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Abstract

Quantum information processing, including quantum computation, quantum commu-
nication, and quantum metrology, is expected to be the next-generation information
technology capable of outperforming classical devices. The physical platform for quan-
tum information devices requires many-body quantum systems with many interact-
ing qubits (two-level systems), and several experimental systems have been actively
studied in recent years for realizing such scalable quantum information processors.
Reliable quantum information processing essentially requires robust initialization of
the quantum system, robust control protocols and precise measurement. As these
indispensable tasks strongly depend on the physical properties and dynamics of the
quantum system, the precise characterization of the experimental system, namely
quantum system identification, is a crucial prerequisite.

In a closed quantum system, the Hamiltonian includes the information about
the properties of the system, such as the number of qubits, single-body energy of
qubits, topology of qubit network graph and coupling types between qubits. For
thermal equilibrium state, the temperature also becomes an important parameter
characterizing the thermal properties of the system. Quantum system identification
aims at extracting these elements from measurements of the system dynamics or state.
However, performing measurement over the whole many-qubit system is typically a
demanding task in the laboratory. Furthermore, given the lack of knowledge about
the system, one cannot control or measure the system with high accuracy before
characterizing it. Thanks to recent advances in quantum metrology with a single
qubit sensor, a well-characterized qubit system can play the role of a quantum probe,
which is coherently coupled to the target system, thus enabling practical schemes
to identify the target many-body quantum system indirectly through system-probe
correlations. More broadly, this quantum probe strategy is an example of system
identification performed via local measurements.

This thesis focuses on the role of quantum correlations in quantum system iden-
tification assisted by local measurements in two different regimes: (1) dynamical and
(2) equilibrium regime.

In the dynamical regime, we introduce the mathematical concept of quantum sys-



tem identifiability with respect to Hamiltonian parameter identification and Hilbert
space dimension identification. Exploiting the linearity of the dynamics, we employ
linear system realization theory, algebraic geometry and graph-theory to analyze the
identifiability of an unknown Hamiltonian or the dimensions of the Hilbert space of
the target many-body quantum system. Based on the formalism, we propose prac-
tical algorithms for both identifiability problems. We further find that propagation
of correlations between the quantum probe and the whole system is a necessary con-
dition to fully identify the parameters and dimensions of the target system through
local measurements on the quantum probe.

In the equilibrium regime, the thesis discusses the problem of estimating either
the temperature or Hamiltonian parameters, which can in general be extracted by
characterizing the thermal equilibrium state. We discuss a general local measure-
ment scheme, which we call “greedy local measurement scheme", where one performs
sequential optimal measurement on a complete set of subsystems. We introduce a
practical measure of nonclassical correlations, called discord for local metrology, to
measure the nonclassical correlations induced by local optimal measurements. By
comparing the greedy local measurement scheme and global measurement scheme,
we explicitly demonstrate that in the high-temperature limit discord for local metrol-
ogy quantifies the ultimate precision limit loss in local metrology. Conversely, this
shows that nonclassical correlations could contribute to sensitivity enhancement in
parameter estimation even at thermal equilibrium.

These results can be expected to contribute to the characterization of near-term
quantum information processors, such as Noisy Intermediate-Scale Quantum (NISQ)
devices, and to find applications in quantum sensing, e.g. in room-temperature
nanoscale magnetic resonance sensing of nuclear spins in molecules or imaging of
biological complex systems.

Thesis Supervisor: Paola Cappellaro, Ph.D.
Title: Esther and Harold Edgerton Associate Professor of Nuclear Science and Engi-
neering
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Chapter 1

Introduction

1.1 Quantum system identification

Quantum information processing (QIP) is a next-generation information technology,
which is expected to process a huge volume of data with the less computational
complexity (quantum computer) than the conventional computer, simulate charac-
teristic behaviors and dynamics of the quantum matters more accurately (quantum
simulator), realize an ultrafast and energy-saving communication protocols with high
security (quantum communication and quantum cryptography), or realize precision
sensing techniques in the nanoscale (quantum metrology) [116]. Particularly, recent
research development in atomic, molecule, and optical physics and condensed matter
physics has not only led to breakthroughs in understanding characteristic behaviors
and properties of quantum matters, but also paved a path to robustly engineering
the system for the realization of QIP.

In QIP, the basic unit of quantum information is called qubit, which is the binary
bit in quantum information, and it can be realized by a two-level system, such as spin-
1/2 particle or polarization of photons. The QIP devices are composed of qubits, and
they process information through their interactions. In order to build up a reliable

QIP devices, seven conditions are essentially required to meet [43]:

1. Well-characterized many-qubit systems
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2. Robust initialization of the target system to a simple fiducial state
3. Robust controls by universal set of quantum gates
4. Precise system-dependent measurement

5. Long coherence time
(Two more conditions for quantum communications)

6. Interconversion of stationary and flying qubits
7. Transmission of intact qubits between specific locations.

The first five conditions are for quantum computation, quantum simulation, and quan-
tum metrology, and the last two conditions are for quantum communications. The
characterization of many-qubit systems is the most important task as the prerequisite
for QIP because the initialization, controls, and measurements are all dependent on
the physical properties and the dynamics of the system. Practically, prior information
about the system is always limited; therefore, it is required to extract missing infor-
mation about the system. This task is called quantum system identification, which
is the prerequisite for any technology in QIP [24].

The dynamics of a closed quantum system is determined by its Hamiltonian,
which contains all the elements on which the properties of the system are dependent.
Therefore, identifying the Hamiltonian is a central task for all QIP technologies. Let
us consider an interacting many-qubit systems. The Hamiltonian can be usually
characterized by the number of qubits, which gets the dimension of its Hilbert space,
by single-particle energies and coupling strengths, and by the interaction model, which
includes the topology of the qubit network (See Fig. 1-1). For a closed quantum
systems, quantum system identification means the identification of its Hamiltonian
through a set of measurements. Identifying Zeeman energy shifts [161, 107, 150] yields
information on the spin species. By identifying the interaction Hamiltonian, we can
obtain information on (1) the system graph [81], the coupling type, and the relative
positions from the coupling strengths [22, 42, 161, 150|. Identifying only the first two

16
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Figure 1-1: Hamiltonian for many-qubit system. Hamiltonian contains the informa-
tion characterizing the system, such as the dimension of its Hilbert space, single-body
energy, the graph topology, couplings and coupling strengths.

pieces of information (graph and couplings) enables writing a general model for the
many-qubit system (See Sec. 2.3.1) [140]. Then, to further specify the system, one
needs to identify not only the Hamiltonian parameters (See Sec. 2.4) [161, 107, 150,
162, 22, 42, 139], but also the number of qubits in the system (See Sec. 2.3) [140].

Furthermore, temperature 71" also plays an important role in determining the ther-
modynamic properties of the system, such as magnetization or heat capacity. In QIP,
for example, for quantum annealers |78, 44|, which is an optimization algorithm to
find global minimum of a given objective function from the set of possible solutions,
the temperature determines the performance of the algorithm and recent research
pointed out the fundamental limitation of the quantum annealers at fixed finite tem-
perature with rigorous analysis on the behavior of the temperature scaling for the
quantum annealers to be a good optimizers [4]. Since the study of thermodynamics
extends to the nanoscale, temperature estimation also requires a fully quantum treat-
ment [17, 18, 109, 33, 126, 76, 103, 155, 34, 122, 120, 66|. Therefore, estimating the
temperature at the nanoscale, namely quantum thermometry, is also an important

task.

Quantum system identification techniques can be expected to contribute to the
development in precision metrology. Quantum metrology [53, 54, 40| utilizes quantum

resources such as entanglement and coherence to improve the precision of measure-
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ments beyond classical limits. Particularly, recent progress in quantum metrology
assisted by single quantum probe has demonstrated the ability to achieve precise
estimation of a few unknown parameters [102, 14]. These advances now open experi-
mental opportunities for multiple parameter estimation, while offering the advantage
of nanoscale probing and coherent coupling of complex quantum systems. The possi-
ble applications range from clock synchronization [52], to quantum illumination [93,
144, 166], superdense measurement of quadratures [51, 141, 9] and range velocity [165],
distributed sensing [50, 124, 167], point separation sensing [113, 97, 146, 83|, mag-
netic field sensing [11, 145], tructural determination of a complex molecule [3, 2, 95],
biosensing [32, 10, 85] and studying magnetism at the nanoscale [147, 154|. These
techniques require an accurate and efficient methods to characterize the system, and
the parameter estimation techniques provided through quantum system identification

are expected to provide a powerful tools for realizing these metrology techniques.

1.2 Local measurements for quantum system identi-

fication

Various methods have been developed for quantum system identification, especially
for Hamiltonian parameter estimation, including quantum process tomography |23,
22, 42, 150|, Bayesian analysis [56, 129, 132], compressive sensing [134, 100, 8|, and
eigensystem realization algorithm [161, 162, 69]. Not only many of these techniques
are quite complex, but they also often assume complete access to the system to be
identified: full controllability and observability via the coupling of the target quantum
system with a classical apparatus. Recently, the Noisy Intermediate-Scale Quantum
(NISQ) device [123], composed of ten to fifty qubits, is expected to be available in the
near future. However, fully addressing the system is still a demanding task. Therefore,
for both near future and long future, we need to consider performing quantum system
identification of total system by local measurements on its subsystems, which are well

characterized.
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In the dynamical regime (Chap. 2), we consider a practical scheme, in which we
perform quantum system identification using coupling of the target system with a
quantum probe (23, 22, 42, 161, 162, 138, 137]. Because recent progress in estimating
a few parameters of a single small quantum system, we consider a model in which a
single quantum probe, which is a well-characterized quantum system, is coherently
coupled to the target system, and the Hamiltonian of the target system is estimated

through the set of measurement outcomes of the probe at each time step (See Fig. 1-2).

Estimate

Measurement data Hamiltonian

.

Quantum probe

Figure 1-2: Quantum system identification assisted by a single-probe measurement. A
single quantum probe is coherently coupled to the target system, and its Hamiltonian
is estimated from the set of measurement results obtained by the local measurements
on the quantum probe.

In the equilibrium regime (Chap. 3), we consider more general scheme, in which
we consider a sequential measurements on the subsystems of the target systems. In
particular, we consider the case where each subsystem is measured sequentially with a
local optimal measurement in a sense that the estimation variance takes the minimum
for estimating a parameter characterizing the system, and (classical) feedforward from
the previous measurement result [96, 111, 139, 140]. We call this scheme a “greedy”
local measurement scheme [139, 140|, and this scheme still remains practical and
belongs to the class of local operations and classical communication (LOCC) [115]. A
practical LOCC protocol is the greedy local scheme, where we sequentially measure

each subsystem with a local optimal measurement (see Fig. 1-3).
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Figure 1-3: Greedy local measurement scheme. We first optimally measure a subsys-
tem A and then optimally measure the other subsystem B based on the measurement
result of A.

1.3 Overview of the Thesis

In Chapter. 2, the concept of identifiability of Hilbert space and Hamiltonian pa-
rameters of a many-body quantum system assisted by a single-probe measurement
in the dynamical regime is studied. After reviewing linear system realization theory
and eigensystem realization algorithm, the identifiability of the Hilbert space dimen-
sion estimation and Hamiltonian parameters are studied by employing linear system
realization theory and algebraic geometry approach. Furthermore, the necessary con-
dition for the system to be identifiable is provided in the context of correlations.
In Chapter. 3, after reviewing the ultimate precision limit in estimation, which is
quantified by quantum Fisher information and quantum discord, a new measure of
nonclassical correlations which is revealed by the local optimal measurements, called
discord for local metrology, is introduced, and the role of discord for local metrology
in Hamiltonian parameter estimation or thermometry is described. In Chapter. 4, we
will conclude the thesis, and propose the future direction of the research on quantum

system identification problem.
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Chapter 2

Quantum system identification in

dynamical regime

This chapter discusses the identifiability of Hilbert space dimension and Hamiltonian
parameters of a target many-body quantum system through the measurement on a
single quantum probe coupled to the target system.

This chapter is structured as followings. In Sec. 2.2, we review the linear system
realization theory for classical systems following Refs [80, 79, 130] and the eigensys-
tem realization algorithm for parameter estimation introduced by Zhang and Sarovar
in [161, 162|, which is derived from classical linear system realization theory. Based on
linear system realization theory approach to closed quantum system, we will introduce
the concept of interaction model, which describes the connectivity between every two
spins, and discuss the identifiability of the dimension of a finite-dimensional Hilbert
space describing an interacting qubit system [137] in Sec. 2.3. Then, in Sec. 2.4,
we will discuss the identifiability of Hamiltonian parameters [138] by the employ-
ing eigensystem realization algorithm approach to Hamiltonian parameter estimation
[161, 162] and Grobmer basis (36, 37, 21, 47, 12]. I further provide the necessary
experimental resources, such as the lower bound in number of sampling points and
upper bound in total evolution time required to identify all the parameters. Focusing
on the Hamiltonians of spin-chain model with nearest-neighbor interaction, we clas-

sify the Hamiltonians based on their identifiability, and provide an explanation about
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the necessary condition for the system to be identified based on the concept of cor-
relation propagations. We also propose a possibility of engineering a non-identifiable
Hamiltonian to be an identifiable Hamiltonian with the control protocols assisted by
periodic driving. In Sec. 2.6, we conclude the chapter, and point out several possible

future directions along this research.

2.1 Introduction

The dimension of the Hilbert space (or system dimension) is indeed an important
information for any quantum device. The performance of quantum protocols, such
as the computational complexity of quantum algorithms [116] or quantum process
tomography [150], is strictly dependent on the dimension. In addition, the dimension
also determines what experimental resources, such as the number of sampling points
and the total time evolution, are needed to characterize the rest of the Hamiltonian
parameters [139]. These dimension-dependent quantities are important for practical
applications of quantum engineering. Therefore, dimension estimation is a significant
task in quantum system identification.

Because the dynamics of closed quantum system is linear, we can employ the tools
developed in classical linear system theory to approach the identification problem.
Classical linear system identification has been a widely studied subject for the past
decades [92]. A popular system identification method for the linear time-invariant
(LTT) systems is the eigensystem realization algorithm (ERA) [80]. ERA has been
applied in several fields to study classical systems, from structural engineering [28]
to aerospace engineering [112|. The first applications of ERA to quantum system
identification both for close and open systems were given by Zhang and Sarvoar [161,
162], and a robust estimation was experimentally demonstrated for a closed quantum
system [69]. A key step of the algorithm is the singular value decomposition of a
Hankel matrix, whose elements are the measurement data at equally spaced sampling
times. In the noiseless case, the rank of the Hankel matrix is equivalent to the

model order, which is the degree of the characteristic polynomial of the irreducible
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transfer function describing the system dynamics in the Laplace space [7|. This can
be interpreted as the minimum number of independent state variables required to

fully describe the dynamics of the system.

In a general many-body interacting system, the state variables are the observables,
including the observable to be directly measured and the operators generated from
the dynamics, which can be indirectly observed and controlled. Then, the key insight
into dimension estimation is that the number of generated correlations will strongly
depend on the system dimension. We can thus expect that the dimension will be a
function of the model order, which is revealed by realization theory and experimental

measurements.

For the identifiability of Hamiltonian parameters, we employ ERA to analyze the
required experimental resources to achieve Hamiltonian identification. To achieve
this, we propose a systematic algorithm to test Hamiltonian identifiability by em-
ploying the idea of Grébner basis, which is an essential concept in the commutative
algebra and algebraic geometry [37, 36, 47, 12]. In particular, we use these techniques
to explore what Hamiltonian models can be identified when restricting our access to
a single quantum probe. Furthermore, we provide a lower bound in the number of
sampling points required to fully identify the Hamiltonian, which sets an upper bound

for the total evolution time and thus the total measurement time.

2.2 State-space representation for closed quantum

system dynamics

In this section, we review the state-space representation approach to analyze closed
quantum system dynamics, which was introduced by Zhang and Sarovar in [161, 162],
classical linear system realization theory [80, 79, 130], and the eigensystem realization
algorithm (ERA) approach [80] to Hamiltonian parameter estimation developed in

[161, 162].
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2.2.1 Accessible set

The Hamiltonian H is generally parameterized by

M
H=> 65k, (2.1)
k=1

where {0}, € R\ {0} and {S;}}, are Hermitian operators. For an interaction N
qubit system, {iSy}2L, are independent elements of a Lie algebra in su(2V). Let us

define a set
Gy = {01, Og, s ,Ol |ZOZ € 5u(2N)},

which we call observable set of operators that we can directly measure on our quantum

probe, and let these operators satisfy the following condition

00, H 40 (i=1,2,---,1).

Next, let I' be the set of operators constructing the Hamiltonian:
[ ={S |iS, € su(2™),k=1,2,--- ,M}.

Each operator to be measured evolves under the Heisenberg’s equation of motion

d
£0,=ilH,0] (2.2
The commutator generates a set of new operators {O;1,0; 2, , O}, where O;,,

denotes the p—th new operator generated from the commutator between the operator
O; and Hamiltonian H. As these operators also evolve in time, the commutator be-
tween {O;, }7°, and the Hamiltonian generates new operators again. The, intuitively,

the dynamics is fully generated by repeated commutators. In order to mathematically
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describe this process, we define an iterative procedure
G; =G UG- T, (2.3)
where

[G-1,T] = {O4]tx(O}[g.7]) #0, g € Gj_1,y €T}

Because of the finite dimensionality of su(2"), the iterative procedure in Eq. (2.3) will
saturate, and we can obtain a saturated set of operators G, which is called accessible
set [161, 162|. Therefore, G includes all the operators generated from Gy from the
dynamics, and some of these generated operators represent the correlations between
the target system and the quantum probe. In the following, we write |G| as the

number of elements in the accessible set G.

Example: Accessible set of 3-qubit exchange Hamiltonian
Let us provide an example for 3-qubit exchange interaction Hamiltonian:
Jl J. 2
H = 5(X1X2 + V1Y) + ?(XQXB +Y5Y3), (2.4)

where Xy, Y}, Z, are the each components of Pauli matrices acting on k-th qubit:

For N-qubit system, X, Y, and Z; are precisely

X, =1l - 1L, 10 X®1L41®1y
;=101 1;,,0Y®1L,1®1ly

Zr=1,01L 1,1 ®2Z® 1,11 ® 1y,
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where 1 is the 2 x 2 identity matrix. Pauli matrices satisfy the following commutation

relations:
(X%, Yi] = 262k, Yk, Zi) = 2000 Xk, [Zk, Xi] = 2063 Y.
In 3-qubit exchange Hamiltonian, the operator set I' is given as
I'={X1 Xy + V1Y, Xo X35 + Y5 Y5}
Suppose that we are going to measure X7, then the observable set becomes
Go = {X1}.
First, let us calculate G; = Gy U [Go, I']. Here,
[Go T = {[X0, X0X, + Yi¥), [X0, X, X3 + Y533} = {1031,

which means that Z;Y; is the new generated operator evolving with X; due to the

dynamics. Here, we only care about the operator but not the coefficients. Therefore,
Gl == Go U [[Go,r]] - {Xl} U {Zly’z} - {le Zl}/g}
Then, we also need to calculate Go = G U [G1,T]. Here,

[G1,T] = {[Xl, X\ X + ViYa), (X1, Xo X5 + VoY, [Z1Ya, X1 Xo + ViYa), [Z1Ys, Xo X5 + YzY:a]}

= {Zl}/Qa X17 le2X5}

Here, as we can see we can again obtain a new operator Z; 7, X3, which are evolving

with X; and Z;Y5. Therefore,

Gy =G UG, T ={X1, Z1Yo} U{ 1Y, X1, Z1 2: X3} = { X1, Z1Ys, Z1 2, X3}
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Then, we calculate G3 = G U [G,T']. Here,

[Ga, T] = {[X1, X1 + VY], [X1, Xa X + YY),
[Zlyza X1 X5+ Y1Y2], [Zly2, XoX5+ YQY:’a]a
21 Z:X5, X1 Xo + Y1Y3), [ 21 Zo X5, Xo X5 + YQYB]}

= {21}/27 X17 ZIZ2X3}'

and
Gy = Gy = { X1, 21Ya, Z1 Z5 X3}
Therefore, G5 is the accessible set G, i.e.
G ={X1, Z1Ys, 2175 X3}, (2.5)

and these operators are evolving together through the dynamics.

2.2.2 State-space representation

In the following, without loss of generality, we will typically consider only observable
O; on the first spin, which is the quantum probe, i.e. Go = {O1}. From the iterative
procedure in Eq. (2.3), Eq. (2.2) can be written as

; Gl M
EOi = i[H,0;] = Z <;‘9kvkml) Oy, (2.6)

=1 =

where
Viru = Tt [Z[Sm, Ok]Ol} €R.

Let py be the initial state of the joint system of the target and quantum probe, so
that the expectation value of Oy is given by x1(t) = (O1(t)) = Tr[poO1(t)]. Then,

the expectation values of the elements in the accessible set G form a state vector
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(coherent vector) x(t) = (z1(t), z2(t), -+ , 21 (t))T € RIY. Then, from Eq. (2.6), we

have
d |G| M
%%(t) => <29kak1>$l(t),
=1 k=1
so that in matrix form, we have
dx(t)  «
— = Ax(t
= Ax(),

where A € RIIXIGl is a skew-symmetric matrix, which contains the parameters
{0, 1L, in its off-diagonal elements. Note that A does not necessarily have to contain
all the parameters but when the dynamics correlates all the spins with the quantum
probe, A contains all the parameters. This is actually the necessary condition for the

system to be identified [138|, which will be explained in detail in Sec, 2.4.

