18.100A: Typed Lecture Notes

Lecture 12:
The Ratio, Root, and Alternating Series Tests

We continue our study of convergence tests.

Theorem 1 (Ratio test)

Suppose z,, # 0 for all n and
|T741]

n—oo |2y,

L=

exists. Then,

1. if L < 1 then )z, converges absolutely.

2. if L > 1 then ) x,, diverges.

Proof: We will first prove the second part of this theorem.

2) Suppose L > 1 and « € (1, L). Then, there exists My € N such that for all N > M, % > «a > 1. Thus,
for all n > My,
|Znt1] > |2n| = lim |x,| #0.
n—oo

Therefore, > x,, diverges.

1) Now suppose that L < 1. Let a € (L,1). Then, there exists My € N such that ¥n > Mo, ‘”“";ﬂll < o
Therefore,¥n > My, |zn+1| < a|z,|. In other words, for all n > My,

‘xn| < O‘|xn—1| < az‘xn—2| << aniMo‘IMoL

Let m € N. Then,

m Mo 1
2 fenl = 2 o]+ > e
n=1 n=»Mj
Mpy—1 m
< Z [@nl + leas,| Y a0
n—= I\/f{)
Mp—1
< Z ‘x7t‘+|xMo|Za
Mp—1 ‘Jf]v[o‘
=Y ol el
n=1

Therefore, {31 |,|},-_, is bounded, and thus 3 |z,| converges. Hence, ,, is absolutely convergent.

Let’s consider two examples where we can use the Ratio test.



Example 2

Show the series Y-, o lel converges absolutely.

Proof: Notice

n2+1 n2+1  n?’
and hence
(=p"+t 9
. nt1)2+1 . B
nh—>néo (=" < nh—>ngo ('n, + ]_)2
n24+1
|
Example 3
Show that Vz € R, ZZOZO % converges absolutely.
Proof: This immediately follows from the Ratio test, noting that
R B ]
n—oo (n+ 1) |z|? T nocon+1
|

Remark 4. As seen above, the Ratio test can be really helpful to use when we have a (—1)" or a factorial in the

argument. Also note that if L =1 then we the test doesn’t apply.

Theorem 5 (Root test)
Let > x, be a series and suppose that

L= lim |z,*/"
n— oo

exists. Then,

1. if L <1 then )z, converges absolutely.

2. if L > 1 then Y x,, diverges.

Proof:
1. Suppose L < 1. Let L < r < 1. Then, since |z,,|'/" — L, IM € N such that Vn > M, |z,,|'/™ < r. Therefore,
for all n > M, |z,| < r™. Thus, for all m € N,

m M—
S lod = 3 foul + Z [l
n=1

Thus, {3 |zn|}.._, is bounded, and thus 3 |,| converges.



2. Suppose L > 1. Then, since |z,|/" — L > 1, there exists an M € N such that for all n > M, |z,|'/™ > 1.
In other words, for all n > M, |z, | > 1. Therefore, lim,,_, o z,, # 0, and thus > x,, diverges.

O
Remark 6. Again, note that if L = 1 then the test doesn’t apply.
Theorem 7 (Alternating Series test)
Let {x,} be a monotone decreasing sequence such that x, — 0. Then, » (—1)"z, converges.
Proof: Let s, = > " (—1)"x,. Then,
2k
Sop = Z(—l)”xn
n=1
= (z2 —71) + (¥4 — @3) + - + (V2k — T2p—1)
> (zg — 1)+ + (T2r — Tagp—1) + (T2k42 — Tagt1)
= S2(k+41)
as {z,} is a monotone decreasing sequence. Thus, {s2x}3>; is monotone decreasing. Furthermore,
sk = —T1 + (v2 — x3) + (T4 — T5) + -+ + (T2p—2 — Top—1) + Top > —T1.
In other words, {so2x} is a bounded below monotone decreasing sequence. Thus, {so;}72, converges. Let s =
limg 00 S2k. We now prove {s,,}59_; converges to s.
Let € > 0. Since s9;, — s, My € N such that for all & > M,
€
[sar — s| < 7
Since x,, — 0, 3M; € N such that Vn > My,
€
Choose M = max{2M, 0+ 1, M;}. Suppose m > M. If m is even, then & > My + 1/2 > M. Therefore,
€
|$m — 8| = [s2.m — 5] <z <e
If m is odd, letk::mT_lsom:Wc—i—l. Then, m > M = k > My and m > M;. Then,
[$m — 8| = [Sm—1 + Tm — S|
< [sok — 5+ @
€ €
S\S%—s|—|—|xm|<§+§=e.
Thus, s, — s, and thus > (—1)"z,, converges. O

Corollary 8

We already showed that > % does not absolutely converge. However, > % converges.

Proof: This follows immediately from the Alternating Series test.



Theorem 9
Suppose ), converges absolutely and ) x, = x. Let 0 : N — N be a bijective function. Then, } x, )
is absolutely convergent and ) 2,(,) = ®. In other words, absolute convergence implies if we rearrange the

sequence the new series will still converge to the same value of the original series.

m

Proof: We first show ) [2,(,,)| converges, which is equivalent to showing the partial sums ) " ;

Since > x,, converges, 3B > 0 such that for all £ € N,

0
> laa| < B.

n=1

|Zo(ny| is bounded.

Let m € N. Then, o({1,...,m}) is a finite subset of N. Thus, there exists an ¢ € N such that

o({l,...,m}) Cc{1,...,¢}.
Thus,

m )
Shl= Y <Y ml<n
n=1

neo({1,....m}) n=1

Therefore, Y- |#y(,)| converges. Let = > ° | x,,, and let € > 0. Then, IM; € N such that Ym > Mo,

m
E Ty — X
n=1

Since > |zy| converges, 3M; € N such that for all £ > m > M,

<€
2.

Let Ms = InaX{Mo,Ml}. Then, Yl >m > Mo,

m
E Ty — T
n=1

Since o= 1({1,..., Ms}) is a finite set, IM3 € N such that

<% and Z |xn|<§

{1,...,M2}CO’({l,...,Mg}).



Choose M = Ms. Thus, if m' > M,

ixa(n/)—w = Z Tpn — T

n/=1 ’nGG({l ..... m’})

M
N S
n=1 neo({1,...m'H\{1,....M}

max o ({1,...,m"})

M
o) SEA P DR
n=1 n=M+1
M 4
< Zl‘n—l‘ + Z ‘xn|
n=1 n=M+1
< € + €
—+_-=e
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