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Abstract

Quantum information processing, including quantum computation, quantum commu-
nication, and quantum metrology, is expected to be the next-generation information
technology capable of outperforming classical devices. The physical platform for quan-
tum information devices requires many-body quantum systems with many interact-
ing qubits (two-level systems), and several experimental systems have been actively
studied in recent years for realizing such scalable quantum information processors.
Reliable quantum information processing essentially requires robust initialization of
the quantum system, robust control protocols and precise measurement. As these
indispensable tasks strongly depend on the physical properties and dynamics of the
quantum system, the precise characterization of the experimental system, namely
quantum system identification, is a crucial prerequisite.

In a closed quantum system, the Hamiltonian includes the information about
the properties of the system, such as the number of qubits, single-body energy of
qubits, topology of qubit network graph and coupling types between qubits. For
thermal equilibrium state, the temperature also becomes an important parameter
characterizing the thermal properties of the system. Quantum system identification
aims at extracting these elements from measurements of the system dynamics or state.
However, performing measurement over the whole many-qubit system is typically a
demanding task in the laboratory. Furthermore, given the lack of knowledge about
the system, one cannot control or measure the system with high accuracy before
characterizing it. Thanks to recent advances in quantum metrology with a single
qubit sensor, a well-characterized qubit system can play the role of a quantum probe,
which is coherently coupled to the target system, thus enabling practical schemes
to identify the target many-body quantum system indirectly through system-probe
correlations. More broadly, this quantum probe strategy is an example of system
identification performed via local measurements.

This thesis focuses on the role of quantum correlations in quantum system iden-
tification assisted by local measurements in two different regimes: (1) dynamical and
(2) equilibrium regime.

In the dynamical regime, we introduce the mathematical concept of quantum sys-
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tem identifiability with respect to Hamiltonian parameter identification and Hilbert
space dimension identification. Exploiting the linearity of the dynamics, we employ
linear system realization theory, algebraic geometry and graph-theory to analyze the
identifiability of an unknown Hamiltonian or the dimensions of the Hilbert space of
the target many-body quantum system. Based on the formalism, we propose prac-
tical algorithms for both identifiability problems. We further find that propagation
of correlations between the quantum probe and the whole system is a necessary con-
dition to fully identify the parameters and dimensions of the target system through
local measurements on the quantum probe.

In the equilibrium regime, the thesis discusses the problem of estimating either
the temperature or Hamiltonian parameters, which can in general be extracted by
characterizing the thermal equilibrium state. We discuss a general local measure-
ment scheme, which we call “greedy local measurement scheme", where one performs
sequential optimal measurement on a complete set of subsystems. We introduce a
practical measure of nonclassical correlations, called discord for local metrology, to
measure the nonclassical correlations induced by local optimal measurements. By
comparing the greedy local measurement scheme and global measurement scheme,
we explicitly demonstrate that in the high-temperature limit discord for local metrol-
ogy quantifies the ultimate precision limit loss in local metrology. Conversely, this
shows that nonclassical correlations could contribute to sensitivity enhancement in
parameter estimation even at thermal equilibrium.

These results can be expected to contribute to the characterization of near-term
quantum information processors, such as Noisy Intermediate-Scale Quantum (NISQ)
devices, and to find applications in quantum sensing, e.g. in room-temperature
nanoscale magnetic resonance sensing of nuclear spins in molecules or imaging of
biological complex systems.

Thesis Supervisor: Paola Cappellaro, Ph.D.
Title: Esther and Harold Edgerton Associate Professor of Nuclear Science and Engi-
neering
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This thesis is dedicated to my grandfather, Dianying Zhao.
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Chapter 1

Introduction

1.1 Quantum system identification

Quantum information processing (QIP) is a next-generation information technology,

which is expected to process a huge volume of data with the less computational

complexity (quantum computer) than the conventional computer, simulate charac-

teristic behaviors and dynamics of the quantum matters more accurately (quantum

simulator), realize an ultrafast and energy-saving communication protocols with high

security (quantum communication and quantum cryptography), or realize precision

sensing techniques in the nanoscale (quantum metrology) [116]. Particularly, recent

research development in atomic, molecule, and optical physics and condensed matter

physics has not only led to breakthroughs in understanding characteristic behaviors

and properties of quantum matters, but also paved a path to robustly engineering

the system for the realization of QIP.

In QIP, the basic unit of quantum information is called qubit, which is the binary

bit in quantum information, and it can be realized by a two-level system, such as spin-

1/2 particle or polarization of photons. The QIP devices are composed of qubits, and

they process information through their interactions. In order to build up a reliable

QIP devices, seven conditions are essentially required to meet [43]:

1. Well-characterized many-qubit systems

15



2. Robust initialization of the target system to a simple fiducial state

3. Robust controls by universal set of quantum gates

4. Precise system-dependent measurement

5. Long coherence time

(Two more conditions for quantum communications)

6. Interconversion of stationary and flying qubits

7. Transmission of intact qubits between specific locations.

The first five conditions are for quantum computation, quantum simulation, and quan-

tum metrology, and the last two conditions are for quantum communications. The

characterization of many-qubit systems is the most important task as the prerequisite

for QIP because the initialization, controls, and measurements are all dependent on

the physical properties and the dynamics of the system. Practically, prior information

about the system is always limited; therefore, it is required to extract missing infor-

mation about the system. This task is called quantum system identification, which

is the prerequisite for any technology in QIP [24].

The dynamics of a closed quantum system is determined by its Hamiltonian,

which contains all the elements on which the properties of the system are dependent.

Therefore, identifying the Hamiltonian is a central task for all QIP technologies. Let

us consider an interacting many-qubit systems. The Hamiltonian can be usually

characterized by the number of qubits, which gets the dimension of its Hilbert space,

by single-particle energies and coupling strengths, and by the interaction model, which

includes the topology of the qubit network (See Fig. 1-1). For a closed quantum

systems, quantum system identification means the identification of its Hamiltonian

through a set of measurements. Identifying Zeeman energy shifts [161, 107, 150] yields

information on the spin species. By identifying the interaction Hamiltonian, we can

obtain information on (1) the system graph [81], the coupling type, and the relative

positions from the coupling strengths [22, 42, 161, 150]. Identifying only the first two

16



Single-body energy

Number of spins

Coupling strength

Coupling / Graph

Figure 1-1: Hamiltonian for many-qubit system. Hamiltonian contains the informa-
tion characterizing the system, such as the dimension of its Hilbert space, single-body
energy, the graph topology, couplings and coupling strengths.

pieces of information (graph and couplings) enables writing a general model for the

many-qubit system (See Sec. 2.3.1) [140]. Then, to further specify the system, one

needs to identify not only the Hamiltonian parameters (See Sec. 2.4) [161, 107, 150,

162, 22, 42, 139], but also the number of qubits in the system (See Sec. 2.3) [140].

Furthermore, temperature 𝑇 also plays an important role in determining the ther-

modynamic properties of the system, such as magnetization or heat capacity. In QIP,

for example, for quantum annealers [78, 44], which is an optimization algorithm to

find global minimum of a given objective function from the set of possible solutions,

the temperature determines the performance of the algorithm and recent research

pointed out the fundamental limitation of the quantum annealers at fixed finite tem-

perature with rigorous analysis on the behavior of the temperature scaling for the

quantum annealers to be a good optimizers [4]. Since the study of thermodynamics

extends to the nanoscale, temperature estimation also requires a fully quantum treat-

ment [17, 18, 109, 33, 126, 76, 103, 155, 34, 122, 120, 66]. Therefore, estimating the

temperature at the nanoscale, namely quantum thermometry, is also an important

task.

