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Abstract

‘We explore the rheological predictions of a constitutive model developed for dilute or semi-dilute worm-like micellar solutions in an axisymmetric
Taylor—Couette flow. This study is a natural continuation of earlier work on rectilinear shear flows. The model, based on a bead-spring microstructure
with non-affine motion, reproduces the pronounced plateau in the stress—strain-rate flow curve that is observed in laboratory measurements of
steady shearing flows. We also carry out a linear stability analysis of the computed steady-state solutions. The results show shear-banding in the
form of sharp changes in velocity gradients, spatial variations in number density, and in alignment or stretching of the micelles. The velocity
profiles obtained in numerical solutions show good qualitative agreement with those of laboratory experiments.

© 2006 Published by Elsevier B.V.

Keywords: Mathematical modeling; Inhomogeneous fluids; Dumbbell models with slippage; Worm-like micellar solutions; Taylor—Couette flow

1. Introduction

Worm-like micellar solutions are of special interest due to
their extensive commercial applications and due to their un-
usual behavior under different flow conditions [30]. Worm-like
micelles are very long cylindrical structures composed of am-
phiphilic surfactant molecules which self-assemble in solution.
These structures are flexible and can entangle and behave much
like polymers in solution, however they can also spontaneously
break and reform on different time scales. Thus, they have earned
the name “living polymers” [8]. Of special interest is the behav-
ior of dilute and semi-dilute worm-like micellar solutions un-
der shearing flow. Two characteristics observed in experiments
of dilute micellar solutions have been the source of consider-
able experimental and theoretical investigation. First, solutions
can become turbid with increasing shear rate as the result of a
shear-induced phase separation (SIPS) [21,22]. Second and of
more interest to the present study, the flow curve of steady shear
stress versus shear-rate presents a distinct plateau [3,4]. Flow
visualization of micellar solutions in this plateau region shows
the formation of shear-bands [20,32,21,22,17,16]. A number of
models have been proposed to explain these phenomena. In this

* Corresponding author.
E-mail address: rossi@math.udel.edu (L.F. Rossi).

0377-0257/$ — see front matter © 2006 Published by Elsevier B.V.
doi:10.1016/j.jnnfm.2006.02.012

paper, we apply a bead-spring model including a non-affine slip-
page term developed in Ref. [9] to describe worm-like micellar
solutions in circular Taylor—Couette flows.

One of the suggested mechanisms for shear banding is that
of a constitutive instability. That theory suggests that an un-
derlying non-monotone relationship between stress and strain-
rate, in steady shearing flow, is responsible for the existence
of shear banded solutions. In this description, specific shear-
bands consist of identical stress states on different branches
of the flow curve corresponding to different strain rates. A
number of studies of this behavior have focused on Johnson—
Segalman-like models, that is models in which the convected
derivative is a Gordon—Schowalter derivative. In early papers,
studies were carried out investigating possible mechanisms for
a unique choice of shear banding possibilities [11,15,26]. In or-
der to have a model which selects unique states, higher order
derivative (diffusive) terms were needed in the stress equation
[27]. In conjunction with this diffusive terms were added to
the constitutive relation [24,27-29]. More recently two-fluid ef-
fects and couplings between the flow and the microstructure,
for example coupling between the stress and the mean micel-
lar length, have been investigated [12—14]. Some of the most
recent studies are especially relevant to experimental studies
which suggest that a steady-state banding pattern is not achiev-
able, and instead oscillatory banding patterns appear [34,14]. In
particular the recent NMR study by Lopez-Gonzalez et al. [23]
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demonstrated a clear connection between shear-band instability
and flow-microstructure coupling. In those studies mentioned
above in which the Gordon—Schowalter derivative is used in the
modeling, it is used phenomenologically, rather than being sys-
tematically derived from a fundamental principle or microscopic
model.

In an earlier paper [9], a new model was presented for
semi-dilute solutions of worm-like micellar solutions in which
the non-affine motion was tracked consistently in the model-
ing process. Recent studies of worm-like micellar solutions
have demonstrated that there can be a sequence of rheologi-
cal transitions as the concentration of surfactant and counter-
ion are progressively increased; from the dilute to the semi-
dilute/entangled and ultimately to the concentrated/entangled
regime. The present model is most appropriate for the semi-
dilute/entangled regime in which the deformation of individ-
ual worm-like micelles (rather than network segments) is fol-
lowed. The effects of chain overlap and entanglement and the
continuous breaking and reforming of the worm-like micelles
in the semi-dilute regime are modeled by the non-affine de-
formation of the microstructure. The model was derived us-
ing kinetic theory assuming that the viscoelastic characteristics
of the semi-dilute solution properties could be lumped into a
bead-spring mechanism. The model self-consistently incorpo-
rates “slippage/tumbling” as well as the spatial extension of the
bead-spring. This work is a generalization of the Bhave et al.
model for dilute polymers [5], as presented and corrected by
Beris and Mavrantzas [2], to non-affine motions. In particular,
the model equations form a system of partial differential equa-
tions in which the number density, velocity gradients, velocity
and stress are coupled. The inclusion of “slippage/tumbling” in
the model yields the Gordon—Schowalter convected derivative
in the stress equation and the incorporation of spatial exten-
sion couples the stress equation with an evolution equation for
the local number density of micellar chains. The latter equation
is dependent on shear-rate variations, stress variations, and the
slippage parameter.