Let y(t) € R be the output data obtained by the output matrix C € R*I¢l. Then,

we can obtain the following state-space representation

ax(0) _ 4,
a0 (2.7)
y(t) = Cx(t).

This is called classical linear time-independent (LTI) system [80, 79, 130], and this
shows that the quantum evolution in closed quantum system can be reduced into
equivalent classical LTI system. Furthermore, it is useful to define the corresponding

time-discrete representation

X(j+1) = Ax(j)

y(j) = Cx(j),

(2.8)

where x(j) = x(jAL), y(j) = y(jAt) and A = eA2 Eq. 2.8 is useful in practical
settings because the measurement results are usually acquired at the discrete-time

steps. Note that since any matrix exponential is a nonsingular matrix, the rank of A
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is always

rank(A) = rank(eAAt) = dim(x(t)) = |G].

Example: State-space representation of 3-qubit exchange Hamiltonian

Let us construct state-space representation of 3-qubit exchange Hamiltonian in Eq. (2.4).

Now, from Eq. (2.5), we know that the accessible set is
G - {Xla Zl}/Q; ZIZQXS}'

When we generate G, we did not care about the coefficients from the commutators
between the generated time-varying operators and Hamiltonian. Now, we need to

take into account the coefficients. Let us calculate [G, H], then we can find

J J J
(X0 H) = [ X1, 50X + NY2) + 5 (XaXo +Y2Y3)| = 51X, 11Y3)
=i Yy

J J.
[2Ys, H] = | 21Ys, S (XaXa + Y1Y2) + T (Xa Xo + YaYs)|

= %[Zﬂ@,YiYg] + %[ZlY'g,Xng] =—iJ1 - Xq — iy Z17:X3
022X, H) = [ 202X, 2 (X,Xs + Yi¥a) + 2(XaX; + 31|
— %[zlzgxg, XoXs] = iy - Z1Ys
Therefore,
d .
EXI = —i[Xy,H] = J1 - Z1Y3
d

SOYy = —i[Z0Ys H] = 0y - Xy — Ty 5125
d

G DZaXs =~ DX, H) = Ty - Y,
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Therefore, we have

X 0o J; 0 X
% 41Y, == 0 —Jy 1Y,
Z129 X3 0 Jo 0 Z129 X3

Let py be the initial state. Then, we have

z1(t) = Tr[poX1(¢)]
zo(t) = TrpoZ1Ya(t)]

ZL’3(t> = TI'[/)()ZlZQXg(t)] .

If we choose the initial state to be

then, the initial coherent vector becomes

x1(0) = Tr[poX1(0)] =1
ZL’Q(O)
1’3(0)

Tr[poZ1Y>(0)] = 0

TI'[,O()ZlZQX3(O>] = 0.

Then, we can construct a coherent vector

x(t) = <x1(t) (1) xs(t))T

with

Xo = <1 0 O>T~
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Since we want to measure X7, then we choose

c-(10 0

so that we can obtain

ZL‘l(t)
y(®) = Cx(t) = (1 0 0) | as(t) | =200
3(1)
Therefore, we can obtain
) _ R
dt (2.9)
y(t) = Cx(t),
where
0O J 0
A: —Jl 0 —JQ
0 J 0

Furthermore, we can find that

|G| = rank(eA2) = 3.

2.2.3 Linear system realization theory

Let us consider a classical LTI system in Eq. 2.7. By performing a Laplace transfor-

mation, the irreducible transfer function =(s) is given by

=(s) = C(sT— A) xg = L0
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which describes the dynamics of the LTT system of Eq. (2.7) in Laplace space. Since
the irreducible transfer function depends on A, C, and the initial state xo, [A, C, x¢
is called realization of the irreducible transfer function Z(s) (or the LTI system). I is
n X n identity matrix and the system initial state must be chosen such that xo # 0.
P(s) and @(s) are polynomials in the Laplace variable s. In particular, Q(s) is called
the characteristic polynomial of Z(s). The degree of Q(s) is called model order |7],

which is defined as

n = deg(Q(s)). (2.10)

The model order n can be interpreted as the minimum number of independent state
variables required to fully describe the dynamics of the system. From Eq. (2.8), if we

define H, ; as the following Hankel matrix

y<0) y(l) tr y(S — 1) CXO CAXO . CAS—IXO
g - | v v@ y(s) | caxy CAX, - CAx
yir=1) y(r) - ylr+s-2) CA™'xg CA'xy --- CA™7x

and H, ; can be decomposed into

C

CA
Hr,s = . (XO AXO s A571X0> = MO(T)MC(S), (211)

CAr—l

where Mo (r) € R™¥I€l is called observability matriz defined as

CAr—l
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and Mc¢(s) € RIS is called controllability matriz defined as
Mc(s) = (XO Axy - A8—1x0> . (2.12)

When a LTT system with dim(x(¢)) = |G| is minimal, namely both controllable
and observable, we have [80, 79, 130]:

rank(Mc¢(s)) = rank(Mo(r)) = |G|, (2.13)
where 7, s > |G|. Therefore, from Sylvester inequality [68]|, we have
rank(Me(s)) + rank(Mo(r)) — |G| < rank(H, 5) < min{rank(Mg¢(s)), rank(Mo(r))},
which yields
rank(H, ) = |G]|.
Furthermore, the rank of the Hankel matrix H, s is equivalent to model order [79]:
rank(H, ) = n,

where 7, s > n. Therefore, when the system is minimal, we must have |G| = n [137].

Example: Transfer function of 3-qubit exchange Hamiltonian

Here, let us discuss the transfer function of 3-qubit exchange Hamiltonian in Eq. (2.4).

From Eq. (??), the transfer function is given as

-1

100 0 J 0 1
E(s)=(100>3010 — -5 0o - 0],
00 1 0 J 0 0
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which yields
s2 + J2
3+ (J2+ J2)s

(1]

(s) =

(2.14)

As we can see that
G| = deg<53 T8 (24 J§)s> =3,

which is the model order of the system.

Controllability and Observability

Here, let us prove Eq. (2.13) by following Refs. [80, 79, 130]. Here, let us consider the
following general discrete-time LTT system
x(k+1) = Ax(k) + Bu(k), x(0) =0
(2.15)
y(k) = Cx(k),
where A € R"" x(k) € R", C € R™*" B € R™"  y(k) € R™, and u(k) € R". Here,
u(k) is the input vector, which actually corresponds to the control in classical control
theory and generally u(k) can take any types of functions. Note that here x(0) could
be different from xq, which is the initial state which we discussed above. The solution
for x(k) is then given by
k-1

x(k) = A*x(0) + >~ A/Bu(k — j — 1), (2.16)

j=1

and in this case the controllability matrix and observability matrix are given by

Mc(s)= (B AB -~ A*'B),
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and

CArfl

where s, > n.

The definition of the controllability is

Definition 1 (Controllability). The LTI system Eq. (2.15) is controllable if there
exits a control sequence {u(j)} such that x(0) can be transferred into an arbitrary

state x,, at time p, i.e. x, = x(p).
Then, we obtain the following theorem:
Theorem 1. The LTI system Eq. (2.15) is controllable if and only if

1. Controllability grammian

We(k) =Y (A’B)(A’B)" € R™™

J=0

s non-singular:
det(WO(k)> £0.

2. Controllability matriz Mc(n) has full rank:

rank(Me(n)) = rank(A) = n.

and (1) and (2) are equivalent.

Proof. Let us prove Theorem. 1.
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1. det(W¢(k)) # 0 = The LTI system Eq. (2.15):
Let W¢(k) be non-singular, i.e. det(We(k)) # 0. From Eq. (2.16), for an

arbitrary x,, if we choose
u(p —j — 1) = =B (A))"W;! (p)(AP%(0) — x,),

then, we can obtain
p—1
x(p) = APx(0) = Y A/BB"(A))"W ! (p)(APx(0) — x;,).
j=0
Since the controllability grammian is defined as
p—1
We(p) = Y  A’BB" (A7),

J=0

we can obtain
— A7x(0) - Wo(p)WZ (p)(A7X(0) — x,) = X,.

Therefore, there exists a classical control sequence {u(p — j — 1)};_ 4, which
can transfer x(0) to an arbitrary state x, at time p. From the Def. 1, the LTI

system is controllable.

2. The LTT system Eq. (2.15) is controllable = det(W¢(k)) # 0:

Let us fix k. If W¢(k) = 0, then there must exist a non-zero vector a such that

Wc(k‘)a =0.
Therefore, we have
k—1 k
a"Wo(k)a= a’ A'BBT(A/)Ta=Y" (BT (A%)T ) <BT(Aj)Ta>,
7=0 7=0
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which yields:
k—1 . )
a"Wo(k)a=3" HBT(AJ)TaH —0.
7=0

However, if the LTT system Eq. (2.15) is controllable, there exists control u(k —
j — 1) which transfers an initial state xo = a to 0. Therefore, we can write

k—1

0=A*a+) A/Bu(k—j—1)

=0
Therefore,

k—1

0=a"A*a + ZaTAjBu(k: —j—1).

Jj=0

Since BT (A7)Ta = 0 <= a” A/B = 07, we have
a’AJa=0. (2.17)

For arbitrary non-zero A, Eq. (2.17) holds if and only if a = 0, which contradicts
our assumption that a # 0. Therefore, by contradiction, det(We(k)) # 0.

Therefore, we can obtain

LTI system is controllable <= det (Wc(k)> # 0.

3. det(We(k)) # 0 = rank(M¢(n)) = rank(A) = n:
If M (n) does not have full rank, i.e. rank(M¢(n)) < n — 1, then, there exists

a non-zero vector a such that

a’Mg(n) = a” (B AB ... A"*1B> =0,
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which yields
alA’/B=0, j=0,1,2,--- ,n— 1.

Therefore,

k—1
> a"A/BBT(A7)"a=a"Wc(k)a =0,

j=0
which indicates that W (k) is singular
det <Wc(kr)> —0.
Therefore, we have
rank(M¢g(n)) <n — 1= det <Wc(k‘)> =0.
By taking the contraposition, we have

det <Wo(k‘)> # 0 = rank(M¢(n)) = n.

. rank(Mg(n)) = rank(A) = n = det(We(k)) # 0:
If det(We(k)) = 0, then there exists a non-zero vector a such that

We(k)a =0,
which yields
al’A’B = 0.
Therefore,
a"Mc(n) =a’ (B AB - A’HB) =0.
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Therefore,
rank(M¢(n)) <n —1,
and we obtain
det (Wc(k)> =0 = rank(M¢(n)) <n —1.
By taking the contraposition, we have
rank(Mg(n)) = n = det <Wc(k)> # 0.
Therefore, we can obtain

det (Wc(k)> # 0 <= rank(M¢(n)) = n.

From these results, we can finally obtain the following equivalence:
The LTT system Eq. (2.15) is controllable <= det (Wc(k)> # 0 <= rank(M¢(n)) = n,

which proves Theorem 1. O

Note that the proof for Theorem. 1 is a general approach. In order to match the

discussion for the case

x(k+1) = Ax(k)

(2.18)
y(k) = Cx(k),
we can take the following setting:
1 (k=0
w(k) = (k =0)
0(k=1)



and
x(0) =0

so that if we define B = xy then we have

x(2) = AB = Ax,

x(s —2) = A*'B = A* 'x,

x(s—1)=A°B = A°0

Then, the controllability matrix can be written as
Me(s) = (XO Axy - Asflx()) ;

which is equivalent to Eq. (2.12); therefore, the whole proof also works for the system
described by Eq. (2.18), which is the case for the dynamics of closed quantum systems.
The definition of the observability is

Definition 2 (Observability). The LTI system Eq. (2.15) is observable if there exits

a time p and initial state Xy can be determined uniquely from measurement results

{y(h)}-

Then, we can obtain the following theorem:
Theorem 2. The LTI system Eq. (2.15) is observable if and only if

1. Observability grammaian
k

Wo(k) =) (CA/)"(CAJ) € R™"

=0
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18 non-singular:

det(Wo(k)> £ 0.

2. Controllability matriz Mo(n) has full rank:

rank(Mo(n)) = rank(A) = n.

and (1) and (2) are equivalent.

Proof. 1. det(Wp(k)) # 0 = The LTI system Eq. (2.15) is observable:
Let Wo (k) be non-singular, i.e. det(Wp(k)) # 0. Since at time j, we have

y(j) = CAx(0).

Multiplying (CAP)T from left to y, we have

E
—_
e
—

(CAY)Ty(j) = ) (CA/)"(CAT)x(0) = Wo(k)x(0).

1
o
.
Il
=)

Therefore, x(0) can be uniquely determined by

x(0) = W5' (k) p_(CAY)Ty(5)

from the measurement results {y( j)}f;é.

2. The LTT system Eq. (2.15) is observable = det(Wo(k)) # 0:

If det(Wo(k)) = 0, there must exist a non-zero vector a such that
Wo(k})a =0
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and

N

-1

a’Wo(k)a= )Y (CA’a)’(CA’a),

§=0
which yields
k—1
2 Wo(kla=Y_ [Caia| -
7=0
Therefore,
CA’a=0

which shows that y(j) = CA’a = 0 Vj; therefore, the LTI system of Eq. (2.18)

is unobservable. Therefore,

det(Wo(k)) = 0 = the LTI system of Eq. (2.18) is unobservable.

Taking the counterposition, we have

the LTI system of Eq. (2.18) is observable. = det(Wo(k)) # 0.

This proves

the LTI system of Eq. (2.18) is observable. <= det(Wq(k)) # 0.

3. rank(Mop(n)) = rank(A) = n = det(Wp(k)) # 0:
If det(Wo(k)) = 0, then there exists a non-zero vector a such taht

CA’a=0
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Therefore, we have

Therefore,

rank(Mop(n)) <n —1,

which leads to

det(Wo(k)) = 0 = rank(Mo(k)) <n — 1.

By taking the contraposition, we have

rank(Mo(k)) = n = det(Wo(k)) # 0.

. det(Wop(k)) # 0 = rank(Mp(n)) = rank(A) = n:

If rank(Mop(n)) < n — 1, there must exists a non-zero vector a such that

C
CA
CAn—l
so that
k—1
a’Wo(n)a= Y (CA7a)’(CA’a) =0,
=0



which indicates that
det(Wop(n)) = 0.
By taking the counterposition, we have
det(Wo(n)) # 0 = rank(Mp(n)) = n.
Therefore, we can obtain
det(Wo(k)) # 0 <= rank(Mp(n)) = rank(A) = n.
From these discussions, we can arrive at
The LTI system Eq. (2.15) is observable <= det(W(k)) # 0 <= rank(Mp(n)) = rank(A) = n,

which proves Theorem. 2. O

From Theorem. 1 and Theorem. 2, we can obtain Eq. (2.13) for s,r > n.

2.2.4 Eigensystem realization algorithm (ERA)

Here, we introduce the eigensystem realization algorithm (ERA), which is a well de-
veloped system identification method for classical systems [80], and it is widely used
from structural engineering [28] to aerospace engineering [112]. In the context of
quantum system identification, Zhang and Savorar employed this method for Hamil-
tonian parameter estimation [161, 162], and a robust estimation was experimentally

demonstrated for a closed quantum system [69].

The central idea of ERA is to provide a new realization [Ae, Ce. Xoe] from the

sampling points {y(j)}. In order to solve this problem, we consider the singular value
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decomposition (SVD) of Hankel matrix H, ;. The SVD of H,  yields

0]

s . s o\ (VI
Hr,s:U A\ :<U1 UQ)

o0 o) \v?

where U and V are unitary matrices (i.e. UUT = UTU =T and VVT = VIV =1),
and 3 is the singular value matrix. Since n = rank(H, ,), there are n nonzero singular
values of H, ; so that X is a n x n diagonal matrix containing the nonzero singular

values. Then, from Eq. (2.11), we can write

Mo (r) = U; B!/

Mg (s) = BV2VT.

Next, let us consider the following shifted Hankel matrix I:Im:

y(1) (2 e y(s) CAx, CA%xy - CA*x
a y(2)  y@3) - y(s+1) B CA%xy, CA3xy, --- CAstlx,
y(r) y(r+1) - ylr+s—1) CA'x, CA™tlx, --- CA™tsIx,
(2.19)

which can be written as

which yields

A =M, (rH, M (s) = = ?UTH, VvV, 2"/
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so that

- 1 _
A=+ n[z-2urH, v,x"2.

As we can see, we can obtain a new realization deriving from our measurement

result as

At

~ 1 _
A. = = W[=""’UTH,, V,Z7
Ce = [MC(S)]ﬁrSt row — [21/2V?]ﬁrst row (220)

X0,e = [MO (T)]ﬁrst column — [Ulzl/Q]ﬁrst column -

Then, we can obtain the corresponding transfer function as
Z(s) = Co(sT — Ao) 'xq.

In principle, since the original irreducible transfer function =(s) and the transfer
function derived from the new realization Z.(s) describe same dynamics, we must
have

=(s) = Z.(s). (2.21)

Note that the coefficients of Laplace variable s in Z(s) are polynomials in 6y, 0s, - -+ , 0
because they are derived from the theoretical model, and the coefficients of Laplace
variable s in Z.(s) are just numbers coming from the measurement results. Since

Eq. (2.21) holds for any s, we can obtain a system of polynomial equations:

f1(61,602,--- ,00) =0

f2(01,02,--+ ,00) =0
(2.22)

fp<917027 T 79M) — O
and {01, 6,,--- 0y} can be found by solving this system of polynomial equations.
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Example: Eigensystem realization algorithm for 3-qubit exchange Hamil-

tonian

Here, let us show the example for the eigensystem realization algorithm for 3-qubit
exchange Hamiltonian in Eq. (2.4). Through eigensystem realization algorithm, we

can find that the transfer function with new realization has the form

s% + ass + by
34 ars2 4 bis+ay’

where
b17 b2 > ai, g, as,

which is coming from the numeric error of the algorithm. From Eq. (2.14), we can
obtain the following system of polynomial equations
J3 = by

(2.23)
JP+ J3 = by,

where by > by > 0.

2.3 Hilbert space dimension identifiability

In this section, we will discuss the identifiability of Hilbert space dimension assisted
by single-probe measurements. The dimension of the Hilbert space (or system di-
mension) is indeed an important information for any quantum device. The per-
formance of quantum protocols, such as the computational complexity of quantum
algorithms [116] or quantum process tomography [150], is strictly dependent on the
dimension. In addition, in our recent work [138], we demonstrated that the dimension
also determines what experimental resources, such as the number of sampling points
and the total time evolution, are needed to characterize the rest of the Hamiltonian

parameters. These dimension-dependent quantities are important for practical appli-
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cations of quantum engineering. Therefore, dimension estimation is a significant task
in quantum system identification.

The estimation of the Hilbert space dimension was first addressed by Brunner [20]
as the concept of dimension witness, which is a test giving a bound on the Hilbert
space dimension which can reproduce the measurement data [20, 151, 149, 153, 48,
19, 60, 16, 136, 39, 65, 1, 27|, in which measuring all correlations generated in the
system is essentially required, without any prior knowledge on the target system.

Here, we assume instead that the interaction model, which will be defined more
precisely in Def. 3, is given as prior information. Although graph structure and
coupling types are known in this scenario, the exact Hamiltonian is still unknown.
This is because we cannot measure all the correlations if the exact dimension of
the target system is unknown. Then, we employed an more practical scenario, in
which the target system cannot be directly addressed but interacting with a well-
characterized single quantum probe. By employing the concept of model order in
linear system realization theory in Sec. 2.2.3, we demonstrated that the Hilbert space
dimension can be ezactly identified if all the spins in the target system are correlated

with the quantum probe [137].

2.3.1 Interaction model

Generally, an interacting many-body system can be represented by a graph G =
(V(G), E(G)), where V(G) denotes the set of vertices representing particles and E(G)
denotes the set of edges representing the connectivity between every pair of parti-
cles [31]. In the following, we define |V(G)| as the number of vertices, and |E(G)|
as the number of edges in the graph G. Adding and deleting vertices and edges are
called primary operations on the graph G [58]. Although edges generally describe
the interactions between two particles, here we keep the network topology separated
from the actual coupling strength, with the graph only encoding information on the
former. Therefore, we only consider an unweighted and undirected graph.

Without loss of generality, we focus on many-qubit system. The graph of the

many-qubit system can be characterized by taking the following rules on edges:
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Rule 1: The single- energy term can be described by a self-loop, which joins a single

vertex to itself.

Rule 2: The qubit-qubit interaction term can be described by a proper edge, which

joins two distinct vertices.

Taking into account these rules, an interacting qubit system can be described by the

adjacency matrix Adj(G):

)
1, a vertex v; has self-loop, i.e. i = j.

[Adj(G)]i; = { 1, vertices v; and v; are adjacent.

0, otherwise ,
\

which shows the graph structure of the system.

Let us consider a sequence of graphs {Gy}x>1, in which the rule that each cor-
responding adjacency matrix satisfies is fixed. Since the construction of the ad-
jacency matrix depends on the elementary operations, fixing a rule means that a
sequence of graphs {G}r>1 is constructed from a given initial graph Gy by repeat-
ing a succession of fixed elementary operations. In graph theory, {Gi}r>o is called
recursively constructible family of graphs [117]. For example, consider the one-dimensional
Ising model without transverse fields, i.e. no self-loops: H = Z]k\[;ll %ZkaH, where
Zy, is the z-component of Pauli’s matrices acting on k-th spin. The fixed elementary
operation, here, is to add one vertex and proper edge from the right side which joins
neighboring vertices. If we label each spin by 1,2,3,--- from the left side, the initial
graph Gy is the first spin, and the corresponding adjacency matrices for the sequence

of graphs {G1, G2, Gs, - - - } satisfy:

) 1, wheni=j5+1
[Adj({Gr>1})]ij =

0, otherwise.