Quantum system identification techniques can be expected to contribute to the

development in precision metrology. Quantum metrology [53, 54, 40] utilizes quantum

resources such as entanglement and coherence to improve the precision of measure-
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ments beyond classical limits. Particularly, recent progress in quantum metrology

assisted by single quantum probe has demonstrated the ability to achieve precise

estimation of a few unknown parameters [102, 14]. These advances now open experi-

mental opportunities for multiple parameter estimation, while offering the advantage

of nanoscale probing and coherent coupling of complex quantum systems. The possi-

ble applications range from clock synchronization [52], to quantum illumination [93,

144, 166], superdense measurement of quadratures [51, 141, 9] and range velocity [165],

distributed sensing [50, 124, 167], point separation sensing [113, 97, 146, 83], mag-

netic field sensing [11, 145], tructural determination of a complex molecule [3, 2, 95],

biosensing [32, 10, 85] and studying magnetism at the nanoscale [147, 154]. These

techniques require an accurate and efficient methods to characterize the system, and

the parameter estimation techniques provided through quantum system identification

are expected to provide a powerful tools for realizing these metrology techniques.

1.2 Local measurements for quantum system identi-

fication

Various methods have been developed for quantum system identification, especially

for Hamiltonian parameter estimation, including quantum process tomography [23,

22, 42, 150], Bayesian analysis [56, 129, 132], compressive sensing [134, 100, 8], and

eigensystem realization algorithm [161, 162, 69]. Not only many of these techniques

are quite complex, but they also often assume complete access to the system to be

identified: full controllability and observability via the coupling of the target quantum

system with a classical apparatus. Recently, the Noisy Intermediate-Scale Quantum

(NISQ) device [123], composed of ten to fifty qubits, is expected to be available in the

near future. However, fully addressing the system is still a demanding task. Therefore,

for both near future and long future, we need to consider performing quantum system

identification of total system by local measurements on its subsystems, which are well

characterized.
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In the dynamical regime (Chap. 2), we consider a practical scheme, in which we

perform quantum system identification using coupling of the target system with a

quantum probe [23, 22, 42, 161, 162, 138, 137]. Because recent progress in estimating

a few parameters of a single small quantum system, we consider a model in which a

single quantum probe, which is a well-characterized quantum system, is coherently

coupled to the target system, and the Hamiltonian of the target system is estimated

through the set of measurement outcomes of the probe at each time step (See Fig. 1-2).

Quantum probe

Measurement data Hamiltonian

Estimate

Figure 1-2: Quantum system identification assisted by a single-probe measurement. A
single quantum probe is coherently coupled to the target system, and its Hamiltonian
is estimated from the set of measurement results obtained by the local measurements
on the quantum probe.

In the equilibrium regime (Chap. 3), we consider more general scheme, in which

we consider a sequential measurements on the subsystems of the target systems. In

particular, we consider the case where each subsystem is measured sequentially with a

local optimal measurement in a sense that the estimation variance takes the minimum

for estimating a parameter characterizing the system, and (classical) feedforward from

the previous measurement result [96, 111, 139, 140]. We call this scheme a “greedy”

local measurement scheme [139, 140], and this scheme still remains practical and

belongs to the class of local operations and classical communication (LOCC) [115]. A

practical LOCC protocol is the greedy local scheme, where we sequentially measure

each subsystem with a local optimal measurement (see Fig. 1-3).
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A

B

1st (optimal) 

2nd (optimal)

Feedforward

Figure 1-3: Greedy local measurement scheme. We first optimally measure a subsys-
tem 𝐴 and then optimally measure the other subsystem 𝐵 based on the measurement
result of 𝐴.

1.3 Overview of the Thesis

In Chapter. 2, the concept of identifiability of Hilbert space and Hamiltonian pa-

rameters of a many-body quantum system assisted by a single-probe measurement

in the dynamical regime is studied. After reviewing linear system realization theory

and eigensystem realization algorithm, the identifiability of the Hilbert space dimen-

sion estimation and Hamiltonian parameters are studied by employing linear system

realization theory and algebraic geometry approach. Furthermore, the necessary con-

dition for the system to be identifiable is provided in the context of correlations.

In Chapter. 3, after reviewing the ultimate precision limit in estimation, which is

quantified by quantum Fisher information and quantum discord, a new measure of

nonclassical correlations which is revealed by the local optimal measurements, called

discord for local metrology, is introduced, and the role of discord for local metrology

in Hamiltonian parameter estimation or thermometry is described. In Chapter. 4, we

will conclude the thesis, and propose the future direction of the research on quantum

system identification problem.
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Chapter 2

Quantum system identification in

dynamical regime

This chapter discusses the identifiability of Hilbert space dimension and Hamiltonian

parameters of a target many-body quantum system through the measurement on a

single quantum probe coupled to the target system.

This chapter is structured as followings. In Sec. 2.2, we review the linear system

realization theory for classical systems following Refs [80, 79, 130] and the eigensys-

tem realization algorithm for parameter estimation introduced by Zhang and Sarovar

in [161, 162], which is derived from classical linear system realization theory. Based on

linear system realization theory approach to closed quantum system, we will introduce

the concept of interaction model, which describes the connectivity between every two

spins, and discuss the identifiability of the dimension of a finite-dimensional Hilbert

space describing an interacting qubit system [137] in Sec. 2.3. Then, in Sec. 2.4,

we will discuss the identifiability of Hamiltonian parameters [138] by the employ-

ing eigensystem realization algorithm approach to Hamiltonian parameter estimation

[161, 162] and Gröbner basis [36, 37, 21, 47, 12]. I further provide the necessary

experimental resources, such as the lower bound in number of sampling points and

upper bound in total evolution time required to identify all the parameters. Focusing

on the Hamiltonians of spin-chain model with nearest-neighbor interaction, we clas-

sify the Hamiltonians based on their identifiability, and provide an explanation about
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the necessary condition for the system to be identified based on the concept of cor-

relation propagations. We also propose a possibility of engineering a non-identifiable

Hamiltonian to be an identifiable Hamiltonian with the control protocols assisted by

periodic driving. In Sec. 2.6, we conclude the chapter, and point out several possible

future directions along this research.

2.1 Introduction

The dimension of the Hilbert space (or system dimension) is indeed an important

information for any quantum device. The performance of quantum protocols, such

as the computational complexity of quantum algorithms [116] or quantum process

tomography [150], is strictly dependent on the dimension. In addition, the dimension

also determines what experimental resources, such as the number of sampling points

and the total time evolution, are needed to characterize the rest of the Hamiltonian

parameters [139]. These dimension-dependent quantities are important for practical

applications of quantum engineering. Therefore, dimension estimation is a significant

task in quantum system identification.

Because the dynamics of closed quantum system is linear, we can employ the tools

developed in classical linear system theory to approach the identification problem.

Classical linear system identification has been a widely studied subject for the past

decades [92]. A popular system identification method for the linear time-invariant

(LTI) systems is the eigensystem realization algorithm (ERA) [80]. ERA has been

applied in several fields to study classical systems, from structural engineering [28]

to aerospace engineering [112]. The first applications of ERA to quantum system

identification both for close and open systems were given by Zhang and Sarvoar [161,

162], and a robust estimation was experimentally demonstrated for a closed quantum

system [69]. A key step of the algorithm is the singular value decomposition of a

Hankel matrix, whose elements are the measurement data at equally spaced sampling

times. In the noiseless case, the rank of the Hankel matrix is equivalent to the

model order, which is the degree of the characteristic polynomial of the irreducible
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transfer function describing the system dynamics in the Laplace space [7]. This can

be interpreted as the minimum number of independent state variables required to

fully describe the dynamics of the system.

In a general many-body interacting system, the state variables are the observables,

including the observable to be directly measured and the operators generated from

the dynamics, which can be indirectly observed and controlled. Then, the key insight

into dimension estimation is that the number of generated correlations will strongly

depend on the system dimension. We can thus expect that the dimension will be a

function of the model order, which is revealed by realization theory and experimental

measurements.

For the identifiability of Hamiltonian parameters, we employ ERA to analyze the

required experimental resources to achieve Hamiltonian identification. To achieve

this, we propose a systematic algorithm to test Hamiltonian identifiability by em-

ploying the idea of Gröbner basis, which is an essential concept in the commutative

algebra and algebraic geometry [37, 36, 47, 12]. In particular, we use these techniques

to explore what Hamiltonian models can be identified when restricting our access to

a single quantum probe. Furthermore, we provide a lower bound in the number of

sampling points required to fully identify the Hamiltonian, which sets an upper bound

for the total evolution time and thus the total measurement time.