Taking into account the spatial inhomogeneity of the system
leads to incorporation of a spatial diffusion term in the stress
equation, thus leading to the necessity of stress boundary con-
ditions for the model. This term was included in the work of
Bhave et al. [5], of El-Kareh and Leal [10] (albeit both exam-
ined affine motion), in work of Olmsted as we have pointed
out earlier, and more recently in a paper of Black and Gra-
ham [7]. The most appropriate form of this boundary condition
is not clear. The micelles may be modeled to select a specific
alignment with the wall (a Dirichlet boundary condition) or the
wall may only passively interact with the fluid (so that there is
no net flux of configurations into, or out of, the wall; a Neu-
mann boundary condition. In our work we have duplicated and
explored the (Dirichlet) boundary conditions used in Ref. [5].
We have also explored the (Neumann) boundary condition as
used in Black and Graham [7]and in Olmsted et.al. [28]. This
diffusive term was not included in the Taylor—Couette study
of Apostolakis et al. [1]. In that work, slippage is not mod-
eled so the flow curve is monotone and diffusion is not neces-
sary.

In the previous paper, the predictions of our model were ex-
amined in rectilinear steady-state shearing flow. It was shown,
computationally, as anticipated [27] that the addition of the extra
terms, especially the diffusive terms, removed the indeterminacy
in the steady-state shear-banded state. Calculation of the steady-
state shear stress versus shear-rate curve for this model shows
that the shear stress first increases with shear rate, then plateaus,
and only rises again at much higher shear rates. Thus, the vis-
cosity as a function of shear rate first decreases slowly (slight
shear thinning) as the shear-rate increases, then drops quickly
proportional to 7! and then, at much higher shear rates, levels
off to its asymptotic solvent limit.

The inclusion of slippage/tumbling effects incorporates a
non-affine motion into the model [19]. This non-affine motion
is consistent with breakage and re-formation of the worm-like
micelles under an imposed shearing deformation. The measure
of the non-affine motionis £ = 1 —a. Whena =1, £ = 0, the
motion is affine. As a decreases from 1, the motion becomes
more strongly non-affine. Shear banding behavior and the con-
current stress plateau can only occur if the underlying flow curve
is nonmonotone, that is if £ # 0, or more precisely if |a] < 1 and
B < noa*/8, where ng is the number density and B = ns/n9 is
the solvent viscosity ratio (see Section 3).

The generic trends observed in the flow curve discussed above
are typical of results of experimental measurements of worm-
like micellar solutions which exhibit shear banding and turbidity
[17,21]. The shear banding behavior and increasing turbidity oc-
curin the intermediate shear-rate region when the stress plateaus.
In the rectilinear shear situation, shear banding does occur for
this model, albeit in a very small interval of shear-rates. The
shear banding behavior is characterized by a velocity profile
that quickly falls from the wall value through a boundary layer,
then levels off, then falls rapidly again through an internal shear
layer to a lower velocity through the middle of the gap, before
rising symmetrically on the other side. For the rectilinear shear
case no number density layers were seen for this model other
than the depletion layers at the wall [9]. This situation may be
considerably different in the case of a torsional shear flow such
as a cone-plate or Taylor—Couette flow, due to the effects of spa-
tial curvature. Experiments definitely suggest [32,21,17] that
shear layers first form near the inner wall where the curvature is
highest.

In this paper, we examine the non-affine model developed
in the previous paper, but in a circular Taylor—Couette flow.
We compare the predictions with those available from exper-
iments on micellar solutions [17,20,21,32]. The geometry we
study consists of two concentric cylinders with an inner cylin-
der of radius Ry, an outer cylinder of radius R, and a gap width
of H = Ry — R;. Theinner cylinder is held fixed while the outer
cylinder rotates at velocity ¥|y. We compute the flow curve and
study the linear stability of steady-state solutions to 1D perturba-
tions under shear-rate controlled conditions, in which the outer
cylinder velocity is fixed, and under stress-controlled boundary
conditions. Calculations show the formation of shear banding
structures manifested both as sudden changes in the velocity
gradient and as number density fluctuations. Results from the
model are compared with experimental results for a micellar so-
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lution (surfactant system of 6% cetylpyridium chloride and 1.4%
sodium salicylate (2:1 molarratio) dissolved in 0.5 M NaCl brine

[17D).
2. Model

The physical variables involved in the analysis are denoted

with a () and are non- drmensronahzed as follows: r = &, 1t =
) e
)\, V= 1;' T = ndva’ n = -, where H is the gap Wrdth k the

Boltzmann constant, 7 the temperature and n,y is the average
number density of micelles nyy = f 151 2 #i(7) dF.

Note that the typical velocity scale is based on the gap width
and relaxation time. This non-dimensionalization results in two
non-dimensional parameters for a given v|y; namely the Debo-
rah number De = M)\w , the ratio of the relaxation time A to the
typical fluid flow tlme and the Peclet number Pe = ngw where
Dy is the translational diffusivity of the micelles. With this scal-
ing both shear-rate controlled and stress-controlled cases can be
examined easily through changes in boundary conditions only.
The ratio of De to Pe, € = gf = )}?25" is typically small [5].
The parameter & = 1 — a measures the extent of non-affineness
in the model, 8 = ;* measures the solvent viscosity relative to
the average polymer (micellar contribution to the) viscosity,
Np = NavekTA. The Reynolds number for the flow is typically
small, hence only inertialess flows are considered. Notation con-
ventions are as in Ref. [6].

The dimensionless governing equations for the fluid flow are
as follows. Conservation of mass:

V.v=0. 1)

Conservation of momentum (inertialess flow):

V.-I1=0, 2)
where
N=ps—By+1p 3)

is the total stress. Here y = Vv + (Vv)'. The dimensionless
number density n and deviatoric stress T, are given by

D
aFI: = e(aV2n +VV .1, +EVV i ((rp —and)-p)), (4a)

D
Tp + Tp) — eVzrp - (aDrtl - eaV2n> §=—d’ny.  (4b)

Here ()(¢) represents the Gordon—Schowalter derivative:

0 2@—(Vv)’-()—()-VV+¥ (5)
Y 25t +1pP)

and

T, = and — {QQ} (6)

nava

where H; is the Hookean spring force, Q is the connector vector
between the two beads (from bead 1 to bead 2) in the bead-
spring, and {} signifies the ensemble average distribution. That
is{QQ} =3, f QQVY, dQ where W (F — (—1)"Q/2, Q, t) and
n=>y, f W dQ (see Refs. [5,9]), where the sum is over the two

beads v = 1 and 2. Note that in the affine limit this model agrees
with the essential elements of several models derived by different
means; see Beris and Mavrantzas [2].