With the conditions that the graphs must be connected, undirected and unweighted,

an interaction model can be defined as the following [137]:
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Definition 3 (Interaction model). An interaction model M is defined by a coupling
type and a recursively constructible family of connected graphs {Gy}tr>0, which are

undirected and unweighted.

Note that elementary operations can be defined in any spatial dimensions; there-

fore this definition is valid generally even for higher spatial dimensions.

2.3.2 Noiseless dimension estimation
General theory

Let us consider an interacting N-qubit Hamiltonian described by Eq. (2.1) and de-
note its Hilbert space as H. Given a closed quantum system, the minimality of the
corresponding classical LTI system is based on the choice of the basis. Let this N-
qubit be represented by using an orthonormal operator basis B = {iOi}gzl C su(2V),
for which the corresponding classical LTI system is both controllable and observable,
namely |G| = n. Here O; are tensor products of Pauli matrices and identity matrix.

Let us choose the observable set
GO = {Hll ZHl - B, [HZ,H] 7é 0,l = 1,2,"' ,L}

Here, we restrict {II;}~, to be observables on the quantum probe. Given a fixed
basis, the three quantities Gy, M, and the initial state of the joint system p, uniquely
determine the dynamics of the system and thus the accessible set, we introduce the

following space, which we call system space,
S= [G07M7 PO]

Then, we can obtain the following theorem [137]:

Theorem 3. Given a system space S = [Go, M, po| expressed in a basis yielding
a minimal realization of the equivalent classical LTI system, and whose quantum

dynamics generates correlation between the observed quantum probe and the rest of
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the qubits, the dimension of the Hilbert space H is given by:
dim(H) = 275,

where n is the model order of the system and fs is a strictly increasing function

uniquely determined by the system space S.

Proof. For a given graph G, through the iterative procedure Eq. (2.3), we can obtain
the corresponding accessible set G(G), which emphasizes the fact that the accessible
set is dependent on the structure of the graph G. Note that given a basis B, G(G) will
be uniquely determined with fixed observable set Gy and operator set of Hamiltonian
I'; therefore, |G(G)| is also uniquely determined. Therefore, given an interaction
model M, if the dynamics correlates all the qubits with the quantum probe, an
increase in graph size Gy will lead to an increase in |G(G)|. Then, for a fixed basis
B and observable set Gy, a succession of elementary operations on graph G can
generate a recursively constructible family of graphs {Gy }r>o. Therefore, the increase
in the vertices |V (Gy)| leads to an increase in {|G(G)|}x>0 so that |G(G)] is a strictly

increasing function of the number of qubits N in the system:
d
—|G > 0.
Rrelta]

Since the system space S = [Gy, M, po| yields the minimal state-space representation,

we have |G| = n, where n is the model order so that

d

Therefor, there exists a strictly increasing function fs : n — N such that
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Since the dimension of N-body qubit system is given as
dim(H) = 2",

so that we can obtain dim(#H) = 2fs(. O

This can be simply illustrated in Fig. 2-1. Suppose that we want to estimate

Di .
/ﬂ \—> Model order n=nq,nyng- - lmensmrzl o
dlm(j‘[l) =24 =2/

G 99— ™

Go ﬂ—;j—,d n, L f||ft > dim(3;) = 23 = 2/ ()
GS ‘—}\5_}\5_}; ns dim(H3) = 24 — 2f(n3)

. : N = 2' 3' 4., ‘

N AN : J

Figure 2-1: Dimension estimation conceptual scheme. We first derive the function fs
such that N = fs(n). Through the measurement, we can determine the model order
n, yielding the system dimension as dim(H) = 2V = 2/s(),

the dimension by measuring only the first spin (quantum probe). We first have to
obtain the relation N = fs(n), and find the model order n to obtain the dimension
dim(H) = 2/,

Algorithm for noiseless dimension estimation

Since the model order n is always equivalent to the rank of the Hankel matrix H, ,
defined in Sec. 2.2.3

n = rank(H, ),

we can estimate the dimension of the Hilbert space dim(#) via the following proce-

dure:

Step 1: From the prior information about the interaction model M and selecting a
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basis B that gives a minimal realization, we theoretically obtain a recurrence relation

between the model order n and the quantum system dimension, yielding the function

fs(n)

Step 2: We repeatedly prepare the initial state of the probe so that x(0) # 0, and
measure the probe at equally spaced sampling points, obtaining the outcomes y(j) =
y(jAt). (see Sec. 2.3.3 for details on how to choose the sampling time At from the
sampling theorem [135]).

Step 3: We construct a sequence of square Hankel matrix {Hs o, H3 3, -+ ,Hy g, - },
and calculate their determinant. In the absence of noise, the dimension of the total
system is given by the minimum n such that the Hankel matrix determinant is zero:
mindet(H,,11,41) = 0.
n
In the presence of noise, we can simply construct a large enough Hankel matrix and

determine the corresponding n by finding a singular value A, such that A\, > \,.1.

(For details, see Sec. 2.3.3).

Examples of Noiseless Dimension Estimation

Let us consider an interacting qubit chain system with nearest-neighbor couplings.
Let us denote H the Hilbert space of the total system and dim(#) the dimension of

the Hilbert space, including the quantum probe. For N qubit system, we have
dim(H) = 2".

The initial state of the quantum probe is the eigenstate of the observable to be
measured so that xo # 0. Reflecting a practical scenario, where the rest of spins
are inaccessible and cannot be initialized, we assume that the rest of spins are in
the maximally mixed state (1/2)®(V=1 where 1 is the 2 x 2 identity matrix. This

scenario is particularly pertinent when a system at room temperature is considered: a
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paradigmatic example is the nitrogen-vacancy spin, which can be used as a quantum
probe to determine the Hamiltonian of other electronic and nuclear spins at room-

temperature NMR system [143, 2].

Let us consider the nearest-neighbor coupling with transverse fields:

N-1

Q Ak onow B C
51+ Y (FeSeSia + S + 5 SISt )

N —
H =
k=1 k=1

where {iS¢,i57,iS]} € su(2) are the general spin-1/2 operators acting on k-th qubit.

Suppose that our quantum probe is the first spin, and
(S8, 5] = 2ib1€apy Sy, (2.24)

where €, is the Levi-Civita symbol defined as

;

+1 (O{, /87 ’7) - ((L’, y? Z)7<y7z7aj> or (Z7x7 y)

€apy = -1 (04,577) = (Zayv 2)7 (x,z,y) or (y,f[),Z)

0 a=p6,or =7, ory=a.
\

Here, as an example, we will show the detailed steps to obtain dim(#) by consid-
ering the following case [137]: Ay # 0, By = Cx = 0 and (Sg, S,'f,S,Z) = (Xk, Yx, Z1),

where Xy, Y}, Z; are the Pauli’s matrices satisfying
Xk, Yi] = 202y, Yk, Zi] = 20Xy, [Zk, Xi| = 2iY.

Therefore, let us consider the following Hamiltonian
N

0 A
k k
H = E 7Zk + kE:1 7Xka+1'

k=1
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The operator set for this model is

U'={Z,Z, -, Zpn, X1 X0, Xo X3, , Xny—1 X}

Let us choose the observable set as

GO - {Xl}

The interaction model is described by the sequence of graphs satisfying the following

adjacency matrices

' lwheni=j4+1landi=y
[Adj({Gr=>1})]i; =

0, otherwise

with the coupling type of nearest-neighboring Ising coupling with single-qubit ener-
gies. In order to make sure that (X;(0)) # 0, we can choose the following initial
state

®(n—1)

(2.25)

For any finite dimensions of the Hilbert space, we can perform the iterative procedure

in Eq. (2.3). Then, we obtain

G1 = GyU[Go, T] = {X1, Y1}

Since Y; does not commute with the Hamiltonian, the commutator [Y;, H| yield fur-

ther contributions under the operation

[Yi, T] = {X1, Z1 X5}
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Thus, we obtain
Gy ={X1, V1,721 X5}
In a similar way, we also have
Gs = Gy UGy, T] ={X1, Y1, Z1 X5, Z1Ys}.
Then, we can finally obtain the following accessible set for N qubit G(™)
GWN) =X\, Y1, 2, X0, Z1Ya, ., Z1 - Zn1 XN, Z1 -+ Zn_1 YN} (2.26)
as it can be proved by induction:

1. N = 2: By the iterative procedure in Eq. (2.3), the accessible set can be

explicitly found to be:
G ={X\ V1, 2, Xy, ZhYa},
which satisfies Eq. (2.3.2).
2. N=w+1 (Yw € N): Let us assume that for w qubits we obtained

G ={X\,\ V1, Z1Xs, Z1 Yo, ., Zy -+ Zop 1 Xy Z1 -+ Zop—1 Y}

Then, for N = w + 1, the Hamiltonian operator set is:
Pt = 17 UL Z0, X Xt}
and by the iterative procedure in Eq. (2.3) we obtain:

G(w+1) _ G(’w) U {Zl Ce Zwa+1, Z- - Zwa-i-l}a
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which yields:
G =X\ V1, 21 X0, Z1Ya, s Zr v+ Zop 1 Xy Z1 - Zog Y, Z1 -+ Zow X1, Z1 -+ - ZpYeps }-

This demonstrates that Eq. (2.3.2) also holds for N = w + 1. Therefore, we can

conclude that for the Ising model with transverse field, Eq. (2.3.2) holds, yielding
|G| =2N.

By constructing a state-space representation, the system matrix A becomes a
2N x 2N skew-symmetric matrix with the only nonzero elements A2k72k_1 = O
and AQHL% = Jr. Since we want to measure Gy = {S7}, the output matrix is
C = <1 0 --- ()). Given the initial state, the initial coherent vector is x(0) =
(1, 0, ---, 0)7, and (A, C,x(0)) generates an irreducible transfer function 7'(s) =
C(sI — A)"'x(0) = P(s)/Q(s), where deg(Q(s)) = 2N. Recall that the model
order is the number of poles of the irreducible transfer function; therefore, given
an irreducible transfer function T'(s) = P(s)/Q(s), we have always n = deg(Q(s)).
When the system is minimal, we also have deg(Q(s)) = |G|. In this way, we can check
observability and controllability of the system by finding the degree of the transfer
function’s characteristic polynomial. For the Ising model with transverse field, since

|G| = deg(Q(s)) = 2N, the system is minimal, and the model order is n = 2N.

Therefore, the dimension of the Hilbert space is given by
dim(H) = 2V = 2"/2,

In the same way, we can obtain the following results.
Nearest-neighbor couplings with transverse field

We will summarize the results for nearest-neighbor couplings with transverse field [137]:

N N—-1
Qk Ak o o By, Ck

SI§S£+1 + 7SIZSIZ+1>a Q # 0.
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1. Ising model:
As we have seen above, when (A; # 0, By = Cy = 0), by choosing Gy = {5¢}

or Gy = {57}, the systems are minimal and we can obtain n = 2N so that

dim(H) = 2V = 2"/2, (2.27)

2. Exchange model:
When (Aj, # 0,B; # 0,C), = 0), by choosing Gy = {5} or Gy = {57}, the

systems are minimal and we can obtain n = 2N so that

dim(H) = 2V = 2"/2,

3. Heisenberg’s model:
When (A # 0,By # 0,C # 0), by choosing Gy = {S¢} or Gy = {57}, the

systems are minimal and we can obtain n = n?¥~! so that

dim(H) = 2V = v2n.

Nearest-neighbor couplings without transverse field

We will summarize the results for nearest-neighbor couplings without transverse

field [137]:

-1
Ak qaca | Bigsos | Ok
=% (75; St + S SESe + 75,35,1+1).
k=1

1. Ising model:
When (A =# 0, By = Cy, = 0), we can obtain n = 2. In this case, the iteration
procedure Eq. (2.3) saturates very quickly, and accessible set only contains the
correlation operator of the quantum probe and the spin next to the probe.

This is an example of the case that only some spins become correlated with

quantum probe so that Theorem. 5 does not hold. In this case, we need to
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apply transverse field to generate global correlations between the system and
quantum probe so that the dimension of the Hilbert space can be obtain as

Eq. (2.27).

. Exchange model:
When (A # 0,By # 0,C, = 0), by choosing Gy = {59} or Gy = {57}, the

systems are minimal and we can obtain n = N so that

dim(H) =2V = 2" (2.28)

. Heisenberg’s model:
When (Aj, # 0,B; # 0,C), # 0), we can choose either Gy = {S¢},{S'} or
{S7]} for our observable to measure. For this choice, the system is minimal. By

induction, we can obtain the following relation:

4N=1 1 (N :odd)

yN=1 (N : even)

Therefore, the dimension of the total system for each case is given by:

dim(H) = 2vn+1 (N :odd) | (2.20)

2\/n (N : even)

Example of dimension estimation without controllability or observability

t dn

Here, we show an example to show that 7% > 0 cannot ensure that the system is

minimal [137]. This can be understood as the following. Although the operators

describing full correlations between the rest of qubits and the quantum probe can

be generated, the choice of the initial state and measurement observables can also

change the controllability and observability of the system. A good example is the
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following Hamiltonian:

=

1
Tk gege | Lhkgsce
0= (7Sk5k+1 + 75k5k+1>'

1

e
Il

Let us choose the observable set Gy = {X;} or Gy = {Y7}, which actually yield same
model order. Here, let us take Gy = {X;}. From the iterative procedure in Eq. (2.3),

we can obtain:
G = {X1,Y125,Y1Xs, ..,V Y1 Zn, Y1+ Y1 X},

which actually contains all the generated operators describing the correlations of all

qubits with a single quantum probe. Here, we can find
IGM| =2N — 1.

By constructing a state-space representation, A becomes a (2N —1) x (2N —1) skew-
symmetric matrix with the only nonzero elements Agk,%,l = J, and A2k+172k,1 = L.
In order to make sure xo # 0, we can take the initial state in Eq. (2.25). Then, we
can find that the irreducible transfer function 7'(s) = P(s)/Q(s) has the property of
deg(Q(s)) = 2N — 2, which means that the model order is

n=|G™M|-1=2N -2,

and

dn
)
N =

so that n is an increasing function of N. In this case, the system dimension becomes:

+1

dim(H) =22
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However, we have n # |G|. This means that the system is not minimal. This shows
that there exist systems either not controllable or observable, even if we can directly
generate the operators describing the correlation between all the qubits and a single

quantum probe. In this particular case, since
rank(Mo(r)) = rank(Mcg(s)) = [G™)] — 1 < |GW)|,

the system is both not controllable and not observable. This means that there is an
extra operator generated, which is not needed to be counted in order to describe the
dynamics of the system, and the system can be reduced to the one with the effective
size. Therefore, controllability and observability strictly depends on the choice of the

observable set GGy and the initial state p,.

2.3.3 Noisy dimension estimation

In practical scenarios, we have to take into account the effect of noise on the detector.
The measurement outcomes at each sampling time can be written as y(j)+((j), where
z(7) is the noise, which usually leads the experimental Hankel matrix, of dimension
r x r, to have full rank, i.e rank(H, ,) = r. Therefore, extracting the model order n
seems to be impossible in the noisy case. However, this can be resolved by looking
at the singular values of the noisy Hankel matrix, at least for weak enough noise, to
find the “true" rank of the ideal Hankel matrix [137].

Let H,, be the r x » Hankel matrix obtained from noisy experimental data. Let
the true model order be n < r. If the noise is weak, the experimental Hankel matrix is
close enough to the ideal one, so that we can expect that its singular values {\;}}_;
in decreasing order would be Ay > Ao > --- X\, > A\,y1 > --- A\, > 0. Although
{M\}i=, 41 are non-zero due to the noise, they should still be small because the noise
is comparatively small. Then, by constructing a sequence of singular value ratios,
{ /M1 }rZ), we can expect to be able to determine the most probable model order
n by finding a sharp peak at A, /A, 11.

We investigated the robustness of this method by simulating the exchange model
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without transverse field:

=

—1
H=S (X3:Xps1 + YiYis1) (2.30)
1

=
Il

for N = 4,5,6 qubits. As we have seen in Sec. 2.3.2, the model order for this

Hamiltonian is

n = N.

Here, we consider the case of estimating the model order by measuring only X;. From
the sampling theorem [135], the sampling time At can be chose as At = 7 /wyayx, Where
Wmax 18 the largest eigenvalue of the Hamiltonian. Here, note that in principle, wyax
is unknown, but an upper bound can be determined by assuming a maximum system
dimension, a maximum parameter strength and all the coupling strengths to take this

maximum value [137].

An added noise ((j) is characterized by a normal distribution with variance 10~" —
10~*, which corresponds to 35 — 20 [dB].We plot the median of the ratios between the
singular values {\x/A11}42, over 500 random Hamiltonian realizations as a function
of the possible model order k. We choose the sampling time At by assuming that
the number of qubits N could be at most 10 and all the coupling strengths take the
possible maximum number 100 (this assumptions set wpax). For each Hamiltonian,
we construct 100 x 100 Hankel matrices Hygp 100 and estimate {Ar/Ar41} 100 times
to evaluate the average. Then, we determine the true model order n by finding the
largest sharp peak at A\, /\,41. The results of these simulations are shown in Figs. 2-

2-2-4 [137).

From these results, we can conclude that when the Signal-to-Noise Ratio (SNR)
is large enough, the largest sharp peak tends to occur at the true model order. Fur-
thermore, the weaker the noise is, the sharper the peak is at the true model order.
However, when N increases, the peak becomes less sharp, which means that the di-

mension estimation of the Hilbert space requires very large SNR. From Figs. 2-2- 2-4
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Figure 2-2: N = 4: Actual model order is n = 4. Solid line with circles: o2 = 1077;
dashed line with circles: variance 0 = 107%; dotted line: variance o2 = 10~°; dashed-
dotted line: variance 02 = 107*. The error bars are the median of the standard
deviation of the singular value ratio over 500 random Hamiltonian realizations. The
final sharp peak occurs at k = 4, and from k£ = 5 the ratios are almost the same. The
final peak becomes sharper as the variance of the noise becomes smaller.
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Figure 2-3: N = 5: Actual model order is n = 5. Simulation details are the same
as in Fig. 2-2. The final sharp peak occurs at k = 5, and from k£ = 6 the ratios are
almost same. The final peak becomes sharper as the variance of the noise becomes
smaller.
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Figure 2-4: N = 6: Actual model order is n = 6. Simulation details are the same as
in Fig. 2-2. We can see that when SNR > 25dB the final peak occurs at £ = 6, and
we can see the flatting part from k£ = 7. The final peak becomes much sharper as the
variance of the noise becomes smaller.

it can be expected that from N = 7, at least SNR > 35dB is required, which is
demanding to realize in the current laboratory conditions. Therefore, we conclude
that this method can be useful only for a few-body interacting qubit system. Further-
more, this method is model-sensitive, which means that the the function fs:n — N
is strictly sensitive to the interaction model M. Therefore, it is needed to use mod-
ified function for the suspected model to find the dimension. For instance, if we
allow noise on the exchange model in Eq. (2.30), e.g. C < 1, we can no longer use

Eq. (2.28) but we need to use Eq. (2.29).

2.4 Hamiltonian parameter identifiability

In this section, we will discuss the identifiability of Hamiltonian parameter [138] by
employing the eigensystem realization algorithm approach to Hamiltonian parameter

estimation [161, 162] in Sec. 2.2 and the Grobner basis [36, 37, 21, 47, 12].

The concept of identifiability has been studied in several different contexts [24, 25,
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59]. Guta and Yamamoto [59] employed a transfer function approach to systematically
study system identifiability of the linear quantum systems with continuous variables.
Their result applies to continuous-variable quantum systems in infinite-dimensional
Hilbert space, such as a quantum optomechanical system [75, 157] or atomic ensembles
confined in an optical cavity [88]. However, here we are interested in interacting many-
qubit systems that can be described by discrete, finite-dimensional Hilbert spaces.
Given the fact that the algebraic structure of the spin operators is different, we
reformulate the conditions for identifiability of many-qubit Hamiltonians.

We also derive the lower bound in number of sampling points, and upper bound in
total evolution time required to identify all the parameters. Focusing on the Hamilto-
nians of qubit-chain model with nearest-neighbor interaction, we classify the Hamil-
tonians based on their identifiability determined by Grobner basis, and explain the
propagation of the global correlations between the system and quantum probe is the
necessary condition for the Hamiltonian of the total system to be identified, and pro-
pose a control protocol to engineer the non-identifiable Hamiltonian into identifiable

Hamiltonian with periodic driving fields on time average.

2.4.1 Basic theory of Grobner basis

Recall that by employing eigensystem realization algorithm, we can obtain two trans-
fer functions: one is from theoretical model with coefficients of the Laplace variable s
being the polynomials of the parameters and the other one is from our experimental
data with coefficients of the Laplace variable s being just the numbers so that we can
obtain Eq. (2.21) and thus the system of polynomial equations Eq. (2.22). Therefore,
the identifiability of the Hamiltonian parameters can be interpreted as the solvability
of the system of polynomial equations.

Grobner basis is an essential concept in the commutative algebra, algebraic geom-
etry, and computational algebra [36, 37, 21, 47, 12|, and it is employed to solve the
system of polynomial equations. Here, we use Grobner basis techniques to explore
what Hamiltonain models can be identified when restricting our access to a single

quantum probe. Before discussing the application of Grobner basis for Hamiltonian
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identification, we summarize important mathematical concepts of Grobner basis by
following [36, 37, 21, 47, 12].

Grobner basis is first introduced by Buchberger in [21], which is a systematic
method to solve a system of multivariate polynomial equations and determining its

solvability over the complex field C.