2.2 State-space representation for closed quantum

system dynamics

In this section, we review the state-space representation approach to analyze closed

quantum system dynamics, which was introduced by Zhang and Sarovar in [161, 162],

classical linear system realization theory [80, 79, 130], and the eigensystem realization

algorithm (ERA) approach [80] to Hamiltonian parameter estimation developed in

[161, 162].
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2.2.1 Accessible set

The Hamiltonian 𝐻 is generally parameterized by

𝐻 =
𝑀∑︁
𝑘=1

𝜃𝑘𝑆𝑘, (2.1)

where {𝜃𝑘}𝑀𝑘=1 ∈ R ∖ {0} and {𝑆𝑘}𝑀𝑘=1 are Hermitian operators. For an interaction 𝑁

qubit system, {𝑖𝑆𝑘}𝑀𝑘=1 are independent elements of a Lie algebra in su(2𝑁). Let us

define a set

𝐺0 = {𝑂1, 𝑂2, · · · , 𝑂𝑙 |𝑖𝑂𝑖 ∈ su(2𝑁)},

which we call observable set of operators that we can directly measure on our quantum

probe, and let these operators satisfy the following condition

[𝑂𝑖, 𝐻] ̸= 0 (𝑖 = 1, 2, · · · , 𝑙).

Next, let Γ be the set of operators constructing the Hamiltonian:

Γ = {𝑆𝑘 |𝑖𝑆𝑘 ∈ su(2𝑁), 𝑘 = 1, 2, · · · ,𝑀}.

Each operator to be measured evolves under the Heisenberg’s equation of motion

𝑑

𝑑𝑡
𝑂𝑖 = 𝑖[𝐻,𝑂𝑖]. (2.2)

The commutator generates a set of new operators {𝑂𝑖,1, 𝑂𝑖,2, · · · , 𝑂𝑖,𝑚}, where 𝑂𝑖,𝑝

denotes the 𝑝−th new operator generated from the commutator between the operator

𝑂𝑖 and Hamiltonian 𝐻. As these operators also evolve in time, the commutator be-

tween {𝑂𝑖,𝑝}𝑚𝑝=1 and the Hamiltonian generates new operators again. The, intuitively,

the dynamics is fully generated by repeated commutators. In order to mathematically
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describe this process, we define an iterative procedure

𝐺𝑗 ≡ 𝐺𝑗−1 ∪ [[𝐺𝑗−1,Γ]], (2.3)

where

[[𝐺𝑗−1,Γ]] ≡ {𝑂𝑖|tr(𝑂†
𝑖 [𝑔, 𝛾]) ̸= 0, 𝑔 ∈ 𝐺𝑗−1, 𝛾 ∈ Γ}.

Because of the finite dimensionality of su(2𝑁), the iterative procedure in Eq. (2.3) will

saturate, and we can obtain a saturated set of operators 𝐺, which is called accessible

set [161, 162]. Therefore, 𝐺 includes all the operators generated from 𝐺0 from the

dynamics, and some of these generated operators represent the correlations between

the target system and the quantum probe. In the following, we write |𝐺| as the

number of elements in the accessible set 𝐺.

Example: Accessible set of 3-qubit exchange Hamiltonian

Let us provide an example for 3-qubit exchange interaction Hamiltonian:

𝐻 =
𝐽1
2
(𝑋1𝑋2 + 𝑌1𝑌2) +

𝐽2
2
(𝑋2𝑋3 + 𝑌2𝑌3), (2.4)

where 𝑋𝑘, 𝑌𝑘, 𝑍𝑘 are the each components of Pauli matrices acting on 𝑘-th qubit:

𝑋 =

⎛⎝0 1

1 0

⎞⎠ , 𝑌 =

⎛⎝0 −𝑖

𝑖 0

⎞⎠ , 𝑍 =

⎛⎝1 0

0 −1

⎞⎠ .

For 𝑁 -qubit system, 𝑋𝑘, 𝑌𝑘 and 𝑍𝑘 are precisely

𝑋𝑘 ≡ 11 ⊗ 12 · · · 1𝑘−1 ⊗𝑋 ⊗ 1𝑘+1 ⊗ 1𝑁

𝑌𝑘 ≡ 11 ⊗ 12 · · · 1𝑘−1 ⊗ 𝑌 ⊗ 1𝑘+1 ⊗ 1𝑁

𝑍𝑘 ≡ 11 ⊗ 12 · · · 1𝑘−1 ⊗ 𝑍 ⊗ 1𝑘+1 ⊗ 1𝑁 ,

25



where 1 is the 2×2 identity matrix. Pauli matrices satisfy the following commutation

relations:

[𝑋𝑘, 𝑌𝑙] = 2𝑖𝛿𝑘𝑙𝑍𝑘, [𝑌𝑘, 𝑍𝑙] = 2𝑖𝛿𝑘𝑙𝑋𝑘, [𝑍𝑘, 𝑋𝑙] = 2𝑖𝛿𝑘𝑙𝑌𝑘.

In 3-qubit exchange Hamiltonian, the operator set Γ is given as

Γ = {𝑋1𝑋2 + 𝑌1𝑌2, 𝑋2𝑋3 + 𝑌2𝑌3}.

Suppose that we are going to measure 𝑋1, then the observable set becomes

𝐺0 = {𝑋1}.

First, let us calculate 𝐺1 = 𝐺0 ∪ [[𝐺0,Γ]]. Here,

[[𝐺0,Γ]] =
{︁
[𝑋1, 𝑋1𝑋2 + 𝑌1𝑌2], [𝑋1, 𝑋2𝑋3 + 𝑌2𝑌3]

}︁
= {𝑍1𝑌2},

which means that 𝑍1𝑌2 is the new generated operator evolving with 𝑋1 due to the

dynamics. Here, we only care about the operator but not the coefficients. Therefore,

𝐺1 = 𝐺0 ∪ [[𝐺0,Γ]] = {𝑋1} ∪ {𝑍1𝑌2} = {𝑋1, 𝑍1𝑌2}.

Then, we also need to calculate 𝐺2 = 𝐺1 ∪ [[𝐺1,Γ]]. Here,

[[𝐺1,Γ]] =
{︁
[𝑋1, 𝑋1𝑋2 + 𝑌1𝑌2], [𝑋1, 𝑋2𝑋3 + 𝑌2𝑌3], [𝑍1𝑌2, 𝑋1𝑋2 + 𝑌1𝑌2], [𝑍1𝑌2, 𝑋2𝑋3 + 𝑌2𝑌3]

}︁
= {𝑍1𝑌2, 𝑋1, 𝑍1𝑍2𝑋3}.

Here, as we can see we can again obtain a new operator 𝑍1𝑍2𝑋3, which are evolving

with 𝑋1 and 𝑍1𝑌2. Therefore,

𝐺2 = 𝐺1 ∪ [[𝐺1,Γ]] = {𝑋1, 𝑍1𝑌2} ∪ {𝑍1𝑌2, 𝑋1, 𝑍1𝑍2𝑋3} = {𝑋1, 𝑍1𝑌2, 𝑍1𝑍2𝑋3}.

26



Then, we calculate 𝐺3 = 𝐺2 ∪ [[𝐺2,Γ]]. Here,

[[𝐺2,Γ]] =
{︁
[𝑋1, 𝑋1𝑋2 + 𝑌1𝑌2], [𝑋1, 𝑋2𝑋3 + 𝑌2𝑌3],

[𝑍1𝑌2, 𝑋1𝑋2 + 𝑌1𝑌2], [𝑍1𝑌2, 𝑋2𝑋3 + 𝑌2𝑌3],

[𝑍1𝑍2𝑋3, 𝑋1𝑋2 + 𝑌1𝑌2], [𝑍1𝑍2𝑋3, 𝑋2𝑋3 + 𝑌2𝑌3]
}︁

= {𝑍1𝑌2, 𝑋1, 𝑍1𝑍2𝑋3}.

and

𝐺3 = 𝐺2 = {𝑋1, 𝑍1𝑌2, 𝑍1𝑍2𝑋3}.