The boundary conditions for the problem are as in Refs. [9,5]:

(1) No flux of micelles through the boundaries:
n-jo=0-aVn+V. .1, +&V.-[(ry —and) -yl =0. (7)

(2) Conservation of the total number of micelles:

/ /ndA = n(ry — 7). (3)
Q

(3) Either; alignment of the molecules at the wall:

H{O0%} ..
Tpw = ANy (6 - KT, (tt))

Here 71y, = nayny is the dimensional number density at the
wall, and t is a unit tangent to the wall. Since flows consid-
ered in this paper will have no z dependence, t is the unit
tangent vector in the flow direction. Future work will ex-
amine three dimensional effects and thus will examine the
effect of alignment of the micelles along the wall, but not
necessarily solely in the flow direction; or, no flux of the
conformation across the wall:

i - V{QQ} =0, (9b)

where i is the unit normal to the wall. Further discussion of
these boundary conditions is given below.

(4) Specification of either the velocity v (shear-rate controlled)
or the stress 7 - £ (stress-controlled) at the solid walls.

(9a)

In this paper, we focus on the computation of steady solutions
and their stability. Future work will examine time evolution of
the flows from rest, dependence on initial state, and further in-
vestigate boundary conditions at the wall.

3. Axisymmetric Taylor-Couettev flow

We consider axisymmetric solutions to the system (1)—(19)
for which the velocity has the form u, = 0, ug = v(r), u, = 0.
Here the subscripts indicate the component, and no variations
in the 0 or z directions are considered. Mass is automatically
conserved and the components of the momentum Eq. (2) reduce
to

19/, 5 ad (v) 0 (10a)
—-— Tprg — Pr— | — =0, a
r2 or Tt rar r

where 8 = n/np as defined earlier:

10 T»oo 3p

o 0Tpr) — 7 5 =0 (10b)

The equations for the number density (4a) and extra stress
components (4b) reduce to:

9 19/ on N 1 32( ) 19
a—_n—ela—— |r— ——5(rT - ——T
ot ror \' or ror2s P e ? 0

ML B O
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0

PRzl + Tpoo — 2Tpr0V

1 d 0 2
—€ , ar rafp% + 1’7 (fprr - Tp@@)

4
N
S| e
N——
oy
S
]
~
D
=
IS ST
N
| <
~—

(10d)

e ta e O))]) =
6)+

and
0
ot

0
or
_e(r or ( or tprt
0
atrprr+tprr+%_r (
. 190 0
_ = _
ror or Corr
19 19
—€ rar z(rfprr) 51'])99

b (e O))]) =

The boundary conditions at the walls (r = rq R,
%) are that there is no flux:

:ﬁ,r:rzz
Bn 10 Tpoo )
+§{ ("’rar())}_o’

—+ - ai(r 7:prr)
and either we specify the stress components at the wall:

~Tpro + Tpr — Tprrh

) Tpro

2 (fprr Tp99)>

(10f)

8r

Tprrly = ANy,
Tproly = 0, (11a)
Ty, = any {1 = 3100l } = any 1 — a),

or we specify the normal derivative of the conformation

2 1QQllw =0. (11b)

Here d is a measure of the number of dumbbells and their
extension of the springs at the wall in the flow direction, and
fiw = nwhyy 1S the dimensional value of the number density at
the wall. We also specify either shear-rate controlled boundaries
in which the velocity vl is specified at both walls, or stress-
controlled boundary conditions (v = 0 specified at one wall and
stress specified on the other). Finally, the dimensionless number
density must be conserved:

r1+1 1 ) ) 1
/r| rndr 2[(r1+ ) 1l r1+2

The problem outlined above is a singular perturbation prob-
lem in €. For this problem € is small. If € = 0 then there are no
spatial derivatives of the stress left in the model, and the stress
boundary conditions can not be satisfied. One expects, therefore,

that the solution consists of pieces of an “outer” solution joined
by boundary layers in which the solution variables (including the
velocity field and number density) vary rapidly. In the “outer”
regions the stress derivatives are order 1, in the boundary/shear
layers the stress derivatives are order 61% The lowest order outer
stress for € = 0 is the solution to the Johnson—Segalman equa-
tion:

EON —a’y”

PO+ (1= a0
222

L+ (1 —a)GOP
and also n© = 1. Here 7% = r(2)’ is one of the roots of (12).

Note that the non-dimensional value of shear rate © is related
to the dimensional value as in Section 2:

0 [V -
7O =Fr (”) =7
or \ 7

The determination of which root should be selected can be
made through matching with the shear/boundary layers. Notice

that for a fixed value of a, N io)

2 .
mum plateau value of 12_“az for a < 1. Thus the maximum value

of the first normal stress difference increases as a gets closer
to 1. If a is identically 1 then the shear stress is monotone as

12)

(0) 0 0)
N - T;ar)r tp@@ =

13)