Monomial, polynomial, and monomial ordering

In order to discuss Groébner basis, we need to review the concept of monomial, polyno-

mial and monomial ordering. Let Z~( be the set of all nonnegative integers. A mono-

mial in 6y, - - - , @,/ is the product 07" - - - 03}, where ay, - - -, ap € Z>. For simplicity,
let us introduce the vectors 0 = (61,---,0y) € kM and a = (aq, -+, o) € Z4,.

Then, we write monomials as z* = 67" - -- 1} and the monomial degree is

M
o] =) . (2.31)
k=1

A polynomial f € k[fy,--- , 6] is a finite linear combination of the monomials with

coefficients in a field &:

f=Y cb”, ca€k (2.32)

Monomial ordering is an important ingredient in all algorithms developed in com-
mutative algebra. Let us introduce the so-called Lexicographic order (lex). Suppose
that we have o = (aq,- -+ ,an) € ZY and 8 = (51, -+, Bu) € ZL,. If the leftmost
nonzero entry of a« — 3 € ZM is positive, we write a =5 3 Or 2% =0 2°. For each
variable 6, --- ,6,,, the variables are ordered in the following way according to the
lex ordering: 01 >jex 22 >1ex ** * "lex Opr. By fixing the monomial ordering >, we can

define the following terms:

1. The multidegree of a polynomial f is : multideg(f) = max(a € ZL{|caxo)

with respect to .

2. The leading coefficient of a polynomial f is: LC(f) = cmultideg(s) € k-
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3. The leading monomial of f is LM(f) = pmuitides(f),

4. The leading term is LT(f) = LC(f) - LM(f).

Ideals and affine variety

Let k[fy,--- ,0p] be a commutative ring. A subset I C k[f;,--- ,0)] is called an

ideal if it satisfies the following conditions:
1. 0 el
2. It f,ge I, then f+ge€l.
3. If felandhek, then hf € I.

We are in particular interested in polynomial ideals. We denote the set of all poly-

nomials in 6y, -+ , 0y, with coefficients on a field k& by k[0, - ,0)]. Then, a subset

Z={f1,- -, fp) Cklb,...,0u]such that:

I-= <f1>"' >fp> = {thfk h17"' 7hp S k[eh 79M]} (233>
k=1

is an ideal of k[f, - - - ,0p]. We call T a polynomial ideal generated by fi,- -, f,, and
fi,--+, fp are called the bases of the polynomial ideal Z.
The radical of Z is defined by:

VI ={f€klf, - ,0u]f €I for some integer r > 1}, (2.34)

and we always have Z C v/Z. Particularly, when Z = v/Z, Z is called a radical ideal.

Let V(fi,---, fp) be the set of solutions of a system of polynomial equations, i.e.

V(fi, ... fp)={(a1,...,a,) €K"| fila, ...;a,)=0, I =1,2,--- p}. (2.35)

V(fi, -+, fp) is called the affine variety defined by fi,---, f,. If {f1,---,f,} and
{91, ,9¢} generate same polynomial ideal Z, then V(fi,---,f,) = V(g1,- -, gt)-
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Any polynomial ideal Z always satisfies:
V(VI) = V(I), (2.36)

and, particularly, if k£ is an algebraically closed field C, the affine variety and the

radical ideal are in one-to-one correspondence.

Definition of Grobner basis

For a polynomial ideal Z € k[fy,--- , 0]\ {0}, fixing a monomial order >, we define
the leading term of the ideal, LT(Z) = {LT(f)|3f € Z \ {0}}, and we write the
monomial ideal generated by the elements of LT(Z) as (LT(Z)). If Z = (f1,---, f,),
we always have LT(fy) € LT(Z) C (LT(Z)).

From the Hilbert Basis Theorem [36], every polynomial ideal Z \ {0} has a finite
generating set 4(Z) = {g1,--- , g+}, which satisfies (LT(Z)) = (LT (g1),--- , LT (g¢))-
9(Z) is called a Grobner basis for the polynomial ideal Z. Therefore, the Hilbert
Basis Theorem suggests that every polynomial ideal has a corresponding Grobner

basis. By adding the following restrictions:
1. every polynomial g; is monic. i.e. LC(g;) = 1;

2. for every set of two distict polynomial g; and g¢;, LM(g;) is not divisible by
LM(g;) for any i # j,

we can obtain a unique minimal basis. The Grobner basis with these restrictions is

called reduced Grébner basis, which is denoted by %eq(Z).

Buchberger’s algorithm for constructing the Grobner basis

The Grobner basis can be constructed by the Buchberger’s algorithm [21, 36, 37, 21,
47, 12|. Let S(fi, f;) be the S-polynomial of the pair (f;, f;), which is defined as:

_ LCM[LM(f;), LM(f;)]

o LOMLAM(f) LM
" LM(f;)

LM(f;)

fi— fis (2.37)
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where LCM[LM( f;), LM(f;)] denotes the least common multiple of LM( f;) and LM(f;).
Let rem(S; ;, G) be the remainder of dividing S;; by all elements in G. Let us con-
sider the ideal Z C Clfy, - - - , Op] generated by fi,-- -, fp. In the following, the Buch-
berger’s algorithm introduced in [37] is shown:
INPUT: F ={fi,---, fp}
OUTPUT: The Grobner basis 4(Z) = {g1,--- , g+} for the ideal Z.
G:=F
repeat
G =G
for all {f;, f;},we # j in G’ do
R :=rem(S,;,G)
if R # 0 then
G 1= GU frem(Syy, &)}
end if
end for
until G = G’
RETURN G

Construction of radicals of zero-dimensional ideal

Let us consider the following system of polynomial equations in Eq. (2.22):

Fi(01, - 00) =0
(01, 0y) =0
fa( M) (2.38)

fp(eh'" ’QM) =0

and fi,---, f, € Clf1,--- 0. Suppose that Eq. (2.38) has a finite set of solutions.
Then, the polynomial ideal Z generated by fi,--- , f, is called zero-dimensional ideal.
Here, let us introduce the procedure to construct the radical vZ. By Buchberger’s

algorithm and the definition of the reduced Grébner basis, we can obtain the following
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reduced Grobner basis:

YGea(T) = {g1(0h),
92,1(01,62), -+, g2, (61, 02), (2.39)

gM,l<01a"' 79M)7"' 7gM,vM<017'“ 7ZM)}

and %eq(Z) generates the same ideal. Let h; be an unique monic generator of the
elimination ideal Z N C[¢;]. Then, we can choose h; such that h; € ¢(Z) N C[f;] by
the Elimination Theorem [37], which states that if we define Z; the [-th elimination

ideal as
I, =ZNk[O5,...,00M],

fixing the lex order 6 >c; 02 =1ep -+ + >1e Opr, for every [, the Grobner basis for the

[-th elimination ideal is written by:
G =9 N0kl01, - ,00M), (2.40)

where ¥, is the Grobner basis for 7.

Let ¢;(0;) be ¢; = h;/ged(hy;, 0p,hj), the radical of the zero-dimensional ideal Z
is given by:

VI =T+ (p1,",0n). (2.41)

(See e.g., [12] for the proof). In particular, by Seidenberg’s Lemma [12], when
¢; = 1, T is a radical zero-dimensional ideal, and the Grébner basis for the radical
zero-dimensional ideal has a special shape, as described by the Shape lemma [36],

such that:
G ={07+q(th), 01+ qu1(01), 00 + qu(0h)}, (2.42)

where o € N and ¢;(6;) are the univariate polynomials in ¢, with degree deg(q;) < a.
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Solvability and Grobner basis

The reduced Grébner basis is useful since the corresponding system of polynomial

equations:

91(917"' a0M>:"':gt<01a"' 79M):0

has the same zeros as the original system of polynomial equations in Eq. (2.38), and
usually has a simpler form.
The solvability of the system of polynomial equations over C depends on the shape

of the Grobner basis as follows:

1. No solution [37]: When Eq. (2.38) is not solvable, Buchberger’s algorithm
yields %..qa(Z) = {1}.

2. Finite set of solutions [36, 47]: When Eq. (2.38) has finite solvability (a finite
number of solutions), Z is called zero-dimensional ideal. With lexicographic

order, %,.q(Z) has the shape:

gred(z) = {91(91)7
92,1(91, 92)> T ,92,1;2(91, 92),

gM,1<01;"' 7(9M)7"‘ 7gM,vM(01;"' 79M)}-

This allows all the values of the parameters to be similarly obtained recursively.
In particular, when 7 is a radical zero-dimensional ideal, the Grébner basis has

a particular shape (Shape lemma):

Grea(L) = {07 + q1(01), 602+ q2(01),- -+ , O + qui(61)},

where ¢;(f;) is an univariate polynomial in ¢, with the condition that a >
deg(g;) for a € N. From Sturm theorem |[36], we can obtain the number of

distinct real zeros of 6 + ¢;(0;) = 0 and hence the number of real solutions of
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the original system of polynomial equations.

3. Only one solution [47]: When Eq. (2.38) has only one solution, the radical
of the zero-dimensional ideal is the maximal ideal, which has the form of (6; —

ay,--- ,0y — apr). Therefore, the Grobner basis for VT has the form

Gea(WT) = {61 —ar,--- 00 — anr}.

Example: Reduced Grobner basis for 3-qubit exchange Hamiltonian

From Eq. (2.23), the ideal is
I =A{f1(J1, 1), fo(J1, Jo)} = {J} + J5 — by, J§ — by}

Then, Buchberger’s algorithm, which in this case is just the Gaussian elimination for

linear systems with respect to J and JZ, yields
gred = {J12 - (bl - 62)7 J22 - b2}7

which shows that for |J;| and |J3|, there is only one set of solution.

{ AL 1ol 3 = {Vbr = ba, ba}

Comments on efficiency of Grobner basis

The computation of Grobner basis takes tremendously large complexity [37]. Let F
be a set of polynomials {fi,---, fi} in z1,--- , 2z, € C, and let d be the maximal mul-
tiple degree of the input polynomials, i.e. d = max(multideg(f;),--- , multideg(f;)).
Suppose that F' generates a zero-dimensional ideal. Then, the complexity for comput-
ing the reduced Grébner basis is given by d° [86]. Therefore, for a larger system,
the Grobner basis takes a tremendously long time due to its complexity. Efficiency
improvement of computing Grobner basis is a timely problem. For example, recently,

Gritzmann and Sturmfels proposed the idea of dynamic alternation of the the mono-
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mial ordering while the algorithm progresses [57, 26].

2.4.2 Grobner basis approach to Hamiltonian parameter iden-
tifiability

In this section, we introduce the application of Gréobner basis technique to introduce a
working definition of Hamiltonian parameter identifiability in interacting many-qubit
systems via the eigensystem realization algorithm [138]. Particularly, we restrict to

identifying only the parameter magnitude |6;| [138].

Identifiability test

Let us first introduce our definition of Hamiltonian identifiability [138]:

Definition 4. An Hamiltonian is identifiable when the system of polynomial equations
derived from the transfer function equation T(s) = Teu(s) provided by eigensystem
realization algorithm has a finite set of solutions such that all 9? take only one positive

real value.

Let F' be a polynomial set F' = {f1,---, fo} C C[f1,---,0n]. Based on this
definition, the algorithm to test identifiability is as follows:

Step 1: We define new variables z; such that {z;} = {6%,6,]1 < r,l < M)}, where
0,’s only appear in F' as even powers (and 6;’s are all the remaining variables
in F). Then, the polynomial ideal generated by F becomes Z = (fi,---,f,) C

C[Zl, cee ,ZM].

Step 2: From the Buchberger’s algorithm and the definition of reduced Grobner
basis, we obtain 4 (Z) = {g1,- - ,¢:}. If t < M, the Hamiltonian is non-identifiable.

Step 3: By elimination of variables, we can obtain M univariate polynomials h;(z;),

1.e. hj c n C[Z]]
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Then, we can construct the radical ideal vVZ = Z + (1, -, u) [36, 37], where

Ny
& ged (hy, 2a)’

j’ 82’]‘

and we can construct a new polynomial set
F/ — {gla"' 7.91579017”' 7S0M} g C[Zl,"' azM]'

Step 4: Since V7 is a radical zero-dimensional ideal, the Shape Lemma can be ap-
plied. From Buchberger’s algorithm and the definition of reduced Grobner basis, we

obtain:
Gea(VI) = {28 + q1(21), 22 + q2(21), -+, 200 + qu(21)

where a > deg(g;).

Step 5: Finally, we employ Sturm theorem to calculate the distinct number of real
zeros of the polynomial 6 + ¢;(z1), so that we can obtain the number of real zeros
of each polynomial in %ed(\/f). If there is only one set of solutions such that all the
values of z;’s are real, the Hamiltonian is identifiable. Otherwise, the Hamiltonian is

nonidentifiable.

2.4.3 Required experimental resources

The number of sampling points and total evolution time required to fully character-
ize the system are important experimental resources. Here, we use the eigensystem
realization algorithm to provide the lower bound in required sampling points and
the upper bound in total evolution time for the Hamiltonian parameter identifica-
tion [138].

The bound is found from the minimum realization of the system, which is discussed
in Sec. 2.2.4. Recall that in order to obtain the new realization [Ae, C.,Xo,|, the

system is required to be both controllable and observable, namely minimal, so that
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we need the controllability and observability matrix to be full rank:
rank(Mp(r)) = rank(Mc(s)) = rank(A) = n,

where n is the model order. Since the Hankel matrix H, ; can be decomposed into

H, , = Mo(r)Mc(s), from Sylvester inequality [68|, we find that
rank(H, ) = n.

Therefore, the minimum dimension of the Hankel matrix is n xn, which means we just
need (2n — 1) sampling points: {y(0),y(1),y(2),--- ,y(2n —1)}. Taking into account
the need of constructing the shifted Hankel matrix H,, in Eq. (2.19) to obtain A,
we have to add one more sampling point y(2n); therefore, the minimum number of
sampling points Qin 1S Qmin = 2n. Therefore, the lower bound in required number

of sampling points is given by
Q > 2n.

Since the number of different polynomial equations obtained from Eq. (2.21) is < n—1,
we can also obtain the inequality between the minimum number of sampling points

Q and the number of elements of the reduced Grobner basis B[%cq] as

Qmin
2

S B[%ed] + 1.

From the number of sampling points, we can further obtain the total evolution
time Tio; to identify the Hamiltonian parameters. The upper bound of the sampling
time At, which is regarded as an optimal choice of sampling time, is given by the

sampling theorem [135] as

At <

where Q.. /(27) is the maximum frequency that would appear in the measured sig-

I6)



nal. Therefore, the required maximum evolution time with the minimum number of
sampling points satisfies

(2n — )7

Tior <
° Qmax

In reality, the maximum frequency of the signal depends on the values of the
parameters 6,,, which are unknown. Thus, for a time-optimal estimation procedure
we would need prior information about the range of values that the parameters can
take. For example, we could then assume that all the parameters take the largest

value and obtain the smallest time steps At that still satisfies the sampling theorem.

2.4.4 Examples of Hamiltonian parameter identifiability

While we have shown the example for 3-qubit exchange Hamiltonian accordingly in
different sections in order to make the discussion more concrete, here, focusing on
the one-dimensional N-qubit chain system with nearest-neighboring interaction, we
classify the Hamiltonians based on their identifiability [138]. To provide analytical
results, we focus on the qubit-chain system with nearest-neighboring couplings, which
is useful for quantum information transport between distant qubits [13, 46, 29]. Here,
two different Hamiltonians, the Ising and exchange interaction, are considered and
their Hamiltonian identifiability by assuming that the spin chain is coupled to a single
quantum probe is analyzed. More precisely, the following assumptions are made (see
also Fig. 2-5) [138].

The quantum probe is a well-characterized system, which can be initialized, con-
trolled, and read out. The quantum probe is coupled to the qubit-chain system as a
first spin with a coupling which follows the chain Hamiltonian model. The qubit-chain
system cannot be initialized nor measured because the parameters characterizing the

systems are unknown. For simplicity, it is assumed that the target qubit-chain system

is initially in the maximally mixed state %, and only collective control on the total
system is possible. The only unknown information is only the parameters, but the in-

teraction model M and the dimension of the Hilbert space dim(#) of the total system
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is knwon. Let N be the number of qubits in the total system with nearest-neighbor
interactions and possibly an interaction to an external fields. The parameters 6, are
thus given by the coupling strengths between the k-th and (k + 1)-th spins, denoted
by Ji/2, and the Zeeman energy wy,/2 of the k-th spin due to external fields. These
assumptions are realistic in many practical scenarios for qubit-chain system applica-
tions to quantum engineering tasks at room temperature. In addition, they could also
approximate some scenarios in quantum metrology, such as recently proposed schemes
for protein structure reconstructions via the interaction of their nuclear spins with a

quantum probe [2].

é Global control is possible

A

[

\
S
J!rh/\/ J2 77 J3 77 ]4/j~"" /j—— ;j

In-v/

Y
Maximally mixed state

Figure 2-5: Hamiltonian identification model. A quantum probe is coupled to one
end of the spin chain. A part from the quantum sensor (red spin), the rest of the
spins (blue spins) are initially in the maximally mixed state. We further assume that
we only have selective control on the quantum probe and global control on the spin
chain.

Ising model without transverse field

Let us consider the following Hamiltonian:

=

-1

H =

J]
kaxkﬂ.

i

1

Let us choose the observable set as Gy = {Z;} without loss of generality. The

accessible set becomes

G = {71, Y1 X5},
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Then, only the spin directly interacting with the quantum probe becomes correlated
with it during the evolution and its parameter can be identified. As a consequence,
rank(A) = 2 and full Hamiltonian identification is only possible for N = 2. Physically,
this can be understood by a lack of information propagation in the Ising spin chain,
which prevents the quantum probe at its end to gain information about the rest of
the system. Indeed, the group velocity for information propagation in the Ising chain

is 0.

Let the initial coherent vector be x(0) = (1,0)” and the output matrix C =
<1 0). Then, the transfer function is:

S
O=arz

[1]

where we can identify z; = J2. Through eigensystem realization algorithm, we can
obtain a new transfer function from the experimental data, which can be written in

the most generality as:

s + bo

24 bs+ad

Here we fixed the transfer function order to 2, as expected from the Ising model
evolution. However, the form of Te (s) might differ from the ideal T'(s): in particular
we might have additional terms, with coefficients b; arising from experimental errors
or numerical approximations. Since a? reflects the contribution of JZ, we still expect
b?- < a}, and b;’s are negligible. Therefore, the reduced Grébner basis is simply given
by: %eqa = {71 — a2} = {J? — a2} and the N = 2 Ising chain can be identified with

Omin = 4 sampling points.

Note that an alternative way of estimating J; is to measure the quantum probe
(in particular Z7) at known times. However, due to the periodicity of the signal, .J;
cannot be identified uniquely, even if measuring more than one time point. Then, we

can generally state the following result.
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Ising model with transverse field

Adding a transverse field to the Ising model drastically changes the system dynamics

and consequently its identifiability.

The Hamiltonian is now

N(’u N—IJ
H=N 2tz X X
;2 k+;2 EAE+1

Go = {X1} or {Y1} is the best choice, as Gy = {Z;} would result in a larger-size A.
Either Gy = {X;1} or {Y1} yields the accessible set:

G = {Xla}/lale% Zl}/Zy T 7Z1 T ZNleNa Zl e ZN71YN}>
so that
G| = 2N

All the qubits are thus correlated with the quantum probe and we can hope to identify
all the parameters. Then, A is a 2N x 2N skew-symmetric matrix with the only non-
zero elements Aghgk_l = w;, and A2k+1’2k = Jg. Since |G| = rank(A), we have:
rank(A) = 2N. Choosing the initial state of the quantum probe to be an eigenstate

of X1, we have:
x(0) = (1,0---,0)" € R

If we measure X1, the output matrix is C = (1 0 --- 0) € R?V. From eigensystem
realization algorithm and Eq. (2.21), we arrive at the following shape of the reduced

Grobner basis:
2 2 2 2
gred = {Zl — Ay, ,ZN — AN, ZN4+1 — b17 Tt ,22N-1 T bN—l}a

where z; =wg (k=1,2,--- ,N) and 2y, = JZ (k=1,2,--- ;N —1). In this case Z
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generated from Eq. (2.21) is a maximal ideal of the form (z; —a?, -+ , 2y —a%, 2n41 —
b, zon—1 — ba_;) (a;, b, € R), and there is only one positive real solution for the
magnitudes of all the parameters; therefore, the Hamiltonian is fully identifiable.

Furthermore, the minimum number of sampling points is

Qmin = 2rank(A) = 4N.

Physically, this result shows that identifiability is connected to information propa-
gation along the whole chain. Indeed, since we assumed that we can extract informa-
tion from the system only through the probe spin at one end of the chain, propagation
of information through the whole chain is necessary to reveal the system’s properties.

Adding a transverse field to the Ising model enables this information propagation.

Exchange model without transverse field

The exchange (XY) model is another example where information propagation allows

Hamiltonian identification via single-probe measurement.

The Hamiltonian can be written as:

=z

-1

N |

x>
I
—_

For this case, Gy = { X} or {Y1} is the best choice because the corresponding acces-
sible set has the smallest size. Choosing, e.g., Gy = { X3}, we can obtain the following

accessible set

G = {Xla 21}/27 leQX?n 21Z2Z3Y217 sy Zl e Z2m—2X2m—1a Zl e ZQm—l}/Qm}a

for an even-number of qubits in the chain, N = 2m (¥m € N), and

G = {Xla Zl}/Qa Z1Z2X3a ZIZ2ZSYZL7 sy Zl e ZQm—3Yém—2a Zl T Z2m—2X2m—1}7
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for an odd number, N =2m — 1 (Vm € N). The accessible set has
|G| = N.