Therefore, 𝐺2 is the accessible set 𝐺, i.e.

𝐺 = {𝑋1, 𝑍1𝑌2, 𝑍1𝑍2𝑋3}, (2.5)

and these operators are evolving together through the dynamics.

2.2.2 State-space representation

In the following, without loss of generality, we will typically consider only observable

𝑂1 on the first spin, which is the quantum probe, i.e. 𝐺0 = {𝑂1}. From the iterative

procedure in Eq. (2.3), Eq. (2.2) can be written as

𝑑

𝑑𝑡
𝑂𝑖 = 𝑖[𝐻,𝑂𝑖] =

|𝐺|∑︁
𝑙=1

(︁ 𝑀∑︁
𝑘=1

𝜃𝑘𝑉𝑘𝑚𝑙

)︁
𝑂𝑙, (2.6)

where

𝑉𝑘𝑚𝑙 = Tr
[︀
𝑖[𝑆𝑚, 𝑂𝑘]𝑂𝑙

]︀
∈ R.

Let 𝜌0 be the initial state of the joint system of the target and quantum probe, so

that the expectation value of 𝑂1 is given by 𝑥1(𝑡) ≡ ⟨𝑂1(𝑡)⟩ = Tr[𝜌0𝑂1(𝑡)]. Then,

the expectation values of the elements in the accessible set 𝐺 form a state vector
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(coherent vector) x(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), · · · , 𝑥|𝐺|(𝑡))
𝑇 ∈ R|𝐺|. Then, from Eq. (2.6), we

have

𝑑

𝑑𝑡
𝑥𝑖(𝑡) =

|𝐺|∑︁
𝑙=1

(︁ 𝑀∑︁
𝑘=1

𝜃𝑘𝑉𝑚𝑘𝑙

)︁
𝑥𝑙(𝑡),

so that in matrix form, we have

𝑑x(𝑡)

𝑑𝑡
= Ãx(𝑡),

where Ã ∈ R|𝐺|×|𝐺| is a skew-symmetric matrix, which contains the parameters

{𝜃𝑘}𝑀𝑘=1 in its off-diagonal elements. Note that Ã does not necessarily have to contain

all the parameters but when the dynamics correlates all the spins with the quantum

probe, Ã contains all the parameters. This is actually the necessary condition for the

system to be identified [138], which will be explained in detail in Sec, 2.4.

Let 𝑦(𝑡) ∈ R be the output data obtained by the output matrix C ∈ R1×|𝐺|. Then,

we can obtain the following state-space representation

𝑑x(𝑡)

𝑑𝑡
= Ãx(𝑡)

𝑦(𝑡) = Cx(𝑡).

(2.7)

This is called classical linear time-independent (LTI) system [80, 79, 130], and this

shows that the quantum evolution in closed quantum system can be reduced into

equivalent classical LTI system. Furthermore, it is useful to define the corresponding

time-discrete representation

x(𝑗 + 1) = Ax(𝑗)

𝑦(𝑗) = Cx(𝑗),
(2.8)

where x(𝑗) ≡ x(𝑗Δ𝑡), 𝑦(𝑗) ≡ 𝑦(𝑗Δ𝑡) and A ≡ 𝑒
˜AΔ𝑡. Eq. 2.8 is useful in practical

settings because the measurement results are usually acquired at the discrete-time

steps. Note that since any matrix exponential is a nonsingular matrix, the rank of A
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is always

rank(A) = rank(𝑒ÃΔ𝑡) = dim(x(𝑡)) = |𝐺|.

Example: State-space representation of 3-qubit exchange Hamiltonian

Let us construct state-space representation of 3-qubit exchange Hamiltonian in Eq. (2.4).

Now, from Eq. (2.5), we know that the accessible set is

𝐺 = {𝑋1, 𝑍1𝑌2, 𝑍1𝑍2𝑋3}.

When we generate 𝐺, we did not care about the coefficients from the commutators

between the generated time-varying operators and Hamiltonian. Now, we need to

take into account the coefficients. Let us calculate [[𝐺,𝐻]], then we can find

[𝑋1, 𝐻] =
[︁
𝑋1,

𝐽1
2
(𝑋1𝑋2 + 𝑌1𝑌2) +

𝐽2
2
(𝑋2𝑋3 + 𝑌2𝑌3)

]︁
=

𝐽1
2
[𝑋1, 𝑌1𝑌2]

= 𝑖𝐽1 · 𝑍1𝑌2

[𝑍1𝑌2, 𝐻] =
[︁
𝑍1𝑌2,

𝐽1
2
(𝑋1𝑋2 + 𝑌1𝑌2) +

𝐽2
2
(𝑋2𝑋3 + 𝑌2𝑌3)

]︁
=

𝐽1
2
[𝑍1𝑌2, 𝑌1𝑌2] +

𝐽2
2
[𝑍1𝑌2, 𝑋2𝑋3] = −𝑖𝐽1 ·𝑋1 − 𝑖𝐽2 · 𝑍1𝑍2𝑋3

[𝑍1𝑍2𝑋3, 𝐻] =
[︁
𝑍1𝑍2𝑋3,

𝐽1
2
(𝑋1𝑋2 + 𝑌1𝑌2) +

𝐽2
2
(𝑋2𝑋3 + 𝑌2𝑌3)

]︁
=

𝐽2
2
[𝑍1𝑍2𝑋3, 𝑋2𝑋3] = 𝑖𝐽2 · 𝑍1𝑌2

Therefore,

𝑑

𝑑𝑡
𝑋1 = −𝑖[𝑋1, 𝐻] = 𝐽1 · 𝑍1𝑌2

𝑑

𝑑𝑡
𝑍1𝑌2 = −𝑖[𝑍1𝑌2, 𝐻] = −𝐽1 ·𝑋1 − 𝐽2 · 𝑍1𝑍2𝑋3

𝑑

𝑑𝑡
𝑍1𝑍2𝑋3 = −𝑖[𝑍1𝑍2𝑋3, 𝐻] = 𝐽2 · 𝑍1𝑌2.
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Therefore, we have

𝑑

𝑑𝑡

⎛⎜⎜⎜⎝
𝑋1

𝑍1𝑌2

𝑍1𝑍2𝑋3

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0 𝐽1 0

−𝐽1 0 −𝐽2

0 𝐽2 0

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

𝑋1

𝑍1𝑌2

𝑍1𝑍2𝑋3

⎞⎟⎟⎟⎠ .

Let 𝜌0 be the initial state. Then, we have

𝑥1(𝑡) = Tr[𝜌0𝑋1(𝑡)]

𝑥2(𝑡) = Tr[𝜌0𝑍1𝑌2(𝑡)]

𝑥3(𝑡) = Tr[𝜌0𝑍1𝑍2𝑋3(𝑡)].

If we choose the initial state to be

𝜌(0) =
1

2

⎛⎝1 1

1 1

⎞⎠⊗ 1
2
⊗ 1

2
,

then, the initial coherent vector becomes

𝑥1(0) = Tr[𝜌0𝑋1(0)] = 1

𝑥2(0) = Tr[𝜌0𝑍1𝑌2(0)] = 0

𝑥3(0) = Tr[𝜌0𝑍1𝑍2𝑋3(0)] = 0.

Then, we can construct a coherent vector

x(𝑡) =
(︁
𝑥1(𝑡) 𝑥2(𝑡) 𝑥3(𝑡)

)︁𝑇

with

x0 =
(︁
1 0 0

)︁𝑇

.
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Since we want to measure 𝑋1, then we choose

C =
(︁
1 0 0

)︁
so that we can obtain

𝑦(𝑡) = Cx(𝑡) =
(︁
1 0 0

)︁⎛⎜⎜⎜⎝
𝑥1(𝑡)

𝑥2(𝑡)

𝑥3(𝑡)

⎞⎟⎟⎟⎠ = 𝑥1(𝑡).

Therefore, we can obtain

𝑑x(𝑡)

𝑑𝑡
= Ãx(𝑡)

𝑦(𝑡) = Cx(𝑡),

(2.9)

where

Ã =

⎛⎜⎜⎜⎝
0 𝐽1 0

−𝐽1 0 −𝐽2

0 𝐽2 0

⎞⎟⎟⎟⎠ .