(14)

increases with @ up to a maxi-

a function of shear rate, and Nio) increases, as ()'/(0))2, without

bound.
4. Calculations and results

We calculate steady solutions to the system of Eq. (10) to
explore general flow characteristics for comparison with similar
laboratory experiments, and we also calculate the steady flow
curve to confirm the existence of a plateau in the stress/shear-
rate relationship. The non-dimensional geometric and parameter
values are shown in Table 1. The non-dimensionalized geom-
etry of our flow calculations are similar to the geometries of
[17,32,21]. The value of € was suggested by Rothstein [31]. The
results are presented in terms of the dimensionless gap variable
y= . The ratio of viscosities, g is the same as that used
in Ref. [5]. Most calculations were carried out with a = 0.8.
However, we present results for a = 0.9 and 1 where necessary
to show parameter sensitivities. Note that for a = 1 the motion
is affine. The choice of specifying Dirichlet conditions on the
stress at the wall, that is the alignment of the micelles at the walls,
follows the choice of Ref. [5] and the analysis of Ref. [25]. In
fact in Ref. [25] the conformation tensor C is decomposed as
C = nc, where c is a single molecule or specific configuration
tensor. Mavrantzas and Beris found that not only does ¢ align
parallel to the wall, but that also ny = 0. In our formalism n
is allowed to adjust itself at the wall. The choice of d, that is
the projection of the scaled second moment in the wall direction
at the wall, needs more investigation. As will be seen, in the
range 0 < d < 1 the model predictions are relatively insensitive
to d. Note that for this model, the quantity {QQ} is a weighted
ensemble average of the molecular length which intrinsically in-
volves the number density. The alternative choice of specifying
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Table 1
Flow geometry and fluid solution parameters for the calculations presented in
this paper

Parameter Value

r 15

V1 0

v De

€ 1073
torl—a 0.2

d 1/8

B 2.41 x 1072

All values are dimensionless.

no conformation flux at the wall, a Neumann condition on the
stress, follows the choice of Black and Graham [7]. It is interest-
ing that in this case the values of d, the dimensionless micellar
alignment at the wall, selected by the model are not the same at
the inner and outer wall, at least along the plateau region of the
flow curve.

The numerical techniques used for these calculations are very
similar to those used in Refs. [9,18,33]. We solve the boundary
value problem with either shear-rate or stress controlled bound-
ary conditions using fourth order spatial collocation where the
number density at the inner cylinder wall, n(ry), is specified.
Thus, the integral fr :’H n(r)rdr is now a function of a single
variable which is the number density at the inner wall n(ry).
Thus, the number density constraint reduces to finding the root:

ri+1 1
n(ryrdr—ri — =
/ B

as a function of n(r1). We find that secant iterations work well.
“Adams family” continuation methods are used to calculate so-
lutions along the flow curve t,4(y). The choice of shear-rate con-
trolled or stress-controlled boundary conditions is not important
except where the flow curve is close to horizontal (vertical) at
which time it is necessary to use shear-rate (stress) controlled
boundary conditions to continue solutions along the flow curve.
For instance, when the flow curve is close to horizontal, the so-
lution is very sensitive to stress-controlled boundary conditions,

Flow curve N
Shear rate controlled: £=0.2, e=10"

o
I

20

(a) De

but one can converge rapidly to a solution by specifying the shear
rate.

4.1. Dirichlet stress boundary condition computations

To construct the flow curve for the Dirichlet conditions (stress
specified at the wall), we calculate steady solutions for a typical
Couette cell geometry and typical flow parameters as shown in
Table 1. In Fig. 1, we see that the new model produces a flow
curve with a distinct plateau. The vertical axis represents the
total shear stress:

v

’
Trg = Tpro — Br (;) s

measured at the outer wall r = R,. (Hereafter ()’ represents % or
a% as the case may be.) The horizontal axis is the dimensionless
apparent shear rate De = Av/H. Notice that in Fig. 1(a) for a
small range of shear rates (10 < De < 12.5) there are two pos-
sible stable shear-rate controlled solutions. This non-uniqueness
does not occur in the stress-controlled case shown in Fig. 1(b).
As we see in Fig. 2, the local velocity gradient of ‘% is not
uniform across the gap. Hence, we plot the spatial variations in
the velocity profile for various apparent shear rates. Along the
flow curve, as we increase the Deborah number up to the plateau
values of stress, a boundary layer in the velocity field forms at
the inner cylinder. The velocity field in the high shear band that
develops at the inner cylinder exhibits a linear profile, and grows
into the gap as the apparent shear-rate increases. As De is in-
creased from 2.5 to 10, the total stress remains constant, that
is the flow curve corresponding to the imposed stress/strain-rate
has aplateau. The width of the high shear-rate band, starting from
the inner cylinder, grows as the apparent shear-rate increases. A
modest boundary layer also forms at the outer cylinder to at-
tain the correct outer cylinder velocity. The computed velocity
profile shows a two banded structure with one sharp transition
region (and a third boundary layer near the outer wall as shown
in Fig. 2a, the width of which goes to zero as € goes to zero)

similar to those profiles measured by Hu and Lips [17], Liber-

Flow curve X
Stress controlled: £=0.2, e=10
0.5 : T : : . ;

0.4

0.1

(b) De

Fig. 1. Flow curves using parameters provided in Table 1. Regions of stability are indicated with either shear-rate controlled boundary conditions (a) or stress-controlled
boundary conditions (b). The total stress is measured at the outer wall. (With orientation and wall stress specified.)