If we had chosen Gy = {Z;}, the accessible set would have had |G| = N?. Therefore,
in the following discussion, we consider Gy = {X;}. As all the qubits are correlated
with the quantum probe, we can expect the Hamiltonian to be fully identifiable. For
this model, A becomes an N x N skew-symmetric matrix with the only non-zero
clements (A)g 41 = (—1)*Ji, which has the same form as the system matrix of the
Ising model with the transverse field. Since |G| = rank(A), we have rank(A) = N.

Choosing the initial state of the quantum probe to be the eigenstate of X7, we have:
x(0) = (1,0,---,0)" € RY.

Since we can only measure the quantum probe, the output matrix is C = (1 0o --- 0) €
RYN. From eigensystem realization algorithm and Eq. (2.21), we arrive at the following

shape of the reduced Grobner basis:

2 2
gqred = {Zl —ay, ,ZN-1 — aN—l}’

where 23, = J? and a; € R. Therefore, the Hamiltonian is fully identifiable since we
have only one positive real solution for the magnitudes of all the parameters, and the

minimum number of sampling points for N qubits is

Omin = 2rank(A) = 2N.

Exchange model with transverse field

The Hamiltonian is now given by:



The best choice is Gy = {Y1} or {X;} which both yield the following accessible
set [138]:

G = {Xh )/17 ZIX27ZIX/27 ZIZQX37 ZIZQYES7 )

ZyZnaXn, 2y Inaa Y,

with |G| = 2N. A is a 2N x 2N skew-symmetric matrix with the only non-zero

elements (A)Qk,LQk = Wk and (A>2k+2,2k71 = (A>2k,2k+1 = Jk Choosing the initial

state of the quantum probe to be an eigenstate of X, we have:
x(0) = (0,1,---,0)" € R,

If we measure X;, then we have C = (1 0 --- 0) € R?". From eigensystem
realization algorithm and Eq. (2.21), we can obtain the following reduced Grébner

basis

Grea = {27 + 1(%1), 22+ @2(#1), - -+, zan—1 + @an—1(21) },

where 2z, = w? (I = 1,---,N) and zyy = J? (k = 1,---,N —1). Note that
a > deg(q;) and o > 2. Here, ¢;(#1) is the univariate polynomial in z;. In general z;
could have multiple values, so that we could have multiple sets of real solutions of the

system of polynomial equations. Therefore, in general, this model is not identifiable.

If we measure Y] with the initial state of the quantum probe being the eigenstate

of X; [161, 138], we can obtain

2 2
Gred = {Zl — a1, ,ZN — AN, ZN41 — bp Tt ,R2N-1 T bN—l}a

where z; = wg (k=1,2,--+- ,N) and 2y, = JZ (k=1,2,--- | N —1). In this case Z
generated from Eq. (2.21) is a maximal ideal of the form (21 —a?, -+ | 2x — a3, 2n41 —
b3, -, zon—1 — bi_;) (a1, b, € R), and there is only one positive real solution for the

magnitudes of all the parameters; therefore, Hamiltonian is now fully identifiable
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since we have only one positive real solution for the magnitudes of all the parameters,
and in addition we can find the sign of wy. Furthermore, the minimum number of

sampling points is

Qmin = 2rank(A) = 4N.

Derivation of shape of reduced Grobner basis for identifiable Hamiltonians

Here, we show how to derive the shape of reduced Grobner basis for the identifiable
Hamiltonians discussed above by employing the Elimination Theorem [138]. For
example, let us consider the exchange model without transverse field. Let us take

x(0) = (1,0,---,0)" € RV, andC=<1 0 .- o)eRN. The system matrix A is

an N x N skew-symmetric matrix with the only non-zero elements 0, = (A )41 =

—(A)kxt1, where k = 1,2,--- /N — 1. Then, from Eq. (2.21), we can obtain the

following system of polynomial equations:

filz1,-- ,2nv21) =0

falz1,--- ,2nv—1) =0

fN—l(Zb T 7ZN—1) - 07

where 2z, = 07 (k,l =1,2,--- , N — 1). We can construct a polynomial ideal

T={fi, -, fa) €Clz, -+, 2n_1].

Note that for convenience we consider the polynomial ideal over the polynomial ring
Clz1,- -+ ,2n-1]. In this case, we have found that there exists a proper choice for the
pair (k, 1) such that the corresponding elimination ideal Z;_; has the basis z; — ¢ for

Jer € R, meaning that:

2 —Ch €Y.

83



From the Elimination Theorem, we have:

G =G OCla e 2]
=90 (Cln]UC[z141, -+ ,2n-1])
= (@ NClx) V(@ NClz, - 2n-1])
=(@nCla)u9,

which yields:
4 C Y.
Therefore, we can inductively obtain:
Yn 2 CYn3C--C%h CY%CY.
By the definition of the reduced Grébner basis, 4(Z) has the shape:
g(I) = <21 —ai,  ,ZN-1 — GN—1>>

where a; = ¢. This tells us the fact that Z is the maximal ideal of Clzy, -, 2y_1],

so that 7 = v/Z and ¢(T) is equivalent to the reduced Grébner basis %eq(vVZ):

2.4.5 Global correlation propagation as necessary condition

for identifiability

We further check that the analyses on the required experimental resources are con-
sistent with our intuitive physical picture that connects Hamiltonian identification to
the propagation of information through the whole spin chain. Consider for example
the exchange Hamiltonian, Eq. (2.43), with all equal couplings. We can assume that

the spins are equally spaced, with a the lattice constant, and L = (N — 1)a the length
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of the chain. The eigenvalues of the Hamiltonian in the first excitation manifold are

then
N -1
QnZQJCOS (Nnil> :2JCOS(]{,’nCl), kn_n']rL(N+1>,
with n =1,2,..., N. Then, the maximum angular frequency is

Qnax = 2J cos (NTF 1).

Since we need at least 2N sampling points, the longest evolution time is

Tioy = (2N - 1)ﬂ—/Qmax-

For large N > 1, we can simplify this to

N

7ﬂtot = 71'7.
In order for the quantum probe to extract information on the whole spin chain,
information needs to propagate to the other end and back. We can compute the

group velocity for the propagation of the initial excitation on the first (probe) spin

from the Hamiltonian eigenvalues Q (k) [127],

2J L
—2Jq = 12
max TN

dQ(k)
dl

vy = |

Then, the time required for the information to come back to the probe spin is ap-

proximately given by

2L N -1
TN — = ———
Vg J
Thus, for large N > 1, we have
N
T~ —
J?



in agreement with the result obtained from the mathematical requirements for system

identification.

2.4.6 Identifiability assisted by external control

Until now, we have analyzed identifiability under the assumption that only the quan-
tum probe can be initialized, measured and controlled. Also, we have discussed that
some Hamiltonians cannot be identified, since they do not generate enough correla-
tions among the target spins, or equivalently they do not transport information about
the probe spin excitation through the whole chain. If we relax these assumptions and
allow for a minimum level of control on the target spins, the picture changes. For
example, if the target spins can be controlled via collective rotations, it is possible to
turn a nonidentifiable Hamiltonian into an identifiable one. Here, we demonstrate an
example which can point out this possibility by engineering the Hamiltonian [138§].

Consider for example the Ising Hamiltonian,

where Sy € su(2) acting on k-th qubit. Again, {iSg,iS¢,1S)} are the bases of su(2),

and they satisfy the commutation relation in Eq. (2.24)
S¢S = 2iS), [Sy, S]] = 2iSg, [S), Sp] = 2iS).

From Sec. 3.5, this Hamiltonian is nonidentifiable. Using a simple control sequence

in Fig. 2-6, we can generate an effective Hamiltonian of the exchange model,
by
k o Qo
Hex = Z ?(Sk Sk T SlfSlerl)?
k=1

which is identifiable.
More precisely, periodic pulse-sequences such as in Fig. 2-6 make the system

evolve as if under an effective time-independent Hamiltonian averaged over the cy-
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Figure 2-6: Identifiability with external control: By applying a periodic control pulse
sequence n times in the limit of a very small J 0t < 1, we can transfer Hy =

ZkN:? %Sﬁ‘ o to Hey = ]kV;ll %(S§S§+1+S£S£H) so that we can use 2N sampling

points to identify the parameters Jj.

cle time. The effective Hamiltonian can be approximated by a first order Magnus
expansion [101] (average Hamiltonian theory [61]). In this limit, to analyze the iden-
tifiability it is sufficient to consider the average Hamiltonian. The exact effective
Hamiltonian will be identifiable as long as we can identify its approximation, however
its expression might be too complex and analytical results only available in the limit
of small enough time interval 6t < 1 between the pulses where the approximation

holds.

Let us write

=2

-1

S
I

J — J

k oo oo - k

< Sk Sk, B= > :3555&1-
k=1

b
Il

1

Let Ty be the evolution time of interest. From the Suzuki-Trotter expansion of the

second order, the time evolution U (7T, 0) can be written by:

A

U(Ty, 0) = e~ A+BT0 — e*iﬁe*ige*l’%] +O(1/n?),

where m is defined by n = T,/dt, which is called Trotter number. If we have small
enough time intervals 0t < 1, the correction can be negligible. Particularly, dt must

be much smaller than the decoherence time. Note that

- (G ().
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where

1(5) =on(55)

Let UY be
2

T Z) V(E> v(f)
i U1<2 ®Ui ()@ U (35)-
In the limit 6t < 1, Fig. 2-6 corresponds to

U(Ty, 0) = e IA+BIT0 [e_i%e_ige_i%r = 3 (vzeiur oy (v e—i%UgT)e—i%r,
2 2 2 2

2

which can help one achieve identifiability.

2.4.7 Robustness of eigensystem realization algorithm approach

While previous works have already analyzed the robustness of the eigensystem realiza-
tion algorithm approach to experimental errors [69], here we evaluate the accuracy of
the identification algorithm when it is implemented using only the minimum number
of measurement points found above.

To compare with previous results, we consider the Ising model (with transverse
field) for a chain of N = 3 spins and the exchange model (without field) for a chain of
N = 6 spins. We consider the average error in 500 random Hamiltonian realizations
and implement the ERA method, with the minimum number of measurement points
(Qmin = 4N = 12 for the Ising model and Q,,;, = 2N = 12 points for the exchange
Hamiltonian). We find that the relative error averaged over all the realization is still
small (1071°—1072 [%]) and comparable to previous results, where many more points
were measured.

Since the addition of experimental noise could change this result, we study the
algorithm robustness in the presence of noise, as a function of the resources employed
during the overall measurement process. To that end, we statistically compare the es-

timation robustness achieved by using Hankel matrices with different size but keeping
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Figure 2-7: Estimation error with fixed time step At: Median of the estimation error
{(e(J;))} over 500 random Hamiltonian realizations as a function of the total number
of measurements. For each Hamiltonian, we repeated the ERA estimation 100 times,
to evaluate the average error (e(.J;)). Solid lines with circles: 4 x 4 Hankel matrix;
Dashed lines with solid square: 8 x 8 and dotted lines with squares: 40 x 40. The
error bars are the absolute median deviation.

fixed the experimental resources.

We assume that each sampling point is measured M times, yielding a random
outcome with a Gaussian distribution N (y(k),o/v/M), that is, we assume that the
mean is centered around the “true outcome” value y(k) at each time kAt and for
simplicity consider a gaussian noise (with o = 1). By acquiring 2j sampling points
(with 2j M total measurements) we can construct the (noisy) j x j Hankel matrices
I:IM and I:I]-,j. Using the eigensystem realization algorithm, we can extract a set of
parameters {0,, + 00,,}M_, that differ from the true parameters {6,,}_,. Since we
are interested in the magnitude of the parameters, the estimation error can be written

as:

1O+ 00| — (O]

o) o

% 100 [%].

In the simulations, we repeat r times this procedure in order to obtain the mean
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estimation error, (€(f,,)) and we further take the median over many realizations of

the input model parameters.

In my simulation, we compare the estimation errors for Hankel matrices of different
sizes 7, keeping however fixed the total number of measurements, 2jM. The smallest
matrix has dimension n xn, where n is the model order. Larger matrices, of dimension
Ln x Ln, will thus have an increased error rate by a factor v/L. Since the presence of
the noise forces H Ln.Ln to be full-rank, we employ low-rank approximation via singular
value decomposition [104] to generate an approximated Ln x Ln Hankel matrix with

rank n.

We further consider two scenarios: either the time step At is fixed (thus larger
matrices require longer total times) or the total evolution time Ti,, is fixed (reflecting,
e.g., constraints imposed by decoherence or experimental drifts). In the first case, At
is chosen by assuming all the parameters take the possible maximal values so that the
sampling theorem still holds. In the second case, we fix the total time evolution time
to Tiot = (2n — 1)At as required for the smallest Hankel matrix, and we use smaller

sampling time in the other cases.

As an example, we focus on the N = 4 exchange model without transverse field,

which is shown in Eq. (2.43). The model order is given by n = 4. Since we assume that

™

25V5°
In Fig. 2-7 we plot the estimation errors {(e(J;))} as a function of the total number

the maximal possible value taken by coupling strengths is 100, we have At =

of measurement for different Hankel matrix dimensions.

Note that the smallest Hankel matrix leads to larger errors, but already slightly
larger matrices, possibly thanks to the low-rank approximation, give more accurate
estimation. Indeed, thanks to the low-rank approximation, we can generate a 4-rank
approximation of Hy .41 by neglecting the smallest singular values, which corresponds
to an effective strategy for noise reduction. A second reason for the larger error is
related to the shorter total time for the smallest Hankel matrix realization, that might
in some cases not allow to fully capture the smallest frequencies in the signal. While
this is not typically an issue in the ideal case, in the presence of experimental noise

this leads to higher estimation errors.

90



10%
9
S 10"
S
()
=
10%
— T
10— ‘ ‘
104 10° 10°

Total number of measurements (x16)

Figure 2-8: Estimation error with fixed total time 7": Median of the estimation error
{(e(J;))} over 500 random realizations of the Hamiltonian as a function of the total
number of measurements. For each Hamiltonian, we repeated the ERA estimation
100 times, to evaluate the averaged error. Solid lines with circles: 4 x 4 Hankel
matrix; Dashed lines with solid square: 8 x 8. The error bars are the absolute median
deviation.

The role of the total time T} is highlighted when we consider the second scenario
where T} is fixed: we fix the total time evolution time T, used for constructing ICI474,
and compare the estimation performance between I:I4,4 and I:I&S. Then, the time step
for Hg is chosen to be At = %At. The result in Fig. 2-8 show that in this case the
larger Hankel matrix leads to larger errors although the time step At’ satisfies the
sampling theorem. In the presence of noise, the additional sampling points acquired
mostly contribute to increasing the noise, but do not convey much more information.
In addition, a very small time step might lead to larger errors, since it appears in the

denominator of estimation equations in Eq. (2.20).
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2.5 Examples of Grobner basis for identifiable Hamil-

tonians

While we have shown the Grobner basis for 3-qubit exchange Hamiltonian, in this

section, we show the explicit polynomials for more particular identifiable models.

2.5.1 N = 3 Ising model with transverse field

For the Ising model with transverse field with N = 3 spins, the Hamiltonian can be

written as:

3 2

H=Y" %Zk +3 %kakﬂ.

k=1 k=1

Let us choose Gy = { X} and let the initial state of the probe be the eigenstate of X

and the rest of spins in the chain be the maximally mixed state. The system matrix

A is:

o o o o
o
S
[V}
o
|
o

and output matrix C is given as:

C:(100000),



and the initial coherent vector is:

x(0) = (1,0,0,0,0,0)".

Let us define (21, 22, 23, 24, 25) = (W¥, w3, w3, J7, J3). Then, we can obtain the following

form of system of polynomial equations:

Z1R9%23 — U1

2129 + 2123 + 2923 + 2324 + 2125 + 2425 = Vg
21+ 22+ 23+ 24+ 25 = U3

2923 + 2324 + 2425 = Uy

Zo + 23 + 24 + 25 = Us,

where vy, > 0 (k = 1,---,5). Then, the Grobner basis takes the following form:
G = {2 — a3, 20— a3, z3 — a3, zy — a3, z5 — at}, where {a?, a3, a3, a3, a2} are given in

Eq. (2.44):

a%:?)g—ﬂg)

,  Up— Uy N vy + va(vs — v3)

a2 —
v3 — V5 Uy — Vg + vs5(v3 — vs)
2 Ul(U4—U2+U5(U5—U3))
az = 2 .2 p
(’2]2 — U4) + V3V4 — U31)5(U2 + U4) + V2V + Ul(U5 — U3>
2 Vg — Vg
CL4 —
V3 — Us
R B vy (v3 — v5) N v1(v1(v5 — v3) + Va(—v2 + va + v3(v3 — v5)))
5 Vg vy — vy —us(v3 —vs)  va((vg — vg)? — v1vz + VIvg + vs(v; — v3(v2 + vy)) + vovE)’

(2.44)
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2.5.2 N =4 Exchange model without transverse field

Next, let us consider the exchange model without transverse field with N = 4 spins.

The Hamiltonian can be written as:
ST
H =Y (X3 Xps1 + YiYisr).

Let us take same observable set and initial state of spin chain in Sec. 2.5.1. The

system matrix A is:

0O -1 0 0
0 Jy 0
0 —Jo 0 —Js

and output matrix C is given as:

c=(10 0 0),
and the initial coherent vector is:

x(0) = (1,0,0,0)".

Let us define (21, 29, 23) = (J,J2,J2). Then, we can obtain the following form of

system of polynomial equations:

2o + 23 = U1
Z1%3 = U2

21+ 22+ 23 =103
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where vy > 0 (k = 1,---,5). Then, the Grobner basis takes the following form:

G ={z) —a}, 2o — a3, z3 — a2}, where {a? a3, a3} are given in Eq. (2.45):

af:vg—vl

V1U3 — U — U%

N DN

al = (2.45)

v3 — vl
3_ U2
3 vy — vl

a

where v3 > vy, v1(v3 —v1) > v > 0.

2.5.3 N =2 Exchange model with transverse field

Finally, let us consider the exchange model with N = 3 spins with transverse field.

The Hamiltonian can be written as:

J
H:%&+%%+§mxﬁnny

In Sec. 2.4.4, we have discussed that the Hamiltonian becomes fully identifiable if we
measure X; and Y; separately. Let us always prepare the initial state of the spin
probe to be the eigenstate of {X;} and rest of all spins to be the maximally mixed

state. The system matrix is:

Here, the output matrix becomes

C:(O 10 O)
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and the initial coherent vector is

x(0) = (1,0,0,0)".

Let us define (21,22, 23) = (w1,ws, J#). Then, we can obtain the following form of

system of polynomial equations:

— leg — 2923 = VU1
2 + _
Z9 23 = U2
Z1 = Us
2 _
(2129 + 23)° = vy

2, .2
2] + 25 + 223 = v

Then, the Grébner takes the following form: ¢ = {z; — ay, 20 — as, 23 — a3}, where

{ay,ay,a3} are given in Eq. (2.46):

a1 — U3
2 3 _

V1 + 202V3 + V3 — U3Vs
Vg + V3 — Us

a9 =

V3 — 0203 — U5 + Uy — VU5 + V3Us 5 46

- v — 3 ( : )
1 (% + V3V

_ 201(vg — vs) + v3(—V3 + 20905 + 205 — vy — 3v3Us + V2)

2(vs + vy — v3vs)

a§:U5—Ug—U§

where vy + v2 — v5 # 0, v; — V2 + v3v5 # 0, v3 + vg — v3vs # 0 and vs — v9 — V3 > 0.

Here a; and ay are the nonzero real numbers.

2.6 Conclusion and open problems

We have studied the concept of quantum system identifiability by focusing on the di-

mension estimation and Hamiltonian parameter estimation in closed quantum many-
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qubit systems through the local measurement of a well-characterized quantum probe

coupled to the target system.

In the dimension estimation problem, we assumed that the target system model
is given as prior information, but that the system can be accessed only indirectly via
a quantum probe. These assumptions considerably relax the required experimental
resources, as well as other implicit assumptions about the controllability and observ-
ability of the target system. Provided the coupling model allows the generation of
non-local correlations with the quantum probe during the system dynamics, the di-
mension of the system can be exactly estimated from sampling the quantum probe
evolution at discrete time steps. The estimation is based on measuring the rank of
the Hankel matrix constructed from the experimental data, a step in the recently pro-

posed procedure for the similar problem of Hamiltonian identification [161, 162, 138].

This study provides a useful application of local quantum probes, which can serve
as a quantum sensor to determine the exact dimension of the system. Our method can
also be employed more broadly to determine the dimension of a general interacting
N—body qudit system, i.e. a system with dimension dim(#) = d": as long as d and
the interaction model M are given, conservation of the operator algebraic structure
ensures that a similar procedure than described here can be applied.

In the presence of noise, which changes the rank of the experimentally obtained
Hankel matrix, we numerically show that the dimension of the system can still be
estimated by finding the final peak in the sequence of ratios of the Hankel matrix
singular values. We conclude that the methodology has an acceptable performance
for weak noise and small number of qubits. Also, the method is model-sensitive
because we must employ the modified function for the suspected model to find the
dimension if we allow some noise on the model itself.