Furthermore, we can find that

|𝐺| = rank(𝑒ÃΔ𝑡) = 3.

2.2.3 Linear system realization theory

Let us consider a classical LTI system in Eq. 2.7. By performing a Laplace transfor-

mation, the irreducible transfer function Ξ(𝑠) is given by

Ξ(𝑠) = C(𝑠I− Ã)−1x0 =
𝑃 (𝑠)

𝑄(𝑠)
,
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which describes the dynamics of the LTI system of Eq. (2.7) in Laplace space. Since

the irreducible transfer function depends on Ã, C, and the initial state x0, [Ã,C,x0]

is called realization of the irreducible transfer function Ξ(𝑠) (or the LTI system). I is

𝑛× 𝑛 identity matrix and the system initial state must be chosen such that x0 ̸= 0.

𝑃 (𝑠) and 𝑄(𝑠) are polynomials in the Laplace variable 𝑠. In particular, 𝑄(𝑠) is called

the characteristic polynomial of Ξ(𝑠). The degree of 𝑄(𝑠) is called model order [7],

which is defined as

𝑛 = deg(𝑄(𝑠)). (2.10)

The model order 𝑛 can be interpreted as the minimum number of independent state

variables required to fully describe the dynamics of the system. From Eq. (2.8), if we

define H𝑟,𝑠 as the following Hankel matrix

H𝑟,𝑠 =

⎛⎜⎜⎜⎜⎜⎜⎝
𝑦(0) 𝑦(1) · · · 𝑦(𝑠− 1)

𝑦(1) 𝑦(2) · · · 𝑦(𝑠)
...

... . . . ...

𝑦(𝑟 − 1) 𝑦(𝑟) · · · 𝑦(𝑟 + 𝑠− 2)

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
Cx0 CAx0 · · · CA𝑠−1x0

CAx0 CA2x0 · · · CA𝑠x0

...
... . . . ...

CA𝑟−1x0 CA𝑟x0 · · · CA𝑟+𝑠−2x0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

and H𝑟,𝑠 can be decomposed into

H𝑟,𝑠 =

⎛⎜⎜⎜⎜⎜⎜⎝
C

CA
...

CA𝑟−1

⎞⎟⎟⎟⎟⎟⎟⎠
(︁
x0 Ax0 · · · A𝑠−1x0

)︁
= M𝑂(𝑟)M𝐶(𝑠), (2.11)

where M𝑂(𝑟) ∈ R𝑟×|𝐺| is called observability matrix defined as

M𝑂(𝑟) =

⎛⎜⎜⎜⎜⎜⎜⎝
C

CA

· · ·

CA𝑟−1

⎞⎟⎟⎟⎟⎟⎟⎠
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and M𝐶(𝑠) ∈ R|𝐺|×𝑠 is called controllability matrix defined as

M𝐶(𝑠) =
(︁
x0 Ax0 · · · A𝑠−1x0

)︁
. (2.12)

When a LTI system with dim(x(𝑡)) = |𝐺| is minimal, namely both controllable

and observable, we have [80, 79, 130]:

rank(M𝐶(𝑠)) = rank(M𝑂(𝑟)) = |𝐺|, (2.13)

where 𝑟, 𝑠 ≥ |𝐺|. Therefore, from Sylvester inequality [68], we have

rank(M𝐶(𝑠)) + rank(M𝑂(𝑟))− |𝐺| ≤ rank(H𝑟,𝑠) ≤ min{rank(M𝐶(𝑠)), rank(M𝑂(𝑟))},

which yields

rank(H𝑟,𝑠) = |𝐺|.

Furthermore, the rank of the Hankel matrix H𝑟,𝑠 is equivalent to model order [79]:

rank(H𝑟,𝑠) = 𝑛,

where 𝑟, 𝑠 ≥ 𝑛. Therefore, when the system is minimal, we must have |𝐺| = 𝑛 [137].

Example: Transfer function of 3-qubit exchange Hamiltonian

Here, let us discuss the transfer function of 3-qubit exchange Hamiltonian in Eq. (2.4).

From Eq. (??), the transfer function is given as

Ξ(𝑠) =
(︁
1 0 0

)︁⎡⎢⎢⎢⎣𝑠
⎛⎜⎜⎜⎝
1 0 0

0 1 0

0 0 1

⎞⎟⎟⎟⎠−

⎛⎜⎜⎜⎝
0 𝐽1 0

−𝐽1 0 −𝐽2

0 𝐽2 0

⎞⎟⎟⎟⎠
⎤⎥⎥⎥⎦

−1⎛⎜⎜⎜⎝
1

0

0

⎞⎟⎟⎟⎠ ,
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which yields

Ξ(𝑠) =
𝑠2 + 𝐽2

2

𝑠3 + (𝐽2
1 + 𝐽2

2 )𝑠
. (2.14)

As we can see that

|𝐺| = deg
(︁
𝑠3 + 𝑠3 + (𝐽2

1 + 𝐽2
2 )𝑠

)︁
= 3,

which is the model order of the system.

Controllability and Observability

Here, let us prove Eq. (2.13) by following Refs. [80, 79, 130]. Here, let us consider the

following general discrete-time LTI system

x(𝑘 + 1) = Ax(𝑘) +Bu(𝑘), x(0) = 0

y(𝑘) = Cx(𝑘),
(2.15)

where A ∈ R𝑛×𝑛, x(𝑘) ∈ R𝑛, C ∈ R𝑚×𝑛, B ∈ R𝑛×𝑟, y(𝑘) ∈ R𝑚, and u(𝑘) ∈ R𝑟. Here,

u(𝑘) is the input vector, which actually corresponds to the control in classical control

theory and generally u(𝑘) can take any types of functions. Note that here x(0) could

be different from x0, which is the initial state which we discussed above. The solution

for x(𝑘) is then given by

x(𝑘) = A𝑘x(0) +
𝑘−1∑︁
𝑗=1

A𝑗Bu(𝑘 − 𝑗 − 1), (2.16)

and in this case the controllability matrix and observability matrix are given by

M𝐶(𝑠) =
(︁
B AB · · · A𝑠−1B

)︁
,
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and

M𝑂(𝑟) =

⎛⎜⎜⎜⎜⎜⎜⎝
C

CA

· · ·

CA𝑟−1

⎞⎟⎟⎟⎟⎟⎟⎠
where 𝑠, 𝑟 ≥ 𝑛.

The definition of the controllability is

Definition 1 (Controllability). The LTI system Eq. (2.15) is controllable if there

exits a control sequence {u(𝑗)} such that x(0) can be transferred into an arbitrary

state x𝑝 at time 𝑝, i.e. x𝑝 = x(𝑝).

Then, we obtain the following theorem:

Theorem 1. The LTI system Eq. (2.15) is controllable if and only if

1. Controllability grammian

W𝐶(𝑘) =
𝑘∑︁

𝑗=0

(A𝑗B)(A𝑗B)𝑇 ∈ R𝑛×𝑛

is non-singular:

det
(︁
W𝐶(𝑘)

)︁
̸= 0.

2. Controllability matrix M𝐶(𝑛) has full rank:

rank(M𝐶(𝑛)) = rank(A) = 𝑛.

and (1) and (2) are equivalent.

Proof. Let us prove Theorem. 1.
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1. det(W𝐶(𝑘)) ̸= 0 =⇒ The LTI system Eq. (2.15):

Let W𝐶(𝑘) be non-singular, i.e. det(W𝐶(𝑘)) ̸= 0. From Eq. (2.16), for an

arbitrary x𝑝, if we choose

u(𝑝− 𝑗 − 1) = −B𝑇 (A𝑗)𝑇W−1
𝐶 (𝑝)(A𝑝x(0)− x𝑝),

then, we can obtain

x(𝑝) = A𝑝x(0)−
𝑝−1∑︁
𝑗=0

A𝑗BB𝑇 (A𝑗)𝑇W−1
𝐶 (𝑝)(A𝑝x(0)− x𝑝).