JNNFM 2554 1-14

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387



388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

+ Model

6 L.F. Rossi et al. / J. Non-Newtonian Fluid Mech. xxx (2006) xxx—xxx
Velocity Number densities
10 ; T . T : 7 1.2 T T ‘ T : i :
o
»7 4
8- e -
4 o
o - 1
L - 4
e
Al BT
6 ,'/ 7
b4 -
= // """"""""""""""""" 1 = 0.8
R D
A
4 . A
y T —— -
""""""""""" 0.6
2 =
0 " T ! | 1 ) | . ; I | 1 ! .
0 0.2 0.4 0.6 0.8 | “'4() 0.2 0.4 0.6 0.8 |
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Fig. 2. Flow velocity and number densities along the left stable branch of the flow curve at positions A-F. (Wall stress specified.) Solutions at point F are linearly
unstable when stress-controlled boundary conditions are applied at the outer wall.
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Fig. 3. In (a), radial variations in the first normal stress difference are plotted against the apparent shear rate. At right, (b) we show the spatial extent of first normal
stress difference contour for N1 = 3 as Deborah number is increased (wall stress specified). Solutions at point F are linearly unstable when stress-controlled boundary

conditions are applied at the outer wall.

atore et al. [21] and Salmon et al. [32] in Couette geometries,
although the latter profiles do not exhibit the boundary layer
at the outer cylinder. In the latter two cases, the outer cylinder
remains stationary whilst the inner rotates.

As observed in our study of rectilinear flow there is a deple-
tion in the local concentration of micelles near the wall. How-
ever, in this cylindrical geometry, two distinct local maxima or
number density bands form, one near the inner and one near the
outer cylinder walls. In Fig. 2, we see that the inner aggregation
layer of micelles moves into the gap as the shear-rate increases.
The much smaller local maxima near the outer wall remains
roughly unchanged as the shear-rate grows and this is a conse-
quence solely of the no flux/no penetration boundary condition.
By contrast, the notable local maximum in concentration toward
the inner wall occurs in the region where the velocity gradient
changes sharply. This local change in fluid density may well be

connected to the onset of turbidity that is observed experimen-
tally [4].

To understand the alignment and stretching of the molecules,
we examine the first normal stress difference:

s 1QQw — (QQL).

15
navkT 13

Ny = _(Tp00 - Tprr) =
At the wall, the first normal stress difference is specified to
be a small but nonzero value, see (11a):

aHg
navkT

N = —(Tpee - Tprr)|w = {QQ}99 = anyd. (16)

In Fig. 3, we see that a region with strong molecular align-
ment or stretching originates near the inner cylinder and grows
into the gap as the apparent shear-rate grows. This alignment

reaches a maximum value for large enough shear rates, De 2 4,
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Fig. 4. Flow velocity and number densities along the right stable branch of the flow curve at positions I-L. The number density curves superpose one another. (Wall

stress specified.)

and the maximum is subsequently independent of De. The value
of this maximum depends only on a as predicted by the outer
solution (12) for large 7© and as discussed in the next para-
graph. The sharp downward transition in the first normal stress
difference that signifies the end of the aligned/stretched region
is associated with the local maximum in number density (see
Fig. 2 for comparison). In experiments, the shear-induced phase
transitions that develop as the shear rate is steadily increased
are associated with strong local stretching and concomitant in-
creases in the turbidity or local number density [23] that are
reminiscent of those predicted by the present model. Fig. 3(a)
shows the growth of the alignment/stretched region across the
gap. Fig. 3(b) follows the steady propagation of the Ny = 3 con-
tour across the gap as the De number increases. Although we
have chosen this contour arbitrarily this criterion may represent
— at least qualitatively — a suitable condition for the onset of a
shear-induced structural transition beyond a critical degree of
stretching that results in sample turbidity. Note that this high-
stress turbidity-prone region is not at the wall, but is located close

Stress difference “(TeqTD)

a=09d=18

— ADe=1
------- B: De=2
- CDe=4
----- D:De=6
cmee=— EDe=8 | 4
—-=— EDe=10|!}

A(IHHATM)

(a) Y

to the inner surface and expands into the gap as the shear-rate
increases. This is also consistent with birefringence experiments
[20,22].

Continuing along the flow curve past the plateau, the right
hand (stable) branch exhibits solutions with flow profiles that are
close to Newtonian, and the number density distribution remains
unchanged with increasing De (as shown in Fig. 4).

To examine the sensitivity of the first normal stress difference
to variations in constitutive parameters, we varied the parameters
a and d. Calculations show that there are no changes in the first
normal stress difference across the gap as d is varied between 0
and 1. The model predictions are insensitive to variations in d in
this range. Note from (11) that the boundary conditions assume
that the micelles are aligned at the wall ({QQ}, = 0) and d mea-
sures the scaled extension of the micelles along the wall. The
results are thus insensitive to this parameter at least in the range
0 < d < 1. Fig. 5 shows a comparison of the first normal stress
difference with variations in a. It is particularly interesting to
note the extreme sensitivity of the model to changes in a. When

Stress difference -(‘EBU-‘C”J

a=1d=18
150 [ ; , ; | ; ‘ ‘

100 - meme SibleslO] o6 iy |

‘(taa‘rn‘)

(b) L f

Fig. 5. First normal stress difference for a = 0.9 (a) and @ = 1 (b). These should be compared with Fig. 3 (a) where a = 0.8. (Wall stress specified.)
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Flow curve A
Neumann boundary conditions - Shear rate controlled: £=0.2, e=10

0 5 10 15 20
(a) De

Flow curve 3
Neumann boundary conditions - Stress controlled: £=0.2. e=10

0 5 10 15 20
(b) De

Fig. 6. A flow curve using parameters provided in Table 1 analogous to Fig. 1 but using Neumann stress boundary conditions on the conformation tensor {QQ}.

a = 1 the underlying flow curve is monotone and the model re-
duces to the (corrected) Bhave et al. model. The first normal
stress difference has a large maximum near, but not at, the outer
wall for a = 1. As a decreases, a maximum in N develops near,
but not at, the inner wall, and the location at which this max-
imum is obtained propagates into the gap as De increases. As
a decreases the magnitude of this maximum decreases, but the
growth of the region of maximum first normal stress propagates
more quickly into the interior. Since calculations show that the
radial variation in the number density n(r) does not vary appre-
ciably with a (certainly not as strongly as Np), the increase of
the first normal stress is primarily due to an increase in either
the number of molecules aligned in the flow direction and/or
the length of these molecules. Note that the plateau values of
Ny agree with the values of N predicted for the outer (¢ = 0)
(Johnson—Segalman) solution for large y (see (13)). That predic-
tion, for homogeneous flows, was that for large y, N1 ~ 12_“:2.
Note that this value, the asymptote of the zeroth order solution

Velocity

Neumann boundary conditions

(a) ¥

and the maximum observed in the full inhomogeneous numeri-
cal calculations, is independent of y.