For the Hamiltonian parameter estimation scenario, we re-analyzed Hamiltonian
identification via the eigensystem realization algorithm (ERA) approach and pro-
vided a systematic algorithm to test identifiability by employing the Grébner basis.
Even more importantly from a practical point of view, we showed that analyzing

these techniques yields bounds on the experimental resources required to estimate
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the Hamiltonian parameters, both in terms of the minimum coherence time required
for Hamiltonian identification and for the overall total experimental time for the
multi-parameter estimate. These bounds can guide experimentalists in implementing
the most efficient Hamiltonian identification protocol. We further numerically stud-
ied the estimation performance of ERA in the presence of noise. We found that the
low-rank approximation for larger numbers of sampling points leads to more accurate
estimation, even when the total number of measurements is kept fixed. This effects
is however already at play for small number of points above the minimum one, thus
allowing to keep the total evolution time short enough. When instead we fix the total
evolution time as required to construct the smallest size Hankel matrix, there is no
longer an advantage in using a larger number of sampling points, as the smaller time
step leads to larger estimation errors. These analyses quantitatively provide helpful

insights for a practical experimental approach to Hamiltonian identification based on

ERA.

In order to obtain exemplary analytical results for our Hamiltonian identification
protocol, we considered simple models of spin chains coupled by one end to the
quantum probe. While these models are less complex than what would be found
in practical experimental scenarios, they allowed us to clarify an interesting relation
between Hamiltonian identifiability by a quantum probe and quantum information
propagation in a chain. Indeed, as Hamiltonian identification relies on building a
complete accessible set, the transport of information along the spin chain, in the
form of spin-spin correlation, is a necessary condition. This result further imposes
conditions on the time required for Hamiltonian identification: while in the cases we
considered here these time bounds were consistent with the bounds directly imposed
by ERA, it will be interesting to analyze in the future whether this result changes
in the presence of disorder, when localization (either single particle or many-body)

appear.

We finally showed that by relaxing some of the assumptions on control constraints,
by allowing for example collective control of the target system, can turn a previously

non-identifiable system into an identifiable one. These results can contribute to make
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Hamiltonian identification more experimentally practical in many real-system scenar-

108.
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Chapter 3

Quantum system identification in

equilibrium regime

This chapter discusses the role of nonclassical correlations in estimating parameters
characterizing a thermal equilibrium state, namely the Gibbs’ state, by comparing
the global measurement scheme and greedy local measurement scheme [140, 139].
We focus on the ultimate precision limit quantified by quantum Fisher information
(QFT) [63, 67, 159, 74], which bounds the estimation variance over all possible sets of
measurements. We study the relation between a measure of nonclassical correlations
and the ultimate precision loss quantified by the difference in the QFI of global
measurement scheme and the local QFT in greedy local measurement scheme.

In Sec. 3.2, by following [63, 67, 159, 74|, we review the concept of ultimate pre-
cision limit, which can be quantified by the quantum Fisher information (QFI), and
introduce the formalism of the QFT in the global measurement scheme and greedy local
measurement scheme. Here, we call the QFI in greedy local measurement scheme the
LOCC QFI ! because this protocol belongs to the class of local operations and clas-
sical communication (LOCC) [115]. In Sec. 3.3, we will review the quantum discord
proposed by Ollivier and Zurek in 2001 [118], which is a general quantity to measure

of nonclassical correlations between two subsystems, introduce diagonal quantum dis-

Note that the equivalent concept of the LOCC QFI has been originally proposed by [96] from
information-theoretic perspective and by [111] from quantum metrology perspective.
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cord by following [91]. Then, in order to explore the role of nonclassical correlations
in quantum metrology, we introduce discord for local metrology [140], which quan-
tifies the information contents of nonclassical correlations revealed by the optimal
local measurements on the subsystems in the greedy local measurement scheme. In
Sec. 3.4, we will discuss the relation between the discord for local metrology and
difference in the QFT for global and greedy local measurement scheme [140] in the

high-temperature limit, followed by the conclusion in Sec. 3.8.

3.1 Introduction

Hamiltonian parameter estimation at thermal equilibrium has been considered before
by Mehboudi et al. [108], in which they considered a special Hamiltonian consisting
of two commuting operators, to which temperature-independent parameters are lin-
early coupled. For this special case, they proved that the QFI for estimating either
parameter can be characterized as a curvature of the Helmholtz free energy at an
arbitrary temperature. However, for a general Hamiltonian H, parameterized by a
temperature-independent parameter A, this is not always the case, because of the
noncommutativity of the Hamiltonian and the generator of parameter A. Still, in the
high-temperature limit, the QFI can be well approximated by the susceptibility and
the relation provided in [108] can be applied.

For thermometry, temperature estimation also requires a fully quantum treat-
ment [17, 18, 109, 33, 126, 76, 103, 155, 34, 122, 120, 66|. Correa et al. [33| showed
that the optimal measurement strategy involves projective measurements of the en-
ergy eigenstates, since heat capacity corresponds to energy fluctuations. Unfortu-
nately, performing projective measurements of (global) energy eigenstates is typically
hard, as eigenstates usually contain nonclassical correlations among different parts of
the system. Recent works [121, 119] considered measurements on a single subsystem,

finding that the local QFI ? bounds the ultimate achievable precision. We can however

2In Ref. [121, 119], they define the local quantum thermal susceptibility as the local QFI for
estimating the inverse temperature.
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expect that a more general measurement scheme with sequential local measurements
on multiple subsystems and (classical) feed forward from previous measurements could
improve the estimate precision. This scheme still remains practical and belongs to
the class of local operations and classical communication (LOCC) [115].

For systems with classical Gibbs states, given by product states among subsys-
tems, such local greedy schemes are optimal. However, for generic quantum systems,
Gibbs states can be highly nonclassical. Thus, temperature as a global property re-
quires global measurements to be optimally estimated, while local sequential schemes
cannot achieve optimal precision due to the nonclassical correlations in the system.
The local QFI has been recently shown to depend on the correlation length at low
temperature [70]. In a related metrology task, channel parameter estimation, the
correlation metric for pure quantum states based on the local QFI, was shown [84]
to coincide with the geometric discord [38]. Also, the relation between the decreas-
ing the QFI due to the measurements on the total system and the disturbance has
been considered [133]. In order to explore the relation between ultimate precision loss
and nonclassical correlation more broadly, we focus on temperature estimation and
seek a relation between precision loss and quantum discord [118|, which quantifies
nonclassical correlations in a quantum system.

We focus on the high-temperature limit and analytically find that the precision
loss can be exactly quantified by a quantum correlation metric in this regime, despite
that entanglement or nonclassical correlations are expected to play lesser roles. In
addition, temperature estimation at high temperature is a practically important task
as the capability of performing coherent operations at room temperature is a desirable
feature for quantum information processing devices. Also, quantum phenomena such

as superconductivity [82, 45| survive at temperatures as high as 165 K.

3.2 Quantification of precision

In this section, we review the theory of classical Fisher information and quantum

Fisher information by following. Refs. [63, 67, 159, 74].
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3.2.1 Classical Fisher information

Before introducing the QFI | we review classical Fisher information first by following
Ref. [74]. Suppose that we want to estimate a parameter £ by performing a mea-
surement M, with a measurement result z. Then, this measurement is characterized
by the conditional probability distribution Py, (z]€). Let us define the estimate of
€ as &y, (), which indicates that we estimate & from our measurement outcome x

obtained by performing the measurement M,. Here, z is called estimator.

Let us define the estimator error 6¢(z) = &y, () —€. Here, € is the true value, and

for unbiased estimator, we expect the expectation value of 5 1, () to be equivalent to

&, le.
/dx éMm () Py, (z|€)dx = €

so that the error average over all the measurement outcomes is 0, i.e.

(66) = [ do 8¢(a) Py (al€)do = [ doléur. () — €)Pur (al€) =0,
Taking the derivative of (§¢) = 0 with respect to &, we obtain

0= [ as(&u. (22T (afg) - 2P

= /daz(EMz(m) —f)apMé—éx’f) -1

~ 0
~ [ dn(éun(@) = OPu el (7 10 Pa al)) — 1.
Then, we can write

[ dsléuo) - OPLale) - P Gele) (5 o Pa (al) = 1.

From Cauchy-Schwartz inequality,



by defining f(z) = &u, (#) — ) Pyf”(xl6) and g(z) = Py (wl€) (& In Par, (x]€)), w

have

([ drant@) ~ 2P 219) ([ depun(wle) (5 10 Pac (016)) ) 2 1.

Since the variance of the estimation can be written as

567 = / dx(Eyy, (x) — €2 Pag, (2]€)da

if we define the Fisher information I, (§) as

119 = [ (55 0 Pu(al6)) Pu, (2l

we can obtain

66 >

T (&) (3.)

3.2.2 Quantum Fisher information (QFI)

For quantum parameter estimation, we introduce the quantum Fisher information

(QFI) F(&; p(&)), which is defined as

F(&p(8)) = Tr[p(6) L], (3.2)

where L¢ = Lz is called symmetric logarithmic derivative, which satisfies

Ip(&§)  Lep(&) 4 p(€) Le

€ 2 !

and

(Le) = Tr[p(§) Le] = 0.

For a single parameter estimation, we have the following theorem [33, 110, 121]:
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Theorem 4. The QFI F(&,p(§)) of a quantum state p(&) characterized by a single

parameter & to be estimated can be written as

2

F(&:p(€)) = —21im _Flp(€), ple + o), (3.3)

e—0 862

where F[p(§), p(§ + €)] is the fidelity between two quantum states p(§) and p(§ + €)
defined as

Flo(€), p(& + )] = (Triy/p/2(E)p(€ + p/2()] ).

Proof. A distance measure between two different quantum state p and o is the Bures

distance, which is defined as

(dzlp,0])* = 2(1 = V/Flp, o))

where F[p, 0] is the fidelity between states p, o defined as |77]:

il = (o] o))

For the states p and p 4 dp, the Bures distance is defined as

(dslp. p-+ b0))* = 5 Te{AG)

where the operator A satisfies

Ap + pA = 0p.
If we define
~ 0p(&)
op = o€ €,



where € is the error of the estimation. We have

Lep(§) + p(§) Le
2

op = €,
so that
G = —Lgé.
Therefore,
o 171 1 1 91 9
(dslp, p+ 0p])* = 5Te| 5 (Lep(©) + pl€) Le)e - 5 Lee| = TTrlp(€) L,
which yields

(dslp. p+ 091)? = (dslpl©). pl€ +©))* = LF(& p(E)E

Since

(dslp(€), p(& + ) = 2(1 = V/Fp(©), pl€ + )],

we have

1—\/F f—i—e)]

F(&p(8) =

Here, let us define
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For small € < 1, we have

Fleiple) = s+ 4 L

€ ey/F(0) Oe le=0
1 OF(¢) 2 1 0?
F3/2(0)< de e_o> _2\/@@%) 0
Since
F(0)=1

we have

2

F(€p(€)) = —21im O_F{p(€). plé + )]

e—0 862

This shows that the QFI captures the response of the quantum state to a small
change in its parameter, and if the true state and error state becomes more distin-
guishable, then the response to the small error is larger so that it is easier to extract
the parameter.

Actually, F (&, p(€)) is the upper bound of the classical Fisher information I, (§).

Let us write a quantum state p(§) in its diagonal form:

p(€) = / Pay, (2)6) |2} x|dz = / Py, (2f6) Bud,

where E, = |r)(x| are projectors so that E, = EI, and satisfying the following

completeness equation:

/m&:/@mmzx (3.4)
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Therefore, the probability Py, (z]€) is given by

Py, (2]8) = Tr[p(8) Ex].

Thus, the classical Fisher information can be written as

1) = [ oG Pae016) Punal6) = [ do(GePuel9)) 5t

- J ol -E’”ag(s@]yTr[p(lé)Ex] -/ (e[, 2L p(g)L€]>2Tr[P(1§)Ex]

_ /d:v (Tr :Mp(f)] >2Tr[+

2 (§)E.]
((LeEy)T + LeE, 2 1
= / o (T [ (6 ) Tr[p(6)E.]
- [ o ReMEBAOF _ [, ReD{Er L)
Tr[p(&) ] Tr[p(&) e

where we used the cyclic property of trace operation, L¢ = LE and E, = EI. Since

Re[Tr{E,p(§) L _ | THlE.p()Le] 2
Tp©E] | Tp@E]

- [ (L (vot@iev |

Tr[p(€) E

From the Caushy-Schwartz inequality, since
ITr[ATB]|? < Tr[ATA)Tr[BTB],
by defining A and B as [74]

\/_\/_ =V p(&)LeV/E:,

Tr[p($) L]
we have
niaig — DVENAOVIEOVE]  TpOE] |
Tr[p(§) Ex] Tr[p(§) Ex]

Te(B'B] = Tr[\/ B, Le v/ p(§)V/ p(§) LeV Ba] = Te[\/ By Lep(€) Le v/ Ex) = Tr[ B, Lep(€) L.
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Therefore, we can obtain

Tr[Eqp(€) Le] ‘2

T E] < Tr[EpLep(€) Le]

so that

I, (€) < / A2 Te[E, Lep(€) Le] = Tr[p(€) L.

where we used Eq. (3.4) and Eq. (3.2). Therefore, we have

Iy, (€) < F(& p(8)), (3.5)

which means that the QFI is the optimization of classical Fisher information over all

the possible measurements {M,}.

F(& p(§)) = max Iy, (€)

{Ma}

From Eq. (3.5) and Eq. (3.1), we can obtain the quantum Cramer-Rao bound [63, 67,
159, 74], which states that the QFI F(&, p(§)) bounds the estimation variance as

9 1
2 F e @) (36)

and F(&; p(§)) can be also interpreted as the wltimate precision limit.

3.2.3 LOCC QFI

Global measurements on a composite system are generally required to achieve the
optimal QFI, but are usually difficult to implement. If only local measurements are
available, even the best measurement protocol might not reach optimality. Here, we
consider a local measurement scheme with sequential local optimal measurements on
subsystems that we call “greedy” local measurement scheme [139, 140]. This scheme

belongs to the class of LOCC, thus we call the constrained QFI of this scheme the
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LOCC QFL

Consider an arbitrary bipartite system in the state pap(§). In the greedy local
measurement scheme, we first perform a local optimal projection measurement flf on
the first subsystem, where we use the notation II in order to emphasize that the mea-
surement is optimal. After the measurement, the state of subsystem B is a conditional
state based on the measurement result of ﬁj‘, Piiia (&) = TrA[(ﬂ]A ® 1'E})pmg(§)(f[fT ®
12)]/p;(€), with p; (&) = Tr[(ﬁ?@lB)pAB (f)(fl;”@lB)] the measurement probability.
Given the conditional QFI for outcome 7, .FB‘IZI;‘; (&) = f(ﬁ,pB‘ﬁ]A (€)), the uncondi-
tional local QFT for subsystem B is given by

Fpa(§) = ZPJ(f)me;‘ (),

Note that feed forward is required as the optimal measurement on B depends on

the outcome of ﬁf From the additivity of the Fisher information, the LOCC QFI

Fa_p(§) is given by
Fasp(§) = Fal§) + Fpalf),

where Fa(§) = F(&, pa(€)) is the local QFI for subsystem A [96, 111, 139]. This
can be derived from the additivity of Fisher information [96, 111]. Since the QFI is
simply the classical Fisher information over the optimal quantum measurement. Let
us consider an arbitrary consecutive measurement result (X,Y) on A and B. Despite
the quantum nature of the measurement, a classical derivation suffices. The joint

distribution is a Markovian chain X — Y and thus the joint distribution is

P(x,y;8) = P(xz;§) P(y|x; §).

Let us consider the most general scenario where the measurement result is continuous.

The greedy local measurement scheme is characterized by the constrained Fisher
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information

Fasp(§) = [ dedyP(x,y; f)(— In P(z,y; 5))

73

dadyP(ai ) Plyiss) (5 n P@i) + e Ply i)

dxdyP(:c;é)P(y\:r;ﬁ)Kglﬂp( 5))2 (2111]3( |x;£)>2}

03 o€
oPlaid) (P @) + [ deP(eie) [ ayPlolee) (5Pl
a(&) + Fpa(§).

I
g'“l \\\\

Note the cross term

[ dodyp(es )Pl ) 5 Plas) g Pl ) = ([ @D ) ([ a2PUE) o

23 23

integrates to zero in the second step. To obtain the last line, we use the fact that the
greedy local measurement scheme saturates the local QFI on A.

By definition, F4,5(§) < Fap(§), with equality satisfied for psp in a product
state. Then, the precision loss AF(§) = Fap(&) — Fap(£) is generally related to
bipartite nonclassical correlations that can be quantified by a proper measure.

By definition, the global QFI F4p5(§) always satisfies Fap(§) > Fap(§) [111, 139,
140]. Here we are interested in relating the precision loss AF(§) = Fap(§) — Fas(§)

due to local measurements to the presence of nonclassical correlations in pap(§).

3.3 Quantum discord for quantifying nonclassical cor-

relations

In this section, we review the theory of quantum discord, which is a measure of non-
classical correlations between two subsystems [118], and diagonal quantum discord,
which is a special class of quantum discord which is revealed by the projection mea-
surements on the diagonal bases of the reduced density matrix of the subsystem [91].

In order to explore the role of nonclassical correlations in quantum metrology, we
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introduce discord for local metrology [140], which quantifies the information contents
of nonclassical correlations revealed by the optimal local measurements on the sub-

systems in the greedy local measurement scheme.

3.3.1 Quantum discord as a measure of nonclassical correla-

tions
Let us consider a quantum system (AB) composed of two subsystems (A) and (B),
ie.

Hap =Ha® Hp,

where Hap, Ha and Hp are the Hilbert space of the total system (AB), subsystem
(A) and subsystem (B), respectively. Suppose that subsystem (A) and subsystem
(B) are interacting with each other via an interaction Hamiltonian H4p so that the

total Hamiltonian can be written as

H=Hy+ Hp+ Hap,

where Hy and Hp are the system Hamiltonians for subsystem (A) and subsystem
(B), respectively. If we write pap as the state of the total system, i.e. pap € Hag,
then the reduced state of the subsystem is given by the partial trace over the other

subsystems, i.e.

pa = Trp[pas]

pB = Tra[pas].

We introduce Sj, the von-Neumann entropy defined as

Sj = =Tr[p; In py],

where j € {AB, A, B}.
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Nonclassical correlations associated with the loss of quantum certainty in local
measurements have been quantified by quantum discord [118, 55, 64|. For a bipartite

system (AB), the quantum discord [118] upon measuring subsystem A is defined as
DA—>B = _SAB + SA + min SB\{HA}v
T

where {Hf} are the set of projection measurements on subsystem A. Here, Spmay
J

is defined as
SB|{H3.4} = ijSBm;h
J

with p; = Tr[(II}! ® lB),oAB(l_I;-L‘Jr ® 1p))] the probability associated with the projec-
tion measurement Hj‘. The minimization over all sets of projection measurements
on subsystem A is required in order for quantum discord to be basis-independent,
and to extract the maximum information about subsystem B. Unfortunately, com-
puting quantum discord is a computationally demanding task because it requires
the optimization over all possible measurements, and it has been proved to be NP-

complete [71].

In order to tackle this problem, Liu, Takagi, and Lloyd in 2017 proposed a new
class of quantum discord, called diagonal quantum discord, which is a measure of
nonclassical correlations revealed by the measurements corresponding to the diagonal

bases of the reduced density matrix of the subsystem [91, 90]:

Dasp = —Sap +Sa+ Spmay,

where {H]A} are the set of projection measurements corresponding to the eigenbases

of the reduced matrix of subsystem A:

pa=Y_rliGl=>_rll, (vr; €R).

J J
Recently it has been verified that the diagonal quantum discord plays an important
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role in energy transfer in the thermodynamical systems [94] and parameter estima-

tion [139, 140].

3.3.2 Discord for local metrology

In order to connect nonclassical correlations to the precision loss in metrology, we
define a related metric, that we call discord for local metrology, where the minimization

is restricted to projectors achieving optimal estimate of £ [140]:

Definition 5. Let {l:[j‘} be a set of optimal projection measurements on subsystem

A so that there exists an observable T4 = Zj cjﬁJA (¢; € C), which can achieve the

ultimate precision of estimating &, 1i.e.,

(6T4)? 1

O = e~ @

where Fa(&) is the local QFI for estimating & from pa(€). Then, discord for local
metrology Da_,5(€) is defined as

Da-p(€) = =San(€) + Sa(6) + fﬁ}g Spiiny (6);
J
which is minimized over all the possible sets of projection measurements that are

optimal for estimating the parameter £.

The minimization indicates that discord for local metrology is independent of the
choice of the optimum basis for estimating £&. Because the measurement basis is
chosen according to the optimal parameter estimation, discord for local metrology is
an upper bound of the discord, i.e., DA_>B(§) > Dy_p. Also, the minimization is
required to avoid the ambiguity when multiple projection bases are optimal. Note
that the discord for local metrology is a function of a state and a parameter; therefore,
it is not a typical correlation measure for the state. Discord for local metrology has

the following properties:
1. Dyp >0 (nonnegative);
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2. Dap + Dg .4 (asymmetric);

3. If the total system is in the product state, i.e., pap = pa ® pp, then DA_>B =0;
If D/HB = 0, then the total system is in a classical-quantum state, i.e., pap =
> pili) (Gl ® pg), for some set of orthonormal basis vectors {|j)}, probability
distribution {p;} and states {pg)}.

4. D4_,p is invariant under local unitary operations.

Properties 1 and 2 are trivial. The first half of Property 3 is straightforward, and
the second part follows from the fact that DA%B(S) > Dj_.p; thus DA_>B(§) =0
leads to zero discord, and the state must be classical-quantum. Property 4 is due
to the state dependence of the local measurement basis, which makes the quantity
only a function of the state and parameter choice. Local unitary operations change
the state, but the optimal basis also changes accordingly, thus leaving invariant the
discord for local metrology. Note that one does not expect invariance under more
general local operations, since discord can increase under local noise [142]. Property
4 distinguishes our metric from the family of basis-dependent discord [156, 164, 98|,
with which it otherwise shares many commonalities.