Since the controllability grammian is defined as

W𝐶(𝑝) =

𝑝−1∑︁
𝑗=0

A𝑗BB𝑇 (A𝑗)𝑇 ,

we can obtain

x𝑝 = A𝑝x(0)−W𝐶(𝑝)W
−1
𝐶 (𝑝)(A𝑝x(0)− x𝑝) = x𝑝.

Therefore, there exists a classical control sequence {u(𝑝 − 𝑗 − 1)}𝑝−1
𝑗=0, which

can transfer x(0) to an arbitrary state x𝑝 at time 𝑝. From the Def. 1, the LTI

system is controllable.

2. The LTI system Eq. (2.15) is controllable =⇒ det(W𝐶(𝑘)) ̸= 0:

Let us fix 𝑘. If W𝐶(𝑘) = 0, then there must exist a non-zero vector a such that

W𝐶(𝑘)a = 0.

Therefore, we have

a𝑇W𝐶(𝑘)a =
𝑘−1∑︁
𝑗=0

a𝑇A𝑗BB𝑇 (A𝑗)𝑇a =
𝑘∑︁

𝑗=0

(︁
B𝑇 (A𝑗)𝑇a

)︁𝑇(︁
B𝑇 (A𝑗)𝑇a

)︁
,
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which yields:

a𝑇W𝐶(𝑘)a =
𝑘−1∑︁
𝑗=0

⃒⃒⃒⃒⃒⃒
B𝑇 (A𝑗)𝑇a

⃒⃒⃒⃒⃒⃒ 2
= 0.

However, if the LTI system Eq. (2.15) is controllable, there exists control u(𝑘−

𝑗 − 1) which transfers an initial state x0 = a to 0. Therefore, we can write

0 = A𝑘a+
𝑘−1∑︁
𝑗=0

A𝑗Bu(𝑘 − 𝑗 − 1).

Therefore,

0 = a𝑇A𝑘a+
𝑘−1∑︁
𝑗=0

a𝑇A𝑗Bu(𝑘 − 𝑗 − 1).

Since B𝑇 (A𝑗)𝑇a = 0 ⇐⇒ a𝑇A𝑗B = 0𝑇 , we have

a𝑇A𝑗a = 0. (2.17)

For arbitrary non-zero A, Eq. (2.17) holds if and only if a = 0, which contradicts

our assumption that a ̸= 0. Therefore, by contradiction, det(W𝐶(𝑘)) ̸= 0.

Therefore, we can obtain

LTI system is controllable ⇐⇒ det
(︁
W𝐶(𝑘)

)︁
̸= 0.

3. det(𝑊𝐶(𝑘)) ̸= 0 =⇒ rank(M𝐶(𝑛)) = rank(A) = 𝑛:

If M𝐶(𝑛) does not have full rank, i.e. rank(M𝐶(𝑛)) ≤ 𝑛− 1, then, there exists

a non-zero vector a such that

a𝑇M𝐶(𝑛) = a𝑇
(︁
B AB · · · A𝑛−1B

)︁
= 0,
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which yields

a𝑇A𝑗B = 0, 𝑗 = 0, 1, 2, · · · , 𝑛− 1.

Therefore,

𝑘−1∑︁
𝑗=0

a𝑇A𝑗BB𝑇 (A𝑗)𝑇a = a𝑇W𝐶(𝑘)a = 0,

which indicates that W𝐶(𝑘) is singular

det
(︁
W𝐶(𝑘)

)︁
= 0.

Therefore, we have

rank(M𝐶(𝑛)) ≤ 𝑛− 1 =⇒ det
(︁
W𝐶(𝑘)

)︁
= 0.

By taking the contraposition, we have

det
(︁
W𝐶(𝑘)

)︁
̸= 0 =⇒ rank(M𝐶(𝑛)) = 𝑛.

4. rank(M𝐶(𝑛)) = rank(A) = 𝑛 =⇒ det(W𝐶(𝑘)) ̸= 0:

If det(W𝐶(𝑘)) = 0, then there exists a non-zero vector a such that

W𝐶(𝑘)a = 0,

which yields

a𝑇A𝑗B = 0.

Therefore,

a𝑇M𝐶(𝑛) = a𝑇
(︁
B AB · · · A𝑛−1B

)︁
= 0.
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Therefore,

rank(M𝐶(𝑛)) ≤ 𝑛− 1,

and we obtain

det
(︁
W𝐶(𝑘)

)︁
= 0 =⇒ rank(M𝐶(𝑛)) ≤ 𝑛− 1.

By taking the contraposition, we have

rank(M𝐶(𝑛)) = 𝑛 =⇒ det
(︁
W𝐶(𝑘)

)︁
̸= 0.

Therefore, we can obtain

det
(︁
W𝐶(𝑘)

)︁
̸= 0 ⇐⇒ rank(M𝐶(𝑛)) = 𝑛.

From these results, we can finally obtain the following equivalence:

The LTI system Eq. (2.15) is controllable ⇐⇒ det
(︁
W𝐶(𝑘)

)︁
̸= 0 ⇐⇒ rank(M𝐶(𝑛)) = 𝑛,

which proves Theorem 1.

Note that the proof for Theorem. 1 is a general approach. In order to match the

discussion for the case

x(𝑘 + 1) = Ax(𝑘)

𝑦(𝑘) = Cx(𝑘),
(2.18)

we can take the following setting:

u(𝑘) =

⎧⎪⎨⎪⎩1 (𝑘 = 0)

0 (𝑘 = 1)
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and

x(0) = 0

so that if we define B = x0 then we have

x(0) = 0

x(1) = B = x0

x(2) = AB = Ax0

...

x(𝑠− 2) = A𝑠−1B = A𝑠−1x0

x(𝑠− 1) = 𝐴𝑠B = A𝑠0

Then, the controllability matrix can be written as

M𝐶(𝑠) =
(︁
x0 Ax0 · · · A𝑠−1x0

)︁
,

which is equivalent to Eq. (2.12); therefore, the whole proof also works for the system

described by Eq. (2.18), which is the case for the dynamics of closed quantum systems.

The definition of the observability is

Definition 2 (Observability). The LTI system Eq. (2.15) is observable if there exits

a time 𝑝 and initial state x0 can be determined uniquely from measurement results

{y(𝑗)}.

Then, we can obtain the following theorem:

Theorem 2. The LTI system Eq. (2.15) is observable if and only if

1. Observability grammian

W𝑂(𝑘) =
𝑘∑︁

𝑗=0

(CA𝑗)𝑇 (CA𝑗) ∈ R𝑛×𝑛
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is non-singular:

det
(︁
W𝑂(𝑘)

)︁
̸= 0.

2. Controllability matrix M𝑂(𝑛) has full rank:

rank(M𝑂(𝑛)) = rank(A) = 𝑛.

and (1) and (2) are equivalent.

Proof. 1. det(W𝑂(𝑘)) ̸= 0 =⇒ The LTI system Eq. (2.15) is observable:

Let W𝑂(𝑘) be non-singular, i.e. det(W𝑂(𝑘)) ̸= 0. Since at time 𝑗, we have

y(𝑗) = CA𝑗x(0).

Multiplying (CA𝑝)𝑇 from left to y, we have

𝑘−1∑︁
𝑗=0

(CA𝑗)𝑇y(𝑗) =
𝑘−1∑︁
𝑗=0

(CA𝑗)𝑇 (CA𝑗)x(0) = W𝑂(𝑘)x(0).

Therefore, x(0) can be uniquely determined by

x(0) = W−1
𝑂 (𝑘)

𝑘−1∑︁
𝑗=0

(CA𝑗)𝑇y(𝑗)

from the measurement results {y(𝑗)}𝑘−1
𝑗=0 .

2. The LTI system Eq. (2.15) is observable =⇒ det(W𝑂(𝑘)) ̸= 0:

If det(W𝑂(𝑘)) = 0, there must exist a non-zero vector a such that

W𝑂(𝑘)a = 0
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and

a𝑇W𝑂(𝑘)a =
𝑘−1∑︁
𝑗=0

(CA𝑗a)𝑇 (CA𝑗a),

which yields

a𝑇W𝑂(𝑘)a =
𝑘−1∑︁
𝑗=0

⃒⃒⃒⃒⃒⃒
CA𝑗a

⃒⃒⃒⃒⃒⃒ 2
= 0.

