
A Continuum Erdos-Beck Theorem

By
: Paige Bright

joint work w/Caleb Marshall

for HAPPY's

·



An Overview

· Let X=IR"
,
and consider the set

2(x) : = See A(n , 1) : (11) = 23
-

affine lines in R
= "the lines spanned by X".

Q : Given X is large (Cardinality or Hausdorff dimension),
and satisfies (??)

,
how large is I(X)?

· Orponen-Shmerkin-Wang (OSW) , Ren , B-Marshall
· Radial projections (dual) Furstenberg Sets
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-Beck'sTheorem

Theorem [Beck 183]

Let XER" finite and IXI= N
.

If IXI1I2N for all

lines IEA(n ,1)
,
then 12(X)/ : N2

·

· I . e
.,
if X does not give too much mass to any

line,

X will span = N = (*) lives
· Proof follows from an application of Szemeredi-Trotter

for k-rich lines (see Wiki).



.
1[(X)) = 1 (2(x))- IX)



-Continuum Beck's Theorem

Theorem [Orponen-Sumerkin-Wang'22]
Let XER2 Borel

.

If dim(X(1) = dumX VleA(2 ,
1).

then du [(X) = min51dm X
,
23.

· I . e
.,
if X does not give too much mass to any

line,

X will span many lines .
-duX

· euristic : Covering X by S balls , IXIg : S := N
.

=> (2(X)Ig""( *) = g2dimx => dun [(X) 2dmX .



#
:

ManyLarge
Bus

ewrite
[(X) = xx2x- lines through x in 21x).

· In fact
, using

= Radial Projections-
we can show Ix is often large.



Step1 : Radial Projections
· Let X

, yeR" with x*y.Then, define

πx(y)=
·y-· πx(y)

i



Radial Projections & Lines
-

·
··X

In particular , den x(Xx3) = den 2x
.

So,

How often is 2x large? How often is x(X) large?
M

I ↑~

How often is iXX) small?



#ExamplesRevista
ge

·...I
X

litx(x)) - 1 (ntx(x)) - (x)(1x) litx(x)) - IX) Vy



RadialProjections & Lines atd.

Theorem [Orpower-Shmerkin-Wang'22]
Given XFI, S dun TTx(]) minEduX

,
de Y

.

1.

Let Ozo < min[dmX , 13 and B= ExeX : dun iTx(X) <83.

Claim : dun XIB= dem X .

Apse otherwise Edu X> dmX)Bd dmB=dmX.
To applyTheorem ,

either

B is contained in a live or not.



RadialProjections & Lines atd.

Theorem [Orpower-Shmerkin-Wang'22]
Given XFI, sup dun x() minEdmX

,
de Y

.

1.
XX

If BF1
,
then sus du x(X) = minEdmX, dmB , 13

= min[deX ,
1375. G

.

If B= l
,
then

,

dmX >dmXB

=diXII
= dmX

.

A

Hence
,

du XIB = dm X
,
and FxeXIB,

deTx(X) = den 2x 0
.



Motivating
,

Dual Furstenberg
Theorem [Orpower-Shmerkin-Wang'22]
If diXI = duXVI

,
then du2(X) ZminGamX , B.

Hence
,
at this point , we have shown

(x)[(x) = r 24o-du
xXIB

& dmX- dimensional o -du
275

Theorem [B. Fu- Ren'24] du W 2x St minds , E3.
xX
& t

Therefore
,

don [(X) 20. Send OrminidmX .
13. I



Furstenberg vs Dual Furstenberg
l

X

-

-
X L

2x
·
y x"

1, 1 1. X l ·

X

e" dual
->Furstenberg &
fn=2

Dual Furstenberg
· XER"

,
I = Aln

,
1) s

.

t. · I = Aln
,
1)
,
XERs .

t.

· du2 t · den Xt

· de X11s VltL · de [xs XxeX
=> dmX ?? = dm2 ?



LineSets in R

Theorem [Ren'23] Let XP?
.

Then,

Sup dm TTx(y15x3) > min[dmX , diy ,
k3

Xe X

# [B .Fu-Ren 124]

Cov : Let X = R s
.
t . dmX1P" = dmX XP** A(n

,

4).

Then
,
dun 2(X) = min92dmX ,2k3.



-Erdos-Beck Theorem

Theorem [Erdos-Beck]

Let XER" finite and I = N
.

If IX(1/2t for all

lines IEA(n ,1)
,
then 12(X)1 :Nt

.

(Oct = N)

· I . e
.,
if X does not give too much mass to any

line,

X will span =Nt lines

Q : Is there a continuum analogue of this result?
A : B

.

- Marshall'24 : Yes?



AContinuum Erdos-Beck Theorem

Theorem [B
.

- Marshall '24]

Let XERU : fix ke91, . .

.,
n-13

.

1) If dan XIP" = daXX P2
=> du2(X) = min92dmX

,
2k3

2) If not
,
let OctadmX be s

.
t .

dmX1P2 t .

-Ph = dun [(X)= duX + t .



-roofOutline

In 2)
.
7H= A(nik) with du XIH" < dmX

H
=> dm X1H2 = dmX

.

dat #x(X)
↓ .: & For all xeXIH"
& ·

0
.

&

-

· ·
X

dmiTx(X) = den2x daX .

2dmX
=>2(x) = U 2x

XXH
&

↑ -t

By B:Fu-Ren24 ,
dm[(X) du X + minEdX .

E3
.

G



#FurtherDirections

· Dual/pinned Furstenberg Sets of K-planes
· See work of Li-Lin.

· More general radial projections?
· More examples of results from discrete-to-continuum?

· See upcoming work of B
.

- Ortiz-Zakharov

· Line sets of product sets conjecture
· See paper of B.-Marshall.



Thank You?