Since discord for local metrology satisfies the conditions of nonnegativity and
the invariance under local unitary operations, we can regard it as a good measure
of quantum correlations [90]. While it can be non-zero for some specific classical-
quantum state, an unpleasant property for a discord metric, it is a practical quantity

to measure correlations in terms of local optimal measurement for metrology.

3.4 Role of nonclassical correlations in general quan-

tum parameter estimation

In this section, we discuss the role of nonclassical correlations in general quantum
parameter estimation in thermal equilibrium, and study the role of nonclassical cor-

relations more general than entanglement in the parameter estimation. To better
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focus on this question, we consider a different metrology scenario, where the parame-
ter is not encoded during the evolution but in the equilibrium state. We show that for
a local detection protocol, nonclassical correlations in the state can be detrimental,
in contrast to the dynamic scenario where they help in the estimation. In particular,
we consider a greedy local measurement scheme [139, 140], in which each subsystem
is measured sequentially with a local optimal measurement for estimating a general

parameter (See Fig. 3-1). In addition, we focus on systems at thermal equilibrium in

@ Global measurement scheme @ Greedy local measurement scheme

1st (optimal)
A

Quantum discord

Global optimal measurement

LS

. 2nd (optimal)
Quantum discord }—B 1A ( 6)

{HH )

Figure 3-1: Global measurement and greedy local measurement scheme: One first
measures a subsystem A with local optimal measurement in the sense of the local
QFI and then measure the other subsystem B in order to estimate an unknown
parameter £. The constrained QFI is given as Fa_p(§) = Fa(&) + Fpa(§). We
explore the relation between the quantum discord D, g(€) and the precision loss

AF(E) = Fa(§) — Fasn(8).

the Gibbs state and consider the high-temperature limit, which is a practical scenario
in various systems, such as room-temperature NMR system or biological system, and
where only nonclassical correlations beyond entanglement are typically found. Even
in this regime, we find a precision loss when considering only local measurements,

and we bound it by considering the discord present in the system.

In the following, let us consider a finite-dimensional system described by a Hamil-
tonian H), parameterized by a single temperature-independent parameter \ at tem-

perature 1. We assume the state to be in a Gibbs state,

o~ /T

p({') = z §€ {)‘7T}7
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where we set the Boltzmann constant to be unit, kg = 1, and
Z = Trle /T

is the partition function.

3.4.1 Hamiltonian parameter estimation in the high-temperature
limit

Let us consider the case for Hamiltonian parameter estimation. The global QFI
F(&, pe) and the entropy of the global system S(pg) in the high-temperature limit
satisfies the following Lemma. 1 [140]:

Lemma 1. Consider a finite-dimensional system in Gibbs state at temperature T,
with its Hamiltonian parameterized by a temperature-independent parameter X to be
estimated. Then, the global quantum Fisher information for estimating A\ and the

total system entropy, S(\;T) are related as

0 o -3
o7 (TFNT)) = 558(6T) +O(T). (3.7)

Proof. Let € be an error in our estimation. Then, the Hamiltonian with the error

becomes
Hyie = Hy + Gy + O(é?),

where

OH)

G)\:K.

The fidelity between py and py. is defined as

2

FloO). oA+ 0] = (Te[/p2(Np(r + () | )
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Since

H _
e—ﬁe—%(HA—i-eGA)e—ﬁ — 6—%(2H)\+6G>\)+O(T 3)

we can write

1 — 5 (Hx+5GX\)+O(T~3) 2
FIp(\), oA+ €)) = 55— (Tl 01+ )
1

B Z)\Z)\Jre

1 € 2
(Tefem RT3 4 O(T ),

In the high-temperature limit, the fidelity between p, and p,.. becomes

2
Zirs

Z)\Z)\Jre

Flox, Pate) = +O(T7),

where Z), ¢ = Tr[e_H“%/ T], and from the definition of the QFI , we can obtain

1 822,\_< 1 82,\

2
-3
Tz o0 ) +O(T™)

Here, for Gibbs state, (G,) = Tr[Gp,] is always

0
<G)\> = —Ta In Z)\.

Then, the susceptibility with respect to a temperature-independent parameter A can

be defined as

oy O{Gy)
X\ T) o\
so that we have
FOT) = M L O(T?). (3.8)

Since the entropy of the bipartite system, S(\;T) = —Tr[p, In p,], satisfies the fol-

lowing relation

0 0
a_T<G>\> = —55()\;T), (3.9)
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from Eq. (3.8) and Eq. (3.9), we can obtain

2

0 0 -3
a—T(T]-“()\;T)) = 5 N T) +0(T™).

]

In the high-temperature limit, the QFI for estimating A can be quantified by the
susceptibility x(A; T') to leading order: F(\;T') = x(X\;T)/T+O(T3). In the classical
case, Eq. (3.7) becomes exact, as it can also be derived from properties of the classical
Fisher information in the linear exponential family [99, 35, 6]. From the relation
between the general susceptibility and entropy, % XA T) = ;—;S (A\; T), we can obtain
Eq. (3.7). Furthermore, let A(X\;T) be the Helmholtz free energy. Then, from the
relation between the Helmholtz free energy and entropy, 2 A(X;T) = —S(A\; T), we

can obtain:

FuT) = —%aa—;A()\; )+ O(T).
This recovers the result of [108| to leading order, which demonstrates that, in the high-
temperature limit, the QFI can be characterized as the curvature of the Helmholtz
free energy.

Next, for the thermometry case, £ = T, the global QFI and is related to the heat
capacity as F(T) = C(T)/T? [33] for finite temperature, and it satisfies the following

Lemma. 2 [33, 139, 140]:

Lemma 2. Consider a general quantum system in Gibbs state at temperature T,
whose Hilbert space could have both finite or infinite dimensions. Then, the global
QFI for estimating T and the total system entropy, S(T) are related as For the ther-

mometry case,

which s exact.
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Proof. Let H be the Hamiltonian of a system thermalized at temperature T'. Let
be the inverse temperature, i.e., § = 1/T, where we have set the Boltzmann constant

as kg = 1. Then, the Gibbs state is given by

o(5) = 5,
where Z is the partition function:

Z5 = Tr(e 1),

Suppose that we have an error € when estimating . Then, the state with this error

is given by:

1

B+e

6_(ﬂ+€)H,

p(B+e) =

The QFI F(5) to estimate [ is defined by

F(B) = —2lim 2 Flp(B), p(5+ 0]

e—0 062

where F[p(3), p(B + ¢€)] is the fidelity between p(5) and p(5 + €)

Flp(B), p(B + €)] <Tr\/p1/2 p(B+€)p 1/2(5)>2.

First, let us calculate the fidelity. The fidelity is given by

FIp(8), p(5 + o) (Terl/z o5+ 2(8))

2
<Tr\/e 2BH o (ﬁ“)He"ﬁH)

ZﬁzﬁJre
2
= 1 (Tr\/ 6_(25"‘6)[{)
Zﬁzﬁ—i—e
- 1
ZﬁzﬁJre
Zis
- ZBZ,B-FG

<Tr[e_(5+§)H]>2
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which yields

1 0°Z 1 02

This can also be calculated as the following. Before calculating the QFI, let us

show the following fact:

0
] B = —1i _(5+€)H = — -BH
11_{% aEZBJrE 11_1)18 Trle H] Trle " H|
2

lim 53_25+6 :hr% Tr[ef(ﬂ‘Ff)HHQ] — Tr[e*ﬁHHZ]
e—

e—0 62

.0 ) ey H 1 B

lig 5 Zg = = L Te|e"F ] = vl )
0? o H? 1

. T —(B+5)H _ = —BH 172

i s v =l e~ | = el A

For two functions f(z) and g(x), where g(x) # 0, we have:

O f2ff  200f

éﬁgz%@g+§%ﬁ2
2 2 2 9

A g G

Therefore, if we define z =€, f = Z3,<, and g = Zg, we can obtain

p P 0 Fhes 19 Zhg
1 _— = 11 _— = 11 _
=0 J€? —00€? 2525, 0 Z30€% Zg,,
1 _rePH 1 e PH 2
- =3T3 1)+ 5 (v 5 H))
2z, T,
1
= —5 (Trlpa %] — (TelpsH))?)
1 1
— ——((u® —(H 2) — —SH>
() = (1)?) = —
Therefore, the QFI becomes
F(B) = —21i a—2|: = §H*
N i de2 ’
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which is the variance of the Hamiltonian. Therefore, the variance of [ satisfies the

following Cramer-Rao bound:

2>_1 _L

C S FB) ew
Since 5 = 1/T, we have

e _op_ 1

therefore, we can obtain

4
T2 > —
0 — JH?

Therefore, we can find that the QFI to estimate the temperature T can be written as

Fry =170

By definition, heat capacity C(T') is given by
|

The QFT to estimate temperature T' for the Gibbs state becomes:

Fr) =40
Since
ey =120

we can obtain
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Let us define the optimal measurement in the high-temperature limit as the mea-
surement which achieves the ultimate precision up to order O(T~?) of the QFI (for
thermometry, O(T~*) of the QFI [139]). Different from thermometry case (£ = T,
While to estimate a generic parameter A the optimal measurement is generally not
projection measurement onto energy eigenstates, this is instead the case for ther-
mometry or if A is linearly coupled to the Hamiltonian. Formally, we can have the

following lemma:

Lemma 3. Consider a finite-dimensional system in Gibbs state at temperature T

with 1ts Hamiltonian parameterized by a temperature-independent parameter \ to be

02 H\

estimated. If the Hamiltonian depends only linearly on A, i.e., %35 = 0, projection

measurements on the energy eigenstates are optimal to estimate .

Proof. First, let us prove the case of £ = A\. When 38% = 0, the QFI becomes

(6G)?
T2

F\T) = +O(T73). (3.10)
Let Ei()) be the eigenvalues of the Hamiltonian H,. Then, H) can be diagonalized
as H, = P,\K,\P;[, where P, is an unitary operator, P;P,\ = PAPJ\L =1and K, =
diag(Fy(N), Eo(A), -+, Ea(N) = 20, Ex(N)|E) (k| and |k)’s form a complete basis

independent of A, and d is the dimension of the system. Thus,

0Ky OEL(\)
ox O\

k=1

Then, Gibbs state becomes
1 1 &
_ - p KTl _ ~Ex(V/T p pt
PN = g P TR = 3BT R )

124



Let us calculate the expectation value of G = %. Since
oP, 0K OP]
Gy = Z2FK\Pl + P2 P] + P\K\ 22
ATy ALy T AN ’\+)‘)‘8)\’

we have

_ _ L kTt (9P 1 ot p OB ot 0P|
(Gh) =Tr[prG)] = ZATrKPAe PA) ( OP + PGP+ PSS )]

e ENT 9K 1 oP, P!
_T I L [K ~K\/T pt N p KT }
N R Ao T aat e A
_E_K)‘/T (9K)\‘ 1 0
=T S|+ S| TR (PR
1"_ Z, @)\__l_Z)\ re Aa)\(A A)
_e—K)\/T 8K)\_ aK)\
gl Zy O\ PPN

where we used the cyclic property of trace operation, and the fact of [e=**/T | K] = 0.

Therefore,

(Gy) = <R%PAT>,

and P,\%PI has same diagonal basis of py, which are {Py|k)(k|P}}¢_,. This means
that the optimal measurement for estimating the linear coupling parameter is the

projection measurement to the diagonal basis of p,.

Here we note that for a generic Hamiltonian, H), the susceptibility with respect

to A is given by

) = (A _T<GA>2 - <a$>
(0G)? <aGA>
T WA

where G = %. From Eq. (3.8), the QFI becomes:

(5G>\)2 1 <8G)\
1?2 T

FOT) = W> L O(T). (3.11)
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If A is linearly coupled to the Hamiltonian, i.e.,

oG,  0°H,

o Y

the projection measurements on the energy eigenstate are optimal since measuring G
corresponds to projection measurements on the energy eigenstates and the sensitivity

of measuring GG, saturates the Fisher information as follows

(0GP _ (0Gy) T 1

5\ _ — ~ : 3.12
OV = o =\ TR ~ GG T FNT) (312)
Second, for the case of £ =T, the QFI is given as
T 1 T
F(T) = o) _ 195@) >, (3.13)

where C(T) is the heat capacity [33] and S(T') is the entropy. Because of C(T') =
2 (H)) = (6H,)?/T?, the temperature variance, (07)?, becomes

. (OH)? T 1
(0T)" = (T = o)~ AT

Therefore, for thermometry, the projection measurements on diagonal basis are also

optimal. O

For a general parameter \, we usually have <8%G,\> # 0 and from Eq. (3.11), the
projection measurements on the energy eigenstate are not optimal. However, there

still exits a set of observables that achieves the optimal measurement.

3.4.2 Diagonal quantum discord for quantifying ultimate pre-

cision for thermometry

Here, let us first demonstrate that diagonal quantum discord and precision loss quan-
tified by the difference between the global QFI and the LOCC QFI.

In the high-temperature limit, for the finite-dimensional bipartite systems in the
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Gibbs state at temperature 7', we find that the precision loss is given by

AF(T) = —%%DHB(T) +O0(T7P). (3.14)

This relation can be proved by realizing that in the high-temperature limit, the par-
tial states are still well approximated by the Gibbs states. Then Eq. (3.13) is still
approximately valid and one can relate the local QFI to the entropy of the subsystem

and thus to diagonal discord. Let us write the total Hamiltonian as
H=Hjs+ Hp + Hag,

where H, and Hpg are the system Hamiltonians of A and B, respectively, and H4p is
the interaction Hamiltonian between A and B. The Gibbs state of the total system is

then pap(T) = Zhe  THatHs+Has) Since the heat capacity is given by Cag(T) =

TBSAB(T)

57—, We can write

Cap(T 1 0S4B(T

(3.15)

For a general finite-dimensional system, in the high-temperature limit § < 1, pap

can be written as

pan = 7 (1as = (0 = 50)) + (7). (3.16)

Within the same approximation, the reduced state ps = Trp[pag] is pa x (14 —
BHA— BQ4) + O(8?%), where Q4 = const + t ZR(EIEB)|HAB|E,§B)>, which is indepen-
dent of the temperature T' (here E,EB), |E,£B)> are B’s energy eigenvalues and eigen-
states). Note that when the interaction between A and B is absent, i.e. Hap = 0, due
to [Ha, Hp] =0, the Gibbs’ state of the total system can be written as the product
Gibbs’ state of the subsystems, which are only relevant to their system Hamilto-

nians. Therefore, in this case, we have 24 = 0 for any temperature 7. In the

high-temperature limit, in general, Hf = H4 4 Q4 behaves as an effective Hamil-
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tonian for subsystem A. Therefore, at high temperature, p4 is approximated by a
Gibbs state, pa ~ Z; ' exp ( — 6H§ff), with Z4 = Trlexp ( — 5Hjﬁ)]. Then, the local
QFTI still follows Eq. (3.13) and can be written, within this approximation, as

_ 19sa(T)
T oT

Fa(T) (3.17)

The measurements that saturate this local QFI are the projectors H;‘ onto local

eigenstates of p4, since they are also eigenstates of the effective Hamiltonian H4+€2 4.

Similar to pa, the conditional state ppa after measuring A can be also approxi-
J

mated by a Gibbs state, ppa ~ Z_|1HA exp ( — BH! ), with effective Hamiltonian
i i

B Bl
Hgf‘fHA = Hp + Qpna, where Qppa = const + (j|Hapl|j). This allows us to relate the
Y J J

corresponding local QFI to entropy

10

]:B\H;‘(T) = TIT

Spma(T), (3.18)

where S Bl (T') is the entropy of subsystem B after the measurement Hf. By selecting
a set of projection measurements that minimize B’s entropy, we can relate the en-
tropies to diagonal discord. More precisely, let {Hﬁk} be the set of projection measure-

ments on subsystem A such that .. p;.(T)Spna (1) = minggay >, pj (1) Spna (1)
From Egs. (3.15-3.18), we have

- 2D/HB(T) ~TAF(T) =)

o A (T). (3.19)

Here, let us consider p;(T"). Let d4 and dp be the dimensions of the subsystems
A and B, respectively, and the dimension of the total system dsp is written as dap =

dadp. By definition, from Eq. (3.16), in the high-temperature limit, we can obtain

1
pj(T) = Tr|(II @ 1) pap(I4 ® 13)] = o),
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where we use the fact that Tr[1g] = dg. Therefore, we have

Opj=(T)
oT

= O(T?).

Also, because >, pj.(T') = 1, we have

Op;u(T
2 pa:;)zo

J*

and also the order of magnitude of the entropy is given by
SB|H;.4 (T) =In(dp) + O(T_2)~

Therefore, we can obtain

Opix Opix
TZ pﬂ Spna TZ p] dp) +O(T"

Therefore, we have:

(3.20)

Then we have two cases. A trivial case is when the greedy local method is asymptot-

ically optimal at high temperature, i.e., limr_,.. AF(T)/F(T) =0, as the deviation

AF is no longer important.

The magnitude of order of F(T) is

(3.21)

This can be shown as the following. Let H be the Hamiltonian for the finite-

dimensional system. Then, the partition function can be written as

Z = Trle Z e~ Pk

where d is the dimension of the Hamiltonian (i.e., the number of eigenvalues of H),
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and {hy }¢_, are the eigenvalues of the Hamiltonian H. Then, the heat capacity C(3)

at high temperature (5 < 1) can be written as:

1< 1<, 2
o) = 23 n— (5D m) |8+ 0
k=1 k=1
= 0n*B* + O(8°),

where

is the variance of the eigenvalues. Since 8 = 1/T, we have

O(T) = 5T—’f +O(T).

For the Gibbs state, the QFT of estimating temperature is

In our approach, in the high-temperature limit, the subsystem can be regarded as the
Gibbs state; Fa(T'), Fpa(T), and Fap(T) all have the order of magnitude O(T4).
Therefore, if the greedy local method is not asymptotically optimal at high temper-
ature, i.e.,

I AF(T)
T 50 F(T)

> 0,
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then we have
AF(T) =0(T™),

which shows that AF(T') is more dominant in the high-temperature limit, i. e.

1 Opi (T
If instead AF(T)/F(T) remains finite at high temperature, due to F(T) = O(T~%),
we must also have AF(T) = O(T~*), which is then the dominant term in the right-

hand-side of Eq. (3.19) and we recover Eq. (3.14).

3.4.3 Discord for local metrology for quantifying ultimate pre-
cision

In this section, we prove our main result, Theorem 5, stating the relation between the

discord for local metrology and the precision loss quantified by the difference between

the global QFI and the LOCC QFI.

Theorem 5. Consider a finite-dimensional system in Gibbs state with its Hamil-
tonian Hy parameterized by a temperature-independent parameter \ at temperature
T. Let & € {\,T} denote an unknown parameter to be estimated. If Fap(&T) is
the global QFI, and Fa_p(&T) is the LOCC QFI for estimating &, in the high-
temperature limit, we have
— 8—2[) &T) = 2 (TA.F(&' T)> + O(T™%) (3.22)
862 A—B ) - aT 3 , .
where ay = 3 and ap = 5. Particularly, for thermometry (€ =T ), DA%B(T) becomes
the diagonal quantum discord Da_,g(T), which obeys
P sy =2 (TA]—"(T)) +O(T7) (3.23)
orz P T ar ’ '
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Proof. First, let us prove the case for & = \. For a general finite-dimensional system,

in the high-temperature limit, the state of the total system pap  can be written as

pan= g (i~ (= T o7

where d4p is the dimension of the system. The reduced state of subsystem A is given
by pa(A; T) = Trp[pap(A; T)], and within the same approximation we have p4(A; T') o
1y — A(Han + Qan) + O(T72), where Qux = const + £ (B |Hapal B,
which is independent of temperature. In the high-temperature limit, p4(X;T) can be

—H{NT with the effective Hamiltonian

approximated by a Gibbs state p4 ) ~ Z;l/\e
Hjﬁf)\ = Hyx+ Q4 and the normalization factor Z4, = Tr[eiHi‘ffA/T]. Then, the

local QFTI follows Eq. (3.7), i.e

2

D (rEae) = Tosae) + o), (3:24)

Suppose that projectors f[j‘ are the local optimal projection measurements for
estimating A from state pa(\;T"). Then, the conditional state pB|1:[3.“()‘; T) after mea-
suring subsystem A can also be approximated as Gibbs state in the high-temperature
limit with the effective Hamiltonian HB|ﬁ3.4,/\ = Hp\ + QB‘ﬁﬁ)\, where QBIﬁ;“,x\ =
const + Tr[HAB’,\ﬁJA}. Then, the local QFI obeys Lemma 1, i.e.,

0 o? f3
o (TmeA(A T)) = 55 Smm (NT) +O(T7). (3.25)

Let us select HA such that 3. pj.(A; T)SBlHA (M T) = minggay >0 (A T)Spra(A; T).
Then,

92 . 928, 9? 0p.. Opie O
WD*HB(A?T) - ( ON2 +ij*WSBlﬁ?* B SAB) +Z( 8)\]2 Spiig +2 ai aASBlﬁ?*>'
J* J*
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From Eq. (3.7), Eq. (3.24), and 3.25), we can obtain

0 - 0 0?pje Opj» 0
3 Dass N T) =5 (TAF(NT) ) = (Saa-Sens, + 252 5-Seins ).

g%

In the high-temperature limit, the entropy has the order of Sp 4 (A T) =In(dg)+
J*

O(T~?%) and the measurement probability is

In the high-temperature limit, we have

82

e (M T) = o(T™?).

