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#heKakeyaConjecture
Def : A compact set KERV is a Kakeya set , if for all
Oe$ K contains a line segment in direction O.

Conjecture : Every Kakeya set KER has dmk= n.
↳ Note : known in 12 [Davies, 71]. Open for n> 3 .

↓Besicovitch
117



#Stenberg: A fractal Kakeya
Def : A Bore set FER is an 1s

,
t)- Furstenberg set--

0 = S = 1
,
02t=2

if there exists a t-dimensional set of lines [=A(2 .1)

such that duFul Fle].

t-din lines

Q : How small can duf be?
·. · ·

S-dm pts



#Stenberg: Some Background
Studied byWolff99 with a live in every direction (t : 1).

approach
->· Obtainedmax [25

,
s+3 generalizes max[2s , s

+ E3.
· Note

,

the sharp estimate is minist, S+ 13 .
↳ Resolved Orponen-Shmerkin and Ren-Wang23.

· Discretized incidence/Szemerdi-Frottar heuristic.

· Notice
,
when t = 2s

,

the two terms agree .

In fact,
over2 you cannot

"beat" the Is lower bound.
Ex : F= R = &2

,

and I = A(IR? 13= A(K? 1) .



#Stenberg: Discretized Szemerdi-Trotter
Given PER" points L= A(n ,

1) lines (finite)
,
let

↑ (P
,
2):= #5(p

,
1)-4x2 :

p lies on13 .

Theorem [Szemerdi-Trotter'83]

I(P ,2) IPPB121 + 1P1 + 121
.

121ge StHeuristically , [ded- [lfells =5
Knelg12Is"(f

,
2) I1 IFIs :5



Estenberg: A LoughTimeline
Lutz-Stall '18

Wolf199- Molter-Rela'o- Hera-Sherkin-Yavicoli22-
max&2s

,
s++3/ maxd2stt-1 , ste3/ min92s

,
stt]

[t = 15
·

->Fu-Ren'23-> Orponen-Shmerkin > Ren-Wang'23
min[2s+t -1 , s+ 13 minist,, s + 13.
[0cS1[t22]

E-improvements 2s+ E(s
,
t) S+ E + E(s

,
t)

· Katz-Tas 'Old Bourgain 103/s:, t= 1]
· Shmerkin-Wang'22 [sct]

· Hera-Shmerlin-Yavicoli'21 (t = 2s] &. Benedetto-Zahl'21 /Quantified]
· Orporen-Sherkin 121 [st]



#SnapshotRevisited

Sum-Product

/
Projection Theory- Phenomena

Beck-type
I y

L

Theorems & Furstenberg Sets #ractals Kakeyat
I "deal"
· Dual

Furstenberg Sets



#SnapshotRevisited

(2) rad proj->
13) ABC Smitrod

L

↓ Sum-ProductY. Projection Theory- Phenomena
T

11e-improve It sharps/
Beck-type

L

Theorems & Furstenberg Sets #ractals Kakeyat
I "deal"
· Dual

Furstenberg Sets



#SnapshotRevisited

Sum-Product

/
Projection Theory- Phenomena

Beck-type
I y

L

Theorems & Furstenberg Sets #ractals KakeyatI "deal"
· Dual

Furstenberg Sets



DualFurstenbergi A Dual Furstenberg(?)

Def : A Borel setAl
,
1) is adual Furstenberg set

O = Sen
,
0 = t= (n- 1)

if there exists a s-dimensional set of points XER2
such that dml. 2x :=[le2 : xc 13)>t

· x"Q : How small can dud be?
2x
·
X



Furstenberg vs Dual Furstenberg
1

-X- >

·X Xi

..... l
2x

Xnl ·

X

l"dualfn=2
->Furstenberg & Dual Furstenberg
(m

,
b)=y =mx+b

· XER"
,
I = Aln

,
1) s

.

t. · I = Aln
,
1)
,
XERs .

t.

· du2 t · den Xt

· de X11s VltL · de [xs XxeX
=> dmX ?? = dm2 ?



A Dual Furstenberg Result-

Theorem [B
.
- Fu-Ren

,
'24]

Let 2 =Aln , 1) be a dual (s ,t)-Furstenberg set. Then,
du 2 ! min[2s

.
s+ +3.

Pf Outline : Heuristically:Pine
and do a double counting argument on
5 (P

,

2) = #((x
,
x= 1) = X x 2 : le2x &2x1]

. G↳ Incidences
, again t



Pinned
Anal Furstenberg Remarks-

· Dual Furstenberg sets are not dual to Furstenberg sets
if ns, 3.

"Dual Furstenberg for Hyperplanes" dual to "Hyperplanar Furstenberg"

· That said
,
dual Furstenberg sets are interesting

in their own right?



#Snapshot: Finale-
(3)B .-Fu-Ren : rad proj
(1) Orponen-Shmerlin-Wang: radial proj

Sum-Product
- Projection Theory- PhenomenaS I y

Beck-type & Furstenberg SetsFractals KakeyasTheorems
I "deal"
· Dual

Furstenberg Sets
(2)B .

-Fu-Ren: min52s
,
S+ +3



_A Snapshot : Finale-

Sum-Product

/
Projection Theory- Phenomena

Theorems &
I y

Beckitype Furstenberg SetsFactals Kakeyas
· Orponen- ·

I "deal"

Shmerkin-Wang Dual
·B

.
-Marshall Furstenberg Sets

· Upcoming : B .

-Ortiz-Zakhard



Thank You?