Therefore,

CA𝑗a = 0,

which shows that y(𝑗) = CA𝑗a = 0 ∀𝑗; therefore, the LTI system of Eq. (2.18)

is unobservable. Therefore,

det(W𝑂(𝑘)) = 0 =⇒ the LTI system of Eq. (2.18) is unobservable.

Taking the counterposition, we have

the LTI system of Eq. (2.18) is observable. =⇒ det(W𝑂(𝑘)) ̸= 0.

This proves

the LTI system of Eq. (2.18) is observable. ⇐⇒ det(W𝑂(𝑘)) ̸= 0.

3. rank(M𝑂(𝑛)) = rank(A) = 𝑛 =⇒ det(W𝑂(𝑘)) ̸= 0:

If det(W𝑂(𝑘)) = 0, then there exists a non-zero vector a such taht

CA𝑗a = 0.
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Therefore, we have

M𝑂(𝑛)a =

⎛⎜⎜⎜⎜⎜⎜⎝
C

CA
...

CA𝑛−1

⎞⎟⎟⎟⎟⎟⎟⎠ a = 0.

Therefore,

rank(M𝑂(𝑛)) ≤ 𝑛− 1,

which leads to

det(W𝑂(𝑘)) = 0 =⇒ rank(M𝑂(𝑘)) ≤ 𝑛− 1.

By taking the contraposition, we have

rank(M𝑂(𝑘)) = 𝑛 =⇒ det(W𝑂(𝑘)) ̸= 0.

4. det(W𝑂(𝑘)) ̸= 0 =⇒ rank(M𝑂(𝑛)) = rank(A) = 𝑛:

If rank(M𝑂(𝑛)) ≤ 𝑛− 1, there must exists a non-zero vector a such that

M𝑂(𝑛)a =

⎛⎜⎜⎜⎜⎜⎜⎝
C

CA
...

CA𝑛−1

⎞⎟⎟⎟⎟⎟⎟⎠ a = 0

so that

a𝑇W𝑂(𝑛)a =
𝑘−1∑︁
𝑗=0

(CA𝑗a)𝑇 (CA𝑗a) = 0,
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which indicates that

det(W𝑂(𝑛)) = 0.

By taking the counterposition, we have

det(W𝑂(𝑛)) ̸= 0 =⇒ rank(M𝑂(𝑛)) = 𝑛.

Therefore, we can obtain

det(W𝑂(𝑘)) ̸= 0 ⇐⇒ rank(M𝑂(𝑛)) = rank(A) = 𝑛.

From these discussions, we can arrive at

The LTI system Eq. (2.15) is observable ⇐⇒ det(W𝑂(𝑘)) ̸= 0 ⇐⇒ rank(M𝑂(𝑛)) = rank(A) = 𝑛,

which proves Theorem. 2.

From Theorem. 1 and Theorem. 2, we can obtain Eq. (2.13) for 𝑠, 𝑟 ≥ 𝑛.

2.2.4 Eigensystem realization algorithm (ERA)

Here, we introduce the eigensystem realization algorithm (ERA), which is a well de-

veloped system identification method for classical systems [80], and it is widely used

from structural engineering [28] to aerospace engineering [112]. In the context of

quantum system identification, Zhang and Savorar employed this method for Hamil-

tonian parameter estimation [161, 162], and a robust estimation was experimentally

demonstrated for a closed quantum system [69].

The central idea of ERA is to provide a new realization [Ãe,Ce,x0,e] from the

sampling points {𝑦(𝑗)}. In order to solve this problem, we consider the singular value
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decomposition (SVD) of Hankel matrix H𝑟,𝑠. The SVD of H𝑟,𝑠 yields

H𝑟,𝑠 = U

⎛⎝Σ O

O O

⎞⎠V𝑇 =
(︁
U1 U2

)︁⎛⎝Σ O

O O

⎞⎠⎛⎝V𝑇
1

V𝑇
2

⎞⎠ ,

where U and V are unitary matrices (i.e. UU𝑇 = U𝑇U = I and VV𝑇 = V𝑇V = I),

and Σ is the singular value matrix. Since 𝑛 = rank(H𝑟,𝑠), there are 𝑛 nonzero singular

values of H𝑟,𝑠 so that Σ is a 𝑛 × 𝑛 diagonal matrix containing the nonzero singular

values. Then, from Eq. (2.11), we can write

M𝑂(𝑟) = U1Σ
1/2

M𝐶(𝑠) = Σ1/2V𝑇
1 .

Next, let us consider the following shifted Hankel matrix H̄𝑟,𝑠:

H̄𝑟,𝑠 =

⎛⎜⎜⎜⎜⎜⎜⎝
𝑦(1) 𝑦(2) · · · 𝑦(𝑠)

𝑦(2) 𝑦(3) · · · 𝑦(𝑠+ 1)
...

... . . . ...

𝑦(𝑟) 𝑦(𝑟 + 1) · · · 𝑦(𝑟 + 𝑠− 1)

⎞⎟⎟⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
CAx0 CA2x0 · · · CA𝑠x0

CA2x0 CA3x0 · · · CA𝑠+1x0

...
... . . . ...

CA𝑟x0 CA𝑟+1x0 · · · CA𝑟+𝑠−1x0

⎞⎟⎟⎟⎟⎟⎟⎠ ,

(2.19)

which can be written as

H̄𝑟,𝑠 =

⎛⎜⎜⎜⎜⎜⎜⎝
C

CA
...

CA𝑟−1

⎞⎟⎟⎟⎟⎟⎟⎠A
(︁
x0 Ax0 · · · A𝑠−1x0

)︁
= M𝑂(𝑟)AM𝐶(𝑠),

which yields

A = M−1
𝑂 (𝑟)H̄𝑟,𝑠M

−1
𝐶 (𝑠) = Σ−1/2U𝑇

1 H̄𝑟,𝑠V1Σ
−1/2,
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so that

Ã =
1

Δ𝑡
ln[Σ−1/2U𝑇

1 H̄𝑟,𝑠V1Σ
−1/2].

As we can see, we can obtain a new realization deriving from our measurement

result as

Ã𝑒 =
1

Δ𝑡
ln[Σ−1/2U𝑇

1 H̄𝑟,𝑠V1Σ
−1/2]

C𝑒 = [M𝐶(𝑠)]first row = [Σ1/2V𝑇
1 ]first row

x0,𝑒 = [M𝑂(𝑟)]first column = [U1Σ
1/2]first column.

(2.20)

Then, we can obtain the corresponding transfer function as

Ξ𝑒(𝑠) = C𝑒(𝑠I− Ã𝑒)
−1x0,𝑒.

In principle, since the original irreducible transfer function Ξ(𝑠) and the transfer

function derived from the new realization Ξ𝑒(𝑠) describe same dynamics, we must

have

Ξ(𝑠) = Ξ𝑒(𝑠). (2.21)

Note that the coefficients of Laplace variable 𝑠 in Ξ(𝑠) are polynomials in 𝜃1, 𝜃2, · · · , 𝜃𝑀
because they are derived from the theoretical model, and the coefficients of Laplace

variable 𝑠 in Ξ𝑒(𝑠) are just numbers coming from the measurement results. Since

Eq. (2.21) holds for any 𝑠, we can obtain a system of polynomial equations:

𝑓1(𝜃1, 𝜃2, · · · , 𝜃𝑀) = 0

𝑓2(𝜃1, 𝜃2, · · · , 𝜃𝑀) = 0

...

