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Radial Projectionsand Lines

Let X
,ye with x*y.Then, define

Tx : R" (5x3- qn
-

#x : R215x3 + Gy(n , 1)=YI.

y+i
OR

y/
line through Xandy.

⑧··Y
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Radial Projections in Discrete Geometry
Heuristic : Generically, projections of sets are often large ,
unless there is an algebraicarithmetic/geometric reason .

One such "reason" for radial projections is linearity.

Thu [Beck 183] If XCIR2 is
y=X

noncollinear and finite,

· XX
max (tx (X15x3)12 IXI.
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Radial Projections in Fractal Geometry
to
years later, Orpoven-Shmerkin-Wang found a fractal analogue .

Thm [Orporen-Shmerkin-Wang'22] If X Borel and noncollinear,
sup duTx (X15x3)= minGam X ,

13.
XEY

In fact
, they obtained a bipartite version .

Moreover
,

for y &R Borel,

sup den TTx(Y15x3) = miniduX
,
day

,

13.
xEX



RadialProjections & Lines atd.

Corollary [Orponen-Shmerkin-Wang , '22] :
Given X

,
Y = RBorel

, and

dm XI1 = dmX FlEA(2
,
13
,

then VE-O
,

JX = X such that duX = dmX' and

dex(y(9x3) minEdmX , dimy ,
13-s AxeX.
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X ·X· .··
litx(x)) - 1 (ntx(x)) - (x)(1x) (itx(X)) - IX) Vx



Beck-typeTheorems for Lines
Let X

,Y = R
,

and consider the set

2(X
,y) : =Gle) : JxeX , yeY , Xy , and x ,yel3

affine lines in IR2

Theorem [Beck 183]

Let XER" finite and IX1= N
.

If IX11IIN for all

lines IEA(n ,1)
,
then 12(X)/ : N2

·

Theorem [Orponen-Sumerkin-Wang'22]
Let X

,
Y = R2Borel and dim(X(1) = dunX FleA(2 ,

1).

Then
,
dun [(X,) = min 51dm X

, 2 day
,
23



Beck-typeTheorems for Lines Final Remarks

·

Obtaining sharp (discrete) bipartite Beck-type theorems
would be of great interest for problems in incidences.

· Furthermore
,
bipartite radial projection results allow us

to interrogate the relation between X and Y. Eg.
Thm /Cornyei-Stull25] IfX ,

=R Borel and not

in the same line sup dunTx(.Ex3) minddudmit,day ,1-

XEY

· Makes use of the Furstenberg set problem in IR?



#Hyperplanar Bede's Theorem

Thu [Beck 183] Given X= R finite , with IX1HIZIX)

for all hyperplanes H ,
MX)1 : IXI

(n-1)-planes w/ n attirely ind ptsofX.
In 2016

, BenLund and Thao Do (separately) showed :
Theorem [Lund

,
Do '16]

For all 20, 7V0 such that given XER" finite , if

IX\UV : (11-2)IX) for all flats V : w/EdmV : In-1,

IP"(x)) Ve IXI"
·



#Hyperplanar Bede's Theorem atd .

Theorem [B : Ortiz-Zakhar
,

'25]

Let XER" Bord s.t.

dm(X\UVi) = duX for all flats V: w/EdnV : In-1,

then(X) = minEnduX , n3
&PrEA(n , n-1) : P contains n affirely ind . pts of X .



RadialProjectionsand Hyperplanes

Let xeR and JER" such that (X , Y:: in) affinely ind.
----

T : (rn-1(S%-> Gx (n
,
n-1) =/

I Hyperplane containing X, Y ...... Yu .

·
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#Hyperplanar Bede's Theorem atd .

Theorem [B : Ortiz-Zakhar
,

'25]

Let XER" Bord s.t.

dm(X\UVi) = duX for all flats V: w/EdnV : In-1,

then sup dimT"(X
*

(Smin[(n-1) duX
,

n-13.
x X

Conjecture : The same lowerbound holds for X& UV :

for EduVi = n-1.

Question : What about
"

(J" LS - 1)
,

xeX ?
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