4.2. Computations with Neumann conformation boundary
conditions

To construct the flow curve for the Neumann conditions (nor-
mal derivative of the conformation tensor specified at the wall)
we again use the parameters of Table 1. Since we specify the
stress normal derivatives, d is computed rather than imposed on
the system, and we shall see later that d; and d,, values of d at
the inner/outer wall, respectively, differ in some regions of the
flow curve. The flow curve for the shear-rate controlled case is
shown in Fig. 6(a) and for the stress-controlled case in Fig. 6(b).
These flow curves differ from those obtained with the Dirichlet
stress condition case (Fig. 1) in two ways. First, the Neumann
curves have a peak located at De = 1.2, 1,9 = —0.54. Second,
these curves have two stable branches in the “plateau” region.

Number densities
Neumann boundary conditions

T T T T T T T T

— A:iDe=1
------- B:De=2
——=- C:De=4
D:De=6
== E:De=8
—-—= F:De=10

Fig. 7. Flow velocity and number densities along the left stable branch of the flow curve at positions A-F following the lower plateau as indicated in Fig. 6 with

Neumann boundary conditions on the conformation tensor.
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Stress difference: —(Tﬁadw)
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Fig. 8. In (a), radial variations in the first normal stress difference are plotted for different values of the apparent shear rate following the left ascending stable branch
and then the lower plateau as indicated in Fig. 6. At right, (b) we show the spatial extent of first normal stress difference contour for N; = 3 as Deborah number is

increased with Neumann boundary conditions on the conformation tensor.

We could not numerically resolve a clear connection between
the two “plateau” curves and the left or right stable branches,
and this remains a topic for further exploration.

Fig. 7 shows the velocity and number density profiles across
the gap for this Neumann stress condition following the rising
left curve and then the bottom plateau curve. The flow veloc-
ity curves are similar to those of Fig. 2(a) except that there is
no longer a weak boundary layer at the outer cylinder. In other
words these velocity profiles, with the Neumann stress condi-
tions at the wall, following the lower branch, resemble those of
Hu and Lips [17]. The number density curves, Fig. 7(b), also
are quite different from those of Fig. 2(b) (Dirichlet condition).
In the present case (Neumann conditions) the number density
no longer depletes at the wall. Rather, the number density de-
creases from the inner cylinder to the outer cylinder with one
localized bump/maximum at the interface of the shear bands
which, in the Dirichlet condition case, moves outward as the
Deborah number (inner wall velocity) increases. Fig. 8 shows
the radial variations in the first normal stress difference for the
Neumann stess condition. Again, there is no boundary layer at
the walls in notable contrast to the Dirichlet condition case (Fig.
3). Also these curves do not show the maximum near the outer
cylinder. Rather these curves show a region of high alignment
and stretching near the inner wall which grows outward with
increased Deborah number similar to that in Fig. 3. In addition
these results show that the value of the first normal stress dif-
ference at the inner wall increases monotonically with De in
contrast with results obtained using Dirichlet stress boundary
conditions.

In Fig. 9, we explore values of the alighment d as we increase
De moving up the left curve and onto the bottom plateau of the
flow curve shown in Fig. 6. We plot the values of the alignment
factor at the inner (d;) and outer (d,) walls as we increase De.
In the Newtonian-like region of the flow curve, De < 1.2, the
degree of alignment is equal, d = d, = dj, and d increases from
zero to a value just greater than 2 as De increases. However,

for De > 1.2, that is on the plateau, the values of the projected
micellar alignment at each wall diverge so that d; ~ 5 > d, ~
1.8. Thus, along the plateau this system selects a solution for
which the molecules are longer and/or more highly aligned at the
inner cylinder wall than at the outer cylinder wall. The separation
point, and the peak in d,, mirror the peak in the flow curve.

Along the top plateau curve in Fig. 6(a) the situation is quite
different, the solutions here are close to the mirror image in y of
those on the bottom curve, approximately obeying the following
the symmetry:

n(y) <> n(l —y), (17a)
7p(y) < Tp(1 — y), (17b)
vg(y) <> De — vg(1 — y). (170)
Tangential stress d value
Neurnann boundary conditions
6 ! I Y T ' I ! I ¥ T
| — Inner
| == Outer 2
0 L \ [ I \
0 2 4 6 8 10 12
De

Fig.9. Computed values of the dimensionless micellar stretch at the inner (solid)
and outer (broken) walls as a function of De in shear-rate controlled flows.
Solutions obtained using Neumann conformation boundary conditions.
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Fig. 10. A comparison of solutions along the upper and lower branch in the flow curves with Neumann stress boundary conditions. The velocity profiles are shown
at left (a) at positions D/D’ and E/E’. Similarly, the number density distributions are shown at right (b).

The symmetry is approximate because it does not account for
the curvilinear geometry. Thus, in contrast to the solutions on
the lower branch, these solutions show a high shear-rate layer at
the outer wall, a high amount of stretching/alignment at the outer
wall, and a peak in number density that moves inward from near
the outer wall, towards the inner wall, as De increases. The ex-
istence of similar transposed solutions was reported by Olmsted
et al. in their study of the Taylor-Couette flow of the Johnson—
Segalman model with a diffusive term [28]. We compare upper
plateau and lower plateau velocities and number densities in
Fig. 10. Such inverted velocity profiles have not been observed
to date in velocimetry studies of worm-like micellar solutions
[17,32]; however as Olmsted et al. note it may be necessary to
explore specific loading/unloading protocols to access such so-
lution structures, and furthermore they may be metastable with
long diffusive transients. We have not been able to resolve nu-
merically the steady solutions and the branch structure in the
region s and s of Fig. 6(a), but we shall see in the next section
that we can still understand the dynamics of this system without
precise information on this specific part of the branch structure.