By using the fact } ., pj.(\;T) = 1, we can write

2 8m5_§§;T)SBﬁ?*(A;T) =0(T™HO(T™*) = O(T)

J*

2 a%pﬂ’*(A;T)a%SBﬁﬁ(A%T) = O(TMO(T?) = O(T~®).

Therefore, we can write

0 - ) ,3
— DN T) = a—T<TA]-“()\,T)> +O(T?).

Second, for thermometry, from Eq. 3.14, we can have

02 0

—_ e -5
i Dann(T) = o (TA]—"(T)) +O(T),
Therefore, we have
8 . 9
- . _ . —Qg
seDaon(ET) = 57 (TAF(g, T)> +O(T%),

where ay = 3 and ar = 5, and for thermometry (£ = T), DA_>B(T) becomes the
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diagonal quantum discord D4, 5(T"), which obeys

0? 0 -5
~ 5 Das(T) = 5o (TAF(T)) +O(T7).

]

Therefore, for any parameter £ € {\, T}, in the high-temperature limit, we can
approximately write
o2

_DA—>B(£; T) =~

o€ TAF(&T)), (3.27)

_8_T(

which demonstrates that %(T AF(\T )) is the curvature of D4_.p5. Even if the
curvature of the discord for local metrology is not directly related to the amount of
nonclassical correlations, Eq. (3.27) still describes the role of nonclassical correlations
in the greedy local measurement scheme in the LOCC regime.

When the parameter A is linearly coupled in the Hamiltonian, discord for local
metrology becomes diagonal discord. From Theorem 5 and Lemma 3, we can obtain

the following corollary:

Corollary 1. Consider a finite-dimensional system in Gibbs state at temperature T,

with its Hamiltonian parameterized by a temperature-independent parameter X\. When

02 Hy,

A is linearly coupled to the Hamiltonian Hy, i.e., <55 = 0, we have
a—ZD (NT) = —Q(TA]:()\‘T)) +O0(T™%) (3.28)
o2 ATBAVL ST g ’ ’ '

where Da,g(N;T') is the diagonal discord.

In addition, let us note the case for estimating a parameter linearly coupled to

the single-body term. For this case, we can obtain the following corollary:

Corollary 2. For a finite-dimensional system in Gibbs state at temperature T', when

A is a parameter linearly coupled to the single-body term as

Hy =M Hs+ NHp + Hyp,
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where Hy and Hp are the system Hamiltonians and Hap is the interaction Hamilto-

nian. Then we have

(3.29)

a—T<TA]-"()\;T)) = O(T7).

Proof. Let us consider the following Hamiltonian:
Hy,=MH,+ \Hp + Hyp,

where H, and Hp are the system Hamiltonians, i.e., [Ha, Hg] = 0 and Hup is the
interaction Hamiltonian and generally [H4 + Hp, Hap] # 0. Here, A is the parameter
to be estimated. In this case, Hy,. = Hy + ¢G) + O(¢?), where G\ = Hj + Hgp,
which is independent of £ = {\,T'}. Here, we just simply write G, as G in order to
emphasize its independence of .

We already know that for the Gibbs state, we have (G) = —T-:% In Z,. In this

case, we can immediately obtain
(G) = (Ha) + (Hp) = O(T"")

because the entropy is Sap(\;T) = In(dag) + O(T2) and the relation between the

entropy and (G) is

i<G> = _%SAB()\;T) = O(T?).

By defining a general susceptibility with respect to A as

X\ T) = —(%(@ =Oo(1),

the QFT can be given as

C19(H))  10(Hg)
T O\ T O\

Fap(\T) = —O(17). (3.30)
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Now, let us consider the subsystem A. The effective Hamiltonian Hf/\ can be

written as HY'y = A(Ha + const) 4+ Q4. Therefore,

1 0(Ha) 3
T) = — = DAL o3y,
Fanet) = M) o)
Similarly, for pppa (€), we have
. 1 9(Hp) 3
J’:Bm;;*()\,T) =T o +0O(T™).
Therefore, by using Eq. (3.26), we have
o L O0(Ha)  O(Hp) 3
FaosT) = — (S5 + 5520 ) + 0T
From Eq. (3.30) and Eq. (3.28), we can obtain
0? 3
0

To this order, the local measurements are optimal. Here, note that the leading

term that Theorem 5 cares about is O(7~2), and this is 0 in this case.

3.5 Examples

In this section, we verify the relation in Eq. (3.22), Eq. (3.28) and Eq. (3.23) by
providing several examples of two-qubit Heisenberg interaction, whose Hamiltonian

can be written as

B B A J J.
H= 712,4 - 7223 + 5 XaXp + S YaYe + - ZaZs,

136



where X;,Y;, and Z; (j = A, B) are the Pauli matrices acting on jth spin. This
model is an example given by a two-qubit X state |5, 30, 160].

Coupling strength

Next, let us consider the case of estimating the coupling strength J when J, = J, = J.

Then, we have

1

. _ -3
AHLH—QW+OG )
J2
Dansn(S;T) = 75 + O(T ),
which directly yields
-Q{TAfuﬁm)———waxTﬂ)
oT ’ 277
1

—83DA%B(JﬁT):-—§T54—OCT‘%,

Therefore, Eq. (3.28) is valid.

Magnetometry

Finally, let us consider the magnetometry, which demonstrates Eq. (3.29). We con-
sider the case B; = By = B, where B is the parameter to be estimated. In this case,

we can find that

9 . _ (Jx_Jy)2 -5
o7 (TAF(BT)) = ——g77— +0(1™")

J2 + JpJ, + J? -
~03Dasn(BiT) = - 4+ O(T).

From Eq. (3.29), the leading term should be O(T~?); therefore, we can say that
Eq. (3.29) is valid but the term to the corresponding order O(T~3) is 0.
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Thermometry

The Gibbs state of this system is the two-qubit X state. We can find an analytical
expression for AF(T) and —(1/T)2Da_p

AF(T) = (J2 + J]) /(4T*) + O(T°)
10 J2+ T}

- "D T) =
TOoT a-5(T) AT

(3.31)
+0(T™?),

which agrees with Eq. (3.14).

We note that AF does not depend on By, By, and J,. This can be intuitively
understood since J, = J, = 0 yields a classical Ising model, where the Gibbs state is
a classical state with zero quantum discord. In this case, Eq. (3.14) is exact for any

temperature as trivially

10
AF(T) = —Ta—TDA—uB(T) =0

at any temperature. The other case for AF(T) = —(1/T):2D4_,p(T) to be exact at
any temperature is By = By = 0 and either J, = 0 or J, = 0. In this case, we can
obtain

1 2
AF(T) = —?%DAHB(T) = o (ﬁ> :

where k =z or y for J, =0 or J, = 0.

We can further numerically evaluate these quantities for arbitrary temperature,
with results given in Fig. 3-2 for representative parameters. To understand the non-
trivial parameter region better, since our model is symmetric between J, and J,,
without loss of generality, we fix J, and vary J,/J,, B1/J;, and By/J,. We find that
for various parameters, at high temperature AF(T) and —(1/T)2Da_,5(T) agree
well. At intermediate and low temperature, however, we find that the behavior of
the quantities depends strongly on the system parameters. The relationship between

AF(T) and nonclassical correlation at low temperature is still an open problem.

138



0.6 (b)
Il-\\ (a) 4
0.5¢ ," \ . Iy T —(1/M)01Dass
S0 ] A
< / §
= 0.3} i ©
@® ] E
e i 5
— L ]
04
1
Il
0.0t 0 ‘ ‘ , ‘
0.5 1.0 1.5 2.0
T/ Jy

Figure 3-2: AF and —(1/T)%Da_p, for a Heisenberg system with two qubits at (a)
Bi/Jy =3,Bs)Jy =1,J.)Jy = 2,J,/Jy =1 and (b) By = By = 0,0,/ Jy = 2,J, = 0.

3.6 Generalization to multipartite case

Let us consider a finite-dimensional system composed of N subsystems indexed by
an integers 1 < k < N. In the multipartite case, each subsystem is measured with

local optimal measurement sequentially, and we demonstrate that the difference in
the global QFI and the LOCC QFT can be quantified via the curvature of the discord

for local metrology in the high-temperature limit, in parallel to ref. [139].

We denote the order of measurement in a greedy local measurement scheme by
- N}. Let us write H(oy) as the

O1:N = (017027 te 7UN)7 where O = {17 27 o
Hilbert space of the system on which we perform local optimal measurement ﬁgk

and H(oks1.v) as the Hilbert space of the rest of system on which we perform the
Therefore, the total system can be decomposed

local optimal measurement Il .

sequentially into

H(O’l;N) == H(O’l) (%9 H(O'Q:N)
=H(o1) ® H(oz) @ H(os.n)

=H(o1) @ H(o2) @ - - @ H(ok) @ H(0k+1:N),

where 2 < k< N — 1.
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At the first step (kK = 1), we first perform the local optimal measurement ﬁal.
Then conditioned on the measurement result of ﬁal, we perform the other local
optimal measurement 1:[02:N on the rest of system. Let us write the global QFI as
FUl:N

Eq. (3.27), we have

and the LOCC QFI as F,,,,. Then, in the high-temperature limit, from

%(T(]—}w ~ Fosman)) = —aa—;ﬁoﬁm-

For the 2 < k < N —1 steps, the measurement 1:[% is conditioned on the results of the

previous sequence of local optimal measurements 1:[1;,6,1 = (1:[01, fL,Q, eI, ). We

treat the rest of system as bipartite system composed of H (o) and H(oky1.5). Then,

from Eq. (3.27), we have -2 (T(}— _22 T

~ —_ ~ ~Y — ~
oT or:Noy g ‘Fak—>0k+1;N|Ha1:k_1)> — 027 op—0okr1:Noy

JT.'

Here, we have fokﬁakﬂ:mﬁol:k,l = ‘Fak‘ﬁ"lzk—l + SRR,

The unconditional QFI is given by the average over measurement outcome distri-

bution p(II as

01:k71>

fak_}O'lvl—l:N‘o'l:k—l = : : p(Hglzkfl)fo'k*)Uk+1:N|ﬁg-1:k71 :

H‘Tl:kfl
Then one can define an unconditional version of discord

Da'k—>0'k+1:N|a'1:k71 = E : p<HU1:k71)Dakaakﬂtmﬁgltkil7

Ho'lzkfl
which is related to the average measurement precision difference

é% (T(]:U’“N'Ul:k* _‘ngﬁakﬂ lo1:k—1 ))

0? -

o€ Do'k‘)Uk+1:N|‘71:k71’

~

where Fo, oy ilore = Forlorws T Forsnlon,- Lherefore, by adding the equation
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above from k£ =1 and k = N, the difference in the QFI can be written as

N
A'FUI:N =Fory — E :‘Fa'rrk|a'1:k—1
k=1

so that we can obtain

Z_(TAF,

aT O’le) - _8_52 O1:N" (332)

where

N
DO’l:N = E :Da'k—>0'k+1:N|0'1:k71'
k=1

Eq. (3.32) is the generalization of Eq. (3.27) for the multipartite case.

The following is the example for the thermometry with three-qubit Heisenberg
system: H = % Zi:l 7y + % Zi:l (X, Xpt1 + YiYir1 + aZrZy1). We considered

AFpy (1) & ~(UT) Dy, (T) + 0T, (3.39)

where N
DUI:N<T) = DUk—><7k+1:N|O’1:k—1(T>' (334>

k=1

It has translational symmetry, and there are only three local measurement schemes
to choose from: 1 - 2 — 3,1 — 3 — 2, and 2 -+ 3 — 1. However, we find that
all three paths give the same AF and diagonal discord. In the high-temperature
limit we find AF = —(1/T)&D = J*/T* + O(T°) (see Fig. 3-3). Compared
with Eq. (3.31), we find that the loss is twice that of the two-qubit case, which is
intuitive as there are two couplings. More generally, if the Gibbs state is symmetric
under permutation, the measurement order does not matter. However, even if D,
is identical for all sequences oi.y, each measurement may still depend on previous
measurement results. Still, if N is large, we can show that feed forward is only required

for the first few steps in a greedy local scheme. Indeed, according to the quantum

de Finetti theorem [128], after a negligibly small number K; < N of measurements,
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Figure 3-3: AFja3 and —(1/T) 2 Dia3, for Heisenberg system with three qubits at (a)
B/J =1,a=0.3and (b) B/J =2,a = 0.3. Note that the path denoted by subscript

132 and 213 have the same results.

the remaining N — K subsystems becomes a mixture of independent and identically

distributed states, i.e., pr.y_r, ~ Y., Pep@V =51, Because the QFI is convex, we have
F (T, pin-r,) <3, PoF (T, p2N51) = (N — K1) Y, PoF (T, p,). This means that

for the rest of the system, one can perform another Ky < N number of measurements

to determine x and then perform the same local diagonal projection measurements

on all N — Ky — K, parts in state p,.

3.7 More numerical results at low temperature

We also analyzed the thermometry case at low temperature [139]. We consider the

two-qubit Heisenberg interaction Hamiltonian in the absence of external fields
1
H=3 ( (J+X) XaXp+ (J = \) YaYp + JZZAZB)

To demonstrate the consistency between AF(T') and —(1/T):%Da_5(T), we plot the
relative difference | (A]—"—i— (1/T)%DAHB) / (A]—" — (1/T)%D/HB) | in Fig. 3-4. We

see that except for a small region, the relative difference is small for both T'/J = 0.4

and T'/J = 2.
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Figure 3-4: | (AF 4+ (1/T)&Dass) / (AF — (1/T)ZDassp) |- (a) T/J = 0.4. Note
that the increase of relative error at the edges is due to larger coupling amplitude
making 7'/|J + A| smaller. (b) T'/J = 2.

3.8 Conclusion and outlook

In conclusion, we introduced a novel metric for nonclassical correlations, the discord
for local metrology, which is defined as a quantum discord in the greedy local mea-
surement scheme, and we derived a relation between discord for local metrology and
the difference in the QFI of the global optimal scheme and the greedy local mea-
surement scheme in the high-temperature limit. We demonstrated that the curvature
of the discord for local metrology quantifies the precision loss in the estimation of a

general parameter due to availability of local measurements only (Theorem 5).

This also indicates that variations in nonclassical correlations at thermal equilib-
rium, quantified by discord for local metrology, are related to the ability of the greedy
local measurement scheme to achieve the ultimate estimation precision limit, quan-
tified by the global QFI. We also showed that discord for local metrology coincides
with diagonal discord when one estimates a linear coupling parameter (Corollary 1

and 2).

While we focused on finite-dimensional systems in the high-temperature limit, it
would be interesting to extend the relation between the discord for local metrology
and the QFI for more general Gibbs states, especially in the low-temperature limit

where one could search for connections to phase transition phenomena, or for infinite-
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dimensional systems, such as bosonic gases [105, 106].

The relation between the curvature of the discord for local metrology and the
difference in the QFI explicitly demonstrates the role of nonclassical correlations in
quantum metrology based on the original definition of quantum discord. This provides
insights on the role of nonclassicality in quantum metrology and motivates further
exploration in more general settings, which can potentially inspire experimentalists to
design measurement and control protocols to utilize quantum discord as a resource to
achieve precise sensing and imaging, e.g., in the context of room-temperature nuclear
magnetic resonance or bioimaging with defect spins [41, 143, 72, 158|.

The relationship between precision loss in estimating parameters and discord for
local metrology could be potentially verified experimentally, exploiting nanoscale
quantum devices. For example, recently, the local temperature of nanowires was
measured [73] through the electron energy gain and loss spectroscopy from room
temperature to 1600 K. In general, predicting the precision loss in local measure-
ments could guide experimentalists to select measurement protocols with the desired
performance.

Although we focused on the high-temperature limit, the exploration of the finite-
and low-temperature cases is an interesting open direction. Indeed, as we showed in
Sec. 3.7, for the two-qubit Heisenberg model, except for two analytical conditions for
—(1/T)0rD(T) = AF(T) (VT) given in the main text, we also numerically observe
that these two quantities are close to each other for various choices of the system
parameters even at low temperature. We finally note that our derivation is only valid
for finite-dimensional systems; the extension to infinite-dimensional systems is still

open, due to the difficulty in the high-temperature expansion.
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Chapter 4

Conclusion and prospectus

4.1 Conclusion

This thesis studied the problem of quantum system identification assisted by local
measurements in two different regimes: dynamical regime and equilibrium regime,
and demonstrated the conceptual understanding of quantum system identification
problem by focusing on the roles played by correlations in the quantum system. In
the dynamical regime, given prior information of the interaction model, we considered
the identifiability of Hilbert space dimension and Hamiltonian parameters.

For the Hilbert space dimension estimation problem, we derived a practical strat-
egy to estimate the dimension of many-qubit systems (Hilbert space dimensions),
which relies on the indirect interaction with a single quantum probe under the exper-
imenteraAZs control. We combined a graph-theoretical approach and linear system
realization theory to demonstrate that the Hilbert space dimension can be ezactly
estimated by finding the minimum number of independent state variables required to
fully describe the dynamics of the system, namely model order, which is a measurable
quantity. We further proposed a practical algorithm to achieve the exact dimension
estimation.

Focusing on identifying Hamiltonian parameters of interacting many-body sys-
tems assisted by a single quantum probe coupled to the system, we employed linear

system realization theory and Grébner bases to study the concept of identifiability,
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and gave a practical algorithm to determine the identifiability, and derived a lower
bound in the number of sampling points and lab time required to estimate all the
parameters. Furthermore, the necessary condition for the system to be identifiable is
the global generation of correlations between the system and probe. Focusing on the
one-dimensional spin-chain model with nearest-neighboring interaction, we classified
the systems based on their identifiability, and we also proposed a control protocol to
transform a non-identifiable system into an identifiable system.

Finally, we considered the estimation of parameters characterizing thermal equi-
librium state, which are the temperature and the Hamiltonian parameters. We con-
sidered a general local measurement scheme, where one performs a sequential optimal
measurement on the multiple subsystems, and introduced a practical discord, called
discord for local metrology, to measure the nonclassical correlations induced by local
optimal measurements. By comparing the local and global measurement scheme, we
explicitly demonstrated that in the high-temperature limit discord for local metrology
quantifies the precision loss, and nonclassical correlations, other than entanglement,
could contribute to the sensitivity enhancement in parameter estimation in thermal

equilibrium.

4.2 Prospectus

Here, we address several possible future directions in the filed of quantum system
identification, which are studying the relation between quantum information scram-
bling and controllability as well as observability, identification of decay dynamics,
interaction model estimation, the relation between the quantum phase transition and
quantum metrology, and mechanical properties by detecting quantized dislocation,
namely dislon.

Focusing on an closed quantum system, in order to obtain physical intuitions of
controllability and observability, it is interesting to rigorously study how quantum
information scrambling influences the controllability and observability the system.

Controllability and observability is well defined by controllability matrix and observ-
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ability matrix in the linear system realization theory, and it might be interesting
to explore the relation between these matrices and and out-of-time-ordered correla-
tion function (OTOC), which is a measure of quantum information scrambling [87].
Especially, with disorders, in the interacting many-body quantum systems, the quan-
tum correlations spread in time but the information will be localized, which is the
many-body localization (MBL) phase [114, 152, 131]|. This intuitively means that
the localized phase prevents one from being able to extract the full information of
the target system in the interested experiment time. With the limited information
extractability due to the many-body localized phase, the controllability and observ-
ability of the system will vary. Therefore, it is an important task to explore how
the properties of OTOC in localized and delocalized phase are associated with the

behavior of controllability and observability matrices for these different phases.

For the near future quantum device, such as NISQ, the decoherence is an unavoid-
able effect due to the coupling of the target system to the environment. Therefore, in
order to enable the robust gate operation against the noise, one needs to characterize
the noisy dynamics. Therefore, taking into account the practicability, studying open
quantum system identification assisted by a single quantum probe is an essential task.
Focusing on Markovian open quantum dynamics, in which we neglect the memory of
the environment, the dynamics of the quantum system can be described by quantum

master equation in Lindblad form [49]:

% =i[p, H] + Z (LkaT — %{LszyﬂD

N
k=1
in which the dynamics depends on both the Hamiltonian H and the Lindbladian
term Ly [89] describing the decay of the system. Since the quantum master equation
can be linearized by the vectorization of the density matrix [62], it might be worth
to use the linear system realization theory to develop the method to estimate the
operator attributed to the whole dynamics. Since we need to consider not only the

Hamiltonian but also the Lindbladian term [89] describing the decay of the system

due to its information flowing into environment, it is also important to explore a
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method to identify the Hamiltonian and Lindbladian term separately.

Regarding to Hamiltonian estimation problem in open quantum system, the es-
timation of the interaction model is an important task. Kato and Yamamoto [81]
employed quantum filtering theory [15, 148| to achieve the topology estimation of the
spin network by finding the most probable graph with Bayesian update. Here, one
could consider a same setup but to find the most probable coupling types given a set
of possible physical interaction model.

For the equilibrium regime, by exploring the role of discord for local metrology in
low-temperature limit for quantum metrology assisted by greedy local measurement
scheme, one can expect to find the relation between the quantum phase transition
in many-body system because quantum discord reveals the properties of the critical
behaviors [163] and Fisher information is related to the second-order phase transi-
tion [125], through the theory to be established, one can also explore the role of phase
transitions in quantum metrology.

Quantum system identification is not only the prerequisite of QIP, but also an im-
portant brach in quantum science to develop for more profound understanding to the
quantum dynamics, characteristic properties of quantum matters and the precision
sensing in the material and biological systems. For the era of quantum information
science, it can be safely said that the active research activities in quantum system

identification are fundamentally and practically important.
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