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#heKakeyaConjecture
Def : A compact set KERV is a Kakeya set , if for all
Oe$ K contains a line segment in direction O.

Conjecture : Every Kakeya set KER has dmk= n.
·

n = 2 [Davies,71] , n= 3 [Wang-Zahl25], Open for n> 4.

↓Besicovitch
1917



#Stenberg: A fractal Kakeya
Daf : A Bore set X= R is an 1s

,
t)- Furstenberg set--

0 = S = 1
,
02t=2

if there exists a t-dimensional set of lines [=A(2 .1)

such that dmX1lsFle].

t-din lines

& : How small can duX be?
⑧

S-dm pts



Estenberg: An Incidence Approach
Def : A finite set X=R is an (s

,
t) -discrete Furstenberg set

if there exists lines IEA(2 ,
1) such that

IX1eFle].

Q : How small can IX1 be?

Consider the set of incidences between X and 2 :

[(X
.
2) = 5(x

.
1)=Xx2 : x lies on 13.

Q : How large can 1I(X ,2)1 be?



-Point-LineInadenceBounds

Setup : X= IR2 finite , 2 = A(z ,
1) finite

,
and

[(X
.
2) = 5(x

.
1)=Xx2 : x lies on 13.

· Trivial Bound : 1[(X
,
2)) IX1121

↳ Note : If equality , every point lies on every line .

· Double Counting : 1I(X
,
2)1= IX1

*
121+1X

↳ Every 2pts determine a line
· Szemerdi-Trotter83 : /F(X ,2)1 : IX1* /21 + 1X1 + 121

↳ Uses topology of R.



Estenberg: An Incidence Approach

Setup: 121= t , IX111s Vl

· I(X
,
2) i S (x)"(2) + 1x) (Double Counting)

IX11212 + 1x1 +121 (Szemerdi-Trotter)

Notice
, given the Setup , st

= IX1112/ = /I(X .
&LI.

Prop : Given Setup, IxKSMinds St+123



#Stenberg + Discretized Incidences

Setup : ·XER ,

[ = A(2
,
1)
,

dinXnls
,

duEst.

dim2 t
Heuristically , Idim(Xnelss-GIIIS5s-

Inelg12ls""F(X
,
2) Is 121s + IXIsS IX121 + /Is + 121s

Theorem : If XER is an (s
.
t)- Furstenberg set,

1) duX min32s
,
stt3 Hera-Shmerkin-Yavicoli , Lutz-Stull

2) dimX, minist, St13
.

Orponen-Shmerkin, Ren-Wang



EStenberg in Different Directions

Recall that Kakeya sets have line segments in every direction.
ManikDhar and I explored similar conditions on Furstenbergsets.
Daf : A Bore set X=R is an (s

,
t)-spread Furstenberg set--

0 = S = 1
,
01

if there exists a t-dimensional set of subspaces L =G(2 .1)

such that dm[X+an)nlTsFle] for some GeEIR?

Our results are more interesting in higher dimensions , but I
want to highlight why spread/not spread are not so different.



EStenberg- Spread Furstenberg
Prop : If FER is an (s ,t)-Furstenberg set , then 7 progtians.
9. R2 - /2 such that P(F) is (s

,
minit

,
13)-spread .

Pf Sketch : Write each line yemxtb intire (m ,b) =1%
m mindM

&..... ·...
>b >b

A good m' comes from Marstrand's ProjectionTheorem.7
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EStenberg in HigherDimensions?

We can ask Furstenberg set-type questions in R?
Def : A finite set X= R is an (s

,
t) -discrete Furstenberg set

if there exists lines IEA(n ,
1) such that

IX1eFle].

However
,
Szemerdi-Trotter is sharp and holds forall

by orthogonally projecting onto?
Remark: That said

,
one can do better of there are more

conditions on 2
,
see Guth-Katz.



EStenberg in HigherDimensions?

Def : A finite set X= R is an (s
,
tik) -discrete Furstenberg set

if there existstk-planesOE A(n , 1) such that
IXnPKs XP-P.

However
,
in the discrete setting , IXKs forksZ is sharp .

P

· pl

pl



EStenberg in HigherDimensions?

Daf : A Bore set X= R is an (s
,tik)-Furstenberg set--

0 = S =K
,
0 == (k+) (n-k)

,
lken-

if there exists at dimensional set of -planes P =A(n .k]

such that duX1P=s FP -P.

Some of the aforementioned proof methods generalize to R:

Theorem : Hera
,
Hera-Keleti-Mathe

dmX > max& Is +minit
,
13-k

,
s + -Ch-sin-uz
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EStenberg in Different Directions
Daf : A Borel set X= R is an (s

,
tik) -Spread Furstenberg set--

0 = S = K
,

02tzk(n-k)
,

1ken-
-

if there exists a t-dimensional set of subspaces P =G(2 .1)

such that dm[X+ap)&PTS FPCP for some apeR"

My work with ManikDhar gives
1) Lower bas to dim X for all Kkoln) +1

,
>ko.

2) Prop : X (s , tin-1)- Furstenberg &(X) (s ,mindt ,n-1in-D-spread
using point-hyperplane duality - Marstrand'sProjThm.



Thank You?