5. Stability

To calculate the (one-dimensional) linear stability of the
steady solutions that are obtained along the flow curve, we con-
sider the growth or decay of small perturbations to steady solu-
tions:

n(r, 1) = ii(r) + 8i(r) e, (182)
Torr (15 1) = Tpyr(r) + 8Ty (r) €M, (18b)
Tooo(r, 1) = Tpop(r) + 8% poa(r) €™, (18¢)
Tpro(r, 1) = Tpro(r) + 8% pro(r) €™, (18d)
u(r, 1) = B(r) + 80(r) e, (18e)

where § < 1 and A is complex. Substituting (18) into (10) and
collecting all terms at order 8, we obtain the following eigen-

value/eigenfunction problem:

1
Al =€ [(rﬁ/)/ + E/a] s (19a)
r
AW o\’
)‘%prr = _%prr —S |:V () %pr@ + i’[’r@r <> :|
r r
2 = =~ -~
(V prr) + ;(TPQQ - Tprr) + &, (19b)
v\’ 7\’
ATpop = —Tpoo + (2 — ) [r <r> Tpro + Tprot (r) }
L, 2 - —_
te ;(”pee) + ;(Tprr — Tpop) + E|, (19¢)

S | e

)
(e

- - i, §
)&TprQ = —Tprg + |:Tprr - (Tprr + Tp99)

4 v i
ce [t =] [or () 4+ () ).
/ (19d)
ARed = — z{r {rprg—ﬂr <:>” , (19)
where
—~ 1 ~ a ~/ D /~
8= - rpm) — P06 —{-S{r [r (r) Tpr0
g (f) } (19f)

For the last condition, it is understood that Re < 1, so the
resulting equation is integrated numerically and implicitly in-
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cluded in Egs. (19a—f). From (19¢), we see that

v\ 1. C
—) = =%, —
d r ﬂpe ,3r2

onry <r <ry+1, where C is a constant that must be deter-
mined from the boundary conditions. Solving (20) for v, we
have:

_ur)r  2C (11 " Tpro(s)
= +ﬂ(r r%>+ﬂ/” . ®

In this paper, v(r1) is always zero so the first term vanishes.
We shall see later that C is a linear transformation acting on the
variables 7, T, so that the problem is a classic eigensystem.

The boundary conditions for the perturbed equations in the
case where the wall stress is specified (Dirichlet) are

(20)

2n

ait’ + l(rf/ ) — 1‘? 96
r prr r p

-\ / ~N\ /17
+& l:r <U> Tpro + Tpror <U> ] } =0, (222)
r r N
(%prr —ait)|ly =0, (22b)
[Tpoo — a(l — d)it]lw = 0, (22¢)
'T:pr6|w =0, (22d)
v(r;) =0, (22e)
(strain rate controlled) w(R) =0, (22f)
~ /
(stress-controlled) r <U> =0. (22g)
r r=Ry

The boundary conditions for the perturbed equations in the
case where the derivative of the wall stresses are specified are

ait’ + l(l"?/ Y — 1‘? Yo
r prr r y4

N\ / ~\ 1/
+& [l‘ <v> Tpro + Tpror (U> } } =0, (23a)
r r -
%;m —aii'|y =0, (23b)
Toolw =0, (23d)
o(r1) =0, (23e)
(shear-rate controlled) ¥(Ry) = 0, (231)
v\ 1
(stress-controlled) 7| — ) — =Ty =0. (23¢)
r IB r=R;

We calculate the linear stability for both shear-rate controlled
and stress-controlled boundary conditions at the outer wall. For

perturbations with controlled shear-rate, we can solve for C in
(20) by applying the zero velocity perturbation at R»:

L1 1N 2 %0
C=z(r2‘r2> /*d
1 2 r

For perturbations with controlled stress at the outer wall,
C = 0. In either case, C is a linear transformation acting on the
perturbation number density and stress, so the resulting system
(19a—d,f) and (21) is a classic eigenvalue/eigenfunction prob-
lem.

If X is a vector representing discretized number density and
stress over the domain, excluding the boundary, on m — 2 points
then we can define a (m — 2) x m matrix Agc which maps
from the interior of the domain excluding the boundary values
out to full domain including the boundaries. Similarly, we can
discretize (19a—d,f) and (21) as a mapping from the full domain
including the boundaries to the interior of the discretized domain
asan (m — 2) x m matrix Apg. Selecting Dirichlet or Neumann
stress boundary conditions or stress- or strain-rate controlled
boundary conditions on the outer wall determines Agc but not
Apg. The full discretized eigensystem is

(24)

A% = AppApCH. 25)

Next, we turn our attention to specific results from different
combinations of stress boundary conditions and strain-rate or
stress-controlled boundary conditions on the outer wall.

We seek to understand the evolution of the flow as a progres-
sion of steady states if the input parameter De (for shear-rate con-
trolled) or 7,9 at the outer wall (for stress-controlled) is changed
slowly. In the experimental literature, this is often termed upward
and downward “sweeps.” When J(A) is negative, solutions are
stable and if it is positive solutions are unstable. Therefore, we
focus on points along the flow curve where 9i(1) changes sign.
The eigenfunction corresponding to an eigenvalue with a small
positive real part indicates the form of the growing disturbance
to the steady solution as the system becomes unstable.

