous strains and curvatures across
the ribbon. Less strain energy is required in the coiled configuration to further increase dθ (see
figure 7).

would favor the transformation of the kinetic twisted shape to the helical ribbon for a given
imposed rotation. The consideration of the strain energy of the nanostructures suggests the
transformation from twisted to helical ribbons results in a more uniform distribution of strain
throughout the structure. Previous investigations have indicated a gradual crossover between
Gaussian saddle-like curvature and cylindrical curvature as a function of the tensile stiffness—
low stiffness resulting in twisted ribbons with higher stiffness resulting in helical ribbons
with cylindrical curvature [69]. Imposed Gaussian curvature requires stretching the graphene,
which is resisted by the tensile stiffness. As the applied twist is increased, greater curvature
is energetically favorable to greater tensile strain. Thus, the collapse to a coiled configuration
is due to an instability between the imposed strain of the twisted graphene ribbons and the
bending stiffness (resisting curvature of coiled-configuration). It follows that stiffer ribbons
should incur this transition at lower periodicities (in which the edge strain is increased), and
thus multilayer graphene maintains a twisted configuration for shorter periodicities compared
with monolayer graphene. Indeed, the transition periodicities for 1-, 2- and 4-layer models
occur at 337 nm, 195 nm and 141 nm, respectively, as depicted in figure 7.
To further test this hypothesis, the width of the ribbons was increased to 50 nm (n = 10).
This would have the dual effect of increasing the strain concentrations at the edges for a given
15
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periodicity as well as decreasing the effective bending stiffness of the cross-section (∼W −1 ).
For such ribbons, the twisted to coiled transition occurred at imposed periodicities of 623 nm,
416 nm and 344 nm for 1-, 2- and 4-layer models, respectively.
Predictive, analytical approaches for such transitions (i.e. the balance of curvature, chirality
and adhesion energy) are limited to idealized structural configurations only [65], and do not
explore the full range of potential shapes or mechanisms of shape transitions that even this
simplified coarse-grain model depict. The obtained coiled ribbons are highly overlapped with
non-constant curvatures and pitch, and do not undertake a perfect helical geometry (figure 7, for
example). However, it is shown that the transition to coiled configurations is clearly dependent
on the initial geometry of the graphene ribbon, which can be coerced to either twisted or coiled
configurations.

3.2. Stability of coiled ribbons
Stable graphene structures can result via a balance of elastic energy and weak van der Waals
interactions [31, 62, 70] developing an energetic minima. As the surface adhesion strength is
constant regardless of the number of graphene layers, stability is dependent on the bending
stiffness of the graphene model. It has been shown that multilayer systems require relatively
low curvatures for stable self-folding [31]. Thus, we anticipate only stable coiled configurations
for monolayer graphene ribbons, which have relatively high imposed curvature.
During the twisting, we compute the adhesion energy along with the strain energy, where
the components of equation (8) are separated:
φsystem = [φT + φϕ + φθ ] + φadhesion = φstrain + φadhesion .

(20)

Plotting the total, strain and adhesion energies as a function of imposed rotation for monolayer
graphene with n = 20 (figure 9), we clearly see (1) the transition to a coil-like structure
is indicated by a decrease in adhesion energy (intersheet adhesion is preferential) and (2) a
local minimum at a rotation of approximately 1025◦ (v = 176 nm). This energetic minimum
suggests a stable structure. To determine structural stability, the ribbon was subject to a rotation
of 1080◦ , followed by removal of the end constraints. The structure is then equilibrated for
1 ns at 300 K, maintaining the coiled configuration.
An increase in ribbon width serves to increase the available surface area for adhesion,
as well as decrease the effective cross-sectional bending stiffness and required curvature for
coiled states. Thus, a stable coiled structure was anticipated for monolayer graphene with an
aspect ratio decreased to n = 10. Plotting the total, strain and adhesion energies as a function
of imposed rotation (figure 10) indicates a stable configuration at both 759◦ and 1782◦ . The
first stable coiled configuration occurs at an imposed rotation less than the previous case
(1025◦ with n = 20) as expected. The second stable configuration occurs as the coiled ribbon
collapses onto itself in a tighter cylindrical arrangement—resulting in the adhesion energy
contribution to decreases at a greater rate than the strain energy required to impose rotation.
Both configurations were unconstrained and equilibrated for 1.0 ns at 300 K to ensure stability.
In addition, full atomistic investigations indicate covalent bond formation between carbon
atoms of twisted graphene ribbons [63]. Although not reflected by the coarse-grain model,
such covalent bond formation would further stabilize the coiled structure. The appearance of
such stable configurations suggests that twisted graphene nanoribbons can be manipulated into
various nanostructures, potentially allowing high-surface accessible areas, controlled coils, etc,
that can have great impact on the associated mechanical and electrical properties.
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Figure 9. Stable configuration of monolayer graphene, n = 20: schematic of equilibrated coil,
after an applied rotation and release of the end constraints, graphene ribbon maintains convoluted
structure (top). Plot of total, strain and adhesion energies as a function of imposed rotation. The
transition to a coil-like structure is clearly indicated by a decrease in adhesion energy (intersheet
adhesion is preferential). Further, a local minimum is indicated rotation of approximately 1025◦
(v = 176 nm), suggesting a stable, coiled configuration.

Figure 10. Stable configurations of monolayer graphene, n = 10: Schematics of initial structure of
graphene ribbon, n = 10, as well as equilibrated coil structures (A and B), after an applied rotation
of 765◦ and 1800◦ , respectively (left). Plot of total, strain and adhesion energies as a function
of imposed rotation (right). Again, the transition to a coil-like structure is clearly indicated by a
decrease in adhesion energy. Local minima occurs at rotations of approximately 759◦ (v = 237 nm)
and 1782◦ (v = 101 nm).

4. Conclusion
The nanostructural geometry of graphene sheets and ribbons is critical for their unique
properties and holds the potential for large-scale electronics and device applications.
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With coarse-grained models, more complex structures may be investigated, allowing the
development of new graphene-based composites [5], or graphene materials with unique
electrical [6–8, 16] or thermal [71] properties. The mesoscale model described herein allows a
new approach for the investigation of graphene nanostructures on the order of micrometers and
at very long time-scales. Probing the potential shapes and associated mechanical properties of
graphene ribbons, we have shown that the ribbon shape—twisted or coiled—can manipulated
by adjusting the imposed rotation. The predictions put forth based on our simulations provide a
challenge to experimentalists to explore this aspect. Precise control of the twisted ribbons can
lead to the design new structures for nanotechnology, exploiting both the intrinsic properties
of graphene with predictable geometric configurations.
Further, the coarse-graining approach presented here can be extended to other materials
such as polymer nanofilms [22, 23], cell membranes [24], plant cell structures [72], or other
two-dimensional systems [73], providing an efficient means to implement material models at
the nano- and microscales to facilitate the development of new nanomaterials and devices. The
effect of a twisted structure coupled with its mechanical properties finds application beyond
synthetic graphene systems, as a twisted geometric configuration is a universal feature of
many biological structures such as tropocollagen or alpha-helices [74, 75], DNA 76, as well
as amyloid fibrils [77].
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