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EalcoverDistance Conjecture

Given a compact set AER2
,
define the distance set

X(A) = S(a-y) : a,y A3EIR.

Conjecture (Falconer) :
dimA ((A)k 0.

Best Known Lowerbounds :

duAs[5/4 ,
n = 2 [Guth-losevich-Ou-Wang.20
+ - Sy ,

n 3 /Du-Ou-Ren-Zhang,23]

In fact
, they obtained pinned results.



EalcoverDistance Conjecture ctd .

Thi : If du AER" and

duAs[5/4 ,
n = 2 [Guth-losevich-Ou-Wang.20],
+ - Sy ,

n 3 /Du-Ou-Ren-Zhang,23]
then JaeA with

(((a -y) :y A3k0.

Remarks : · Other notions of "size" : "distance"
↳ See losevich-Taylor-Uriarte-Tuero

· Applies projection theory (e .g. Orponen , Ren).



#Dot Product Variant

Let AER2 Bore
,
att"

,

and let

#a (A) = Sa .y : YEA3 .

Theorem [B
.-Marshall-Senger24]

Let Act" Borel . Then , if
· duAs Jaet with (Ta(A)]o %.
· duA Jaet with It(A)k0

.

· duAJaet with du TT"(A) u.



#Dot Product Variant : Remarks

Theorem [B
.-Marshall-Senger24]

Let Act" Borel . Then , if
· duAs JaeA with (Ia(A))o %.
(2) · duA Jaet with It(A)KP

· duAJaet with du TT"(A) u.

· (2) implied by losevich-Taylor-Uniarte-Tuero.
↳ Will focus on (2) for proof outline.
· Same proof methodology for all 3.



Geometry of Dot ProductsThe

Let ae RY
,
LeR

,

and Ua =
a

Syct : any=<Y

·

a
·INa

Po (A)

--a
a 2· Ua

,

·

aeTa(A) U 1A+ · H/T*(A)) ~a
.

s HSPolA))



#TheGeometry of Dot Products

IfS/T*(A)) ~a
.
sHYPolAD)

,

O= D
Key Lemma
· (A) = & if and only of (Po(A) -8.
· It (All-IPa(A))

,

·du&(A) = du Po(A) ,



Hence
,
we have reduced the problem to :

T
1) How many directions

of pins , D=t , arethere
↳ radial projection?

2)How many directions are"bad"
?

↳ Exceptional Set Estimates&



RadialProjectioa
yy

=> [POSSIBLE @]= TTo(A)
,

duToCA), diA-1
.



Exceptional Set Estimates

Thm : [Marstrand Projection Theorem]
Given A = R2 Borel,

duPo(A) = minidut , 13 a .e .
Des

Thun : [Falconer] If dnAs 1 , then

du(E(A) : = [0E$"" : /Po(A)l=03) = n-duA.

· Similar statements for different "sizes"



-ConcludingProof

dT
.

o (A) duA-1
Notice

,
since S duECA) En-duA' if

dimAs
,
JOETtoCA)lECA) I . e

.,
Ja,

IPOCA)I-ITTaCA)1 > O
. a



Remarks.

· In fact
,
full dimensional set of pins aA.

· Same proof for all 3 senses of "size"
· Key idea : If [POSSIBLE O] is larger than
SBAD O]

,

then the result holds.

Q : What if we have better rad proy results ?



#XandeAs
· [POSSIBLEO] = Tx(A)

,

[BADOJ = ECA).

· Recent rad . proj results (Ren) :
=

Thm [Ren'23] Let X
,
AER s .

t
.
dmXIP"= duX XPh,

then VEsO, En = ExeX : dux(A) <miniduX ,
duA

, k3-93
satisfies den XIEn = daX.



Answer1-ctd.

Thm /B
.

- Marshall-Senger "24] : Let A , XER" satisfy
dmX dmA := s and dmXIP" = duX XP?

Then
,
for sufficiently large,
· dmA* Ja,x st . [TA)] *9.

=

·duA* Ja
,
x st . It (A) 10.

·du Jax s
.

]dmT(A),.

Generally/Heuristically : Batterrad proje exceptional
set estimatesE better dot product results?



"Answer"2-

Q : Can we get for untranslated dot prods?

Biggest Hurdle : Does there exist AERV s .

t.

du To (A) = dm A-1 AND duE(A) = n-dut ?

At ..
· ⑧ · A ↑

- -

· ⑧ ⑨

⑨ ·

Cong : [B-Marshall-Senger] If AERY , du As I , the
duTo (A) du ECA).



Thank You?