For Dirichlet boundary conditions where we specify the stress
atthe walls, the evolution of the spectrum of the perturbed system
(19) along the plateau and at the cusp on Fig. 1(a), character-
izes the transitions to instability. All transitions are saddle-node
instabilities where a single pure real eigenvalue crosses from
the left half-plane to the right half-plane. The structure of these
instabilities along the plateau is shown for both the shear-rate
controlled boundary conditions Fig. 11(a) and (b) near point G
in Fig. 1(a) and stress-controlled boundary conditions Fig. 11(c)
and (d) near point F in Fig. 1(b). If one were to perform a shear-
rate controlled experiment, one would climb up past points A
through G along the plateau at which point one would jump onto
the right branch. From the right branch, one could decrease the
shear-rate and traverse the right branch downward toward point I
after which one would jump back to the left branch. With stress-
controlled experiments, one would experience similar behavior
except one would jump to the right branch from the plateau near
point F.

For Neumann stress boundary conditions, we have not been
able to resolve numerically the solution (using these steady-state
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Number density perturbation

Dirichlet stress and shear-rate controlled BCs: De = 12.5
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Fig. 11. Modes of instability for Dirichlet stress boundary conditions. Plots (a) and (b) are perturbations about point G in Fig. 1a. Plot (a) shows the the number
density perturbation corresponding to the saddle node, and (b) shows the first normal stress difference perturbation for shear-rate controlled boundary conditions on
the outer wall. Plots (c) and (d) are perturbations about point G in Fig. 1b. Similarly, plots (c) and (d) show the saddle node perturbation number density and first

normal stress difference for stress-controlled boundary conditions at the outer wall.

solutions) in the region s, nor in the region s’ indicated in Fig.
6(a). The branch structure near these regions is an area for future
investigation. There is a continuation branch of each of the two
plateau curves towards the left (in region s), but it is unstable
as indicated in the figure. In our model with Neumann stress
boundary conditions, our results suggest that one will never see
the middle branches with stress-controlled boundary conditions
at the outer wall. One can see that the unstable perturbation
shown in Fig. 12 is similar to the unsteady perturbation for the
Dirichlet stress problem with stress-controlled boundary condi-
tions (Fig. 11(c) and (d)). The key difference is that the steady
solution with Dirichlet stress boundary conditions (Fig. 2) has a
boundary layer at the outer wall whereas the steady solution with
Neumann stress boundary conditions (Fig. 7) does not. Thus, the
unstable perturbation with Dirichlet stress boundary conditions
has spatial structure near the outer wall while the unstable per-
turbation with Neumann stress boundary conditions does not.
As the stress slowly increases one expects the system will
move up the up the left branch of the flow curve shown in Fig.
6(b) to its top, then as the stress increases further jump to the

right branch. As the stress is reduced from a high value, one
expects to move down the right hand curve, then jump to the left,
thus avoiding the plateau region. This is similar to the hysteretic
behavior reported in Yesilata et al. [35]. On the other hand in a
shear-rate controlled slow ramp up one would expect to move up
the left curve, then jump down to the top plateau curve and move
to the right across this plateau, then jump down to the right hand
branch and continue moving to the right thus climbing the right
hand branch. In the opposite case, as the shear rate is ramped
down, one expects to come down the right hand curve to its
end, then jump up to the bottom plateau curve, continue moving
across and then as it ends jump up to a point near s on the left hand
curve and move on down. For a specific shear-rate jump up from
restitis unclear which solution would be chosen and presumably
that would depend on the complete history. Assuming the system
jumps to the “nearest steady solution” the lower plateau curve
would be chosen. For a specific shear-rate jump up from rest it is
unclear a priori what solution would be chosen and presumably
that would depend on the complete history as demonstrated by
Olmsted et al. [28].
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Fig. 12. Modes of instability for Neumann stress boundary conditions. Plots (a) and (b) represent perturbations about a point between E and F in Fig. 6. Plot (a) shows
the the number density perturbation corresponding to the saddle node, and (b) shows the first normal stress difference perturbation with stress controlled boundary

conditions at the outer wall.

6. Conclusions

In this paper, we have examined a model for dilute and
semidilute unentangled worm-like micellar solutions with cou-
pled stress and number density in axisymmetric Taylor-Couette
flows. We have applied this model with parameters selected to
characterize an experimental geometry that is similar to those of
anumber of investigators in their laboratory experiments. Calcu-
lations of the stress/strain-rate flow curve exhibit a pronounced
plateau region similar to those measured in laboratory experi-
ments. We find that coupling stress and number density provides
a selection mechanism for regions in which the stress/strain-rate
curve are multi-valued in agreement with our earlier results for
rectilinear shear flows. However, the circular geometry reveals
several notable differences. With the curvilinear geometry, the
shearbands that develop in the gap are no longer symmetric about
each wall. Rather, the inner boundary layer grows with apparent
shear-rate until it is no longer a boundary layer but rather a full
fledged shear-rate band that extends over 50% of the gap. This
is an agreement with several recent particle image velocime-
try experiments in worm-like micellar solutions [32,17]. At the
same time, the weak outer boundary layer experiences very lit-
tle change. The precise structure of the flow curve and these
boundary layers depends sensitively on the choice of bound-
ary conditions on the micellar confirmation near the walls. In
the present study we have considered both Dirichlet and Neu-
man boundary conditions. The velocity profiles obtained using
Neumann conditions Fig. 7(a) appear to be the closest to those
observed experimentally.

Finally, we see regions of strong molecular alignment or
stretching that originate near the inner cylinder at low apparent
strain rates and propagate into the gap as the apparent strain-
rate increases observation. If a critical tensile stress difference
in the flow can be associated with micellar rupture and onset of
turbidity then the model also captures the progressive growth of
turbid regions near the rotating inner cylinder as the imposed
deformation rate is increased.
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