𝑓𝑝(𝜃1, 𝜃2, · · · , 𝜃𝑀) = 0

(2.22)

and {𝜃1, 𝜃2, · · · , 𝜃𝑀} can be found by solving this system of polynomial equations.
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Example: Eigensystem realization algorithm for 3-qubit exchange Hamil-

tonian

Here, let us show the example for the eigensystem realization algorithm for 3-qubit

exchange Hamiltonian in Eq. (2.4). Through eigensystem realization algorithm, we

can find that the transfer function with new realization has the form

Ξ𝑒(𝑠) =
𝑠2 + 𝑎3𝑠+ 𝑏2

𝑠3 + 𝑎1𝑠2 + 𝑏1𝑠+ 𝑎2
,

where

𝑏1, 𝑏2 ≫ 𝑎1, 𝑎2, 𝑎3,

which is coming from the numeric error of the algorithm. From Eq. (2.14), we can

obtain the following system of polynomial equations

𝐽2
2 = 𝑏2

𝐽2
1 + 𝐽2

2 = 𝑏1,
(2.23)

where 𝑏1 ≥ 𝑏2 ≥ 0.

2.3 Hilbert space dimension identifiability

In this section, we will discuss the identifiability of Hilbert space dimension assisted

by single-probe measurements. The dimension of the Hilbert space (or system di-

mension) is indeed an important information for any quantum device. The per-

formance of quantum protocols, such as the computational complexity of quantum

algorithms [116] or quantum process tomography [150], is strictly dependent on the

dimension. In addition, in our recent work [138], we demonstrated that the dimension

also determines what experimental resources, such as the number of sampling points

and the total time evolution, are needed to characterize the rest of the Hamiltonian

parameters. These dimension-dependent quantities are important for practical appli-
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cations of quantum engineering. Therefore, dimension estimation is a significant task

in quantum system identification.

The estimation of the Hilbert space dimension was first addressed by Brunner [20]

as the concept of dimension witness, which is a test giving a bound on the Hilbert

space dimension which can reproduce the measurement data [20, 151, 149, 153, 48,

19, 60, 16, 136, 39, 65, 1, 27], in which measuring all correlations generated in the

system is essentially required, without any prior knowledge on the target system.

Here, we assume instead that the interaction model, which will be defined more

precisely in Def. 3, is given as prior information. Although graph structure and

coupling types are known in this scenario, the exact Hamiltonian is still unknown.

This is because we cannot measure all the correlations if the exact dimension of

the target system is unknown. Then, we employed an more practical scenario, in

which the target system cannot be directly addressed but interacting with a well-

characterized single quantum probe. By employing the concept of model order in

linear system realization theory in Sec. 2.2.3, we demonstrated that the Hilbert space

dimension can be exactly identified if all the spins in the target system are correlated

with the quantum probe [137].

2.3.1 Interaction model

Generally, an interacting many-body system can be represented by a graph 𝒢 =

(𝑉 (𝒢), 𝐸(𝒢)), where 𝑉 (𝒢) denotes the set of vertices representing particles and 𝐸(𝒢)

denotes the set of edges representing the connectivity between every pair of parti-

cles [31]. In the following, we define |𝑉 (𝒢)| as the number of vertices, and |𝐸(𝒢)|

as the number of edges in the graph 𝒢. Adding and deleting vertices and edges are

called primary operations on the graph 𝒢 [58]. Although edges generally describe

the interactions between two particles, here we keep the network topology separated

from the actual coupling strength, with the graph only encoding information on the

former. Therefore, we only consider an unweighted and undirected graph.

Without loss of generality, we focus on many-qubit system. The graph of the

many-qubit system can be characterized by taking the following rules on edges:
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Rule 1: The single- energy term can be described by a self-loop, which joins a single

vertex to itself.

Rule 2: The qubit-qubit interaction term can be described by a proper edge, which

joins two distinct vertices.

Taking into account these rules, an interacting qubit system can be described by the

adjacency matrix Adj(𝒢):

[Adj(𝒢)]𝑖𝑗 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1, a vertex 𝑣𝑖 has self-loop, i.e. 𝑖 = 𝑗.

1, vertices 𝑣𝑖 and 𝑣𝑗 are adjacent.

0, otherwise ,

which shows the graph structure of the system.

Let us consider a sequence of graphs {𝒢𝑘}𝑘≥1, in which the rule that each cor-

responding adjacency matrix satisfies is fixed. Since the construction of the ad-

jacency matrix depends on the elementary operations, fixing a rule means that a

sequence of graphs {𝒢𝑘}𝑘≥1 is constructed from a given initial graph 𝒢0 by repeat-

ing a succession of fixed elementary operations. In graph theory, {𝒢𝑘}𝑘≥0 is called

recursively constructible family of graphs [117]. For example, consider the one-dimensional

Ising model without transverse fields, i.e. no self-loops: 𝐻 =
∑︀𝑁−1

𝑘=1
𝐽𝑘
2
𝑍𝑘𝑍𝑘+1, where

𝑍𝑘 is the 𝑧-component of Pauli’s matrices acting on 𝑘-th spin. The fixed elementary

operation, here, is to add one vertex and proper edge from the right side which joins

neighboring vertices. If we label each spin by 1, 2, 3, · · · from the left side, the initial

graph 𝒢0 is the first spin, and the corresponding adjacency matrices for the sequence

of graphs {𝒢1,𝒢2,𝒢3, · · · } satisfy:

[Adj({𝒢𝑘≥1})]𝑖,𝑗 =

⎧⎪⎨⎪⎩1, when 𝑖 = 𝑗 ± 1

0, otherwise.

With the conditions that the graphs must be connected, undirected and unweighted,

an interaction model can be defined as the following [137]:
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Definition 3 (Interaction model). An interaction model ℳ is defined by a coupling

type and a recursively constructible family of connected graphs {𝒢𝑘}𝑘≥0, which are

undirected and unweighted.

Note that elementary operations can be defined in any spatial dimensions; there-

fore this definition is valid generally even for higher spatial dimensions.

2.3.2 Noiseless dimension estimation

General theory

Let us consider an interacting 𝑁 -qubit Hamiltonian described by Eq. (2.1) and de-

note its Hilbert space as ℋ. Given a closed quantum system, the minimality of the

corresponding classical LTI system is based on the choice of the basis. Let this 𝑁 -

qubit be represented by using an orthonormal operator basis 𝐵 = {𝑖𝑂𝑖}𝑗𝑖=1 ⊂ su(2𝑁),

for which the corresponding classical LTI system is both controllable and observable,

namely |𝐺| = 𝑛. Here 𝑂𝑖 are tensor products of Pauli matrices and identity matrix.

Let us choose the observable set

𝐺0 = {Π𝑙| 𝑖Π𝑙 ∈ 𝐵, [Π𝑙, 𝐻] ̸= 0, 𝑙 = 1, 2, · · · , 𝐿}.

Here, we restrict {Π𝑙}𝐿𝑙=1 to be observables on the quantum probe. Given a fixed

basis, the three quantities 𝐺0, ℳ, and the initial state of the joint system 𝜌0 uniquely

determine the dynamics of the system and thus the accessible set, we introduce the

following space, which we call system space,

𝒮 = [𝐺0,ℳ, 𝜌0].

Then, we can obtain the following theorem [137]:

Theorem 3. Given a system space 𝒮 = [𝐺0,ℳ, 𝜌0] expressed in a basis yielding

a minimal realization of the equivalent classical LTI system, and whose quantum

dynamics generates correlation between the observed quantum probe and the rest of
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the qubits, the dimension of the Hilbert space ℋ is given by:

dim(ℋ) = 2𝑓𝒮(𝑛),

where 𝑛 is the model order of the system and 𝑓𝒮 is a strictly increasing function

uniquely determined by the system space 𝒮.

Proof. For a given graph 𝒢, through the iterative procedure Eq. (2.3), we can obtain

the corresponding accessible set 𝐺(𝒢), which emphasizes the fact that the accessible

set is dependent on the structure of the graph 𝒢. Note that given a basis 𝐵, 𝐺(𝒢) will

be uniquely determined with fixed observable set 𝐺0 and operator set of Hamiltonian

Γ; therefore, |𝐺(𝒢)| is also uniquely determined. Therefore, given an interaction

model ℳ, if the dynamics correlates all the qubits with the quantum probe, an

increase in graph size 𝒢𝑘 will lead to an increase in |𝐺(𝒢)|. Then, for a fixed basis

𝐵 and observable set 𝐺0, a succession of elementary operations on graph 𝒢 can

generate a recursively constructible family of graphs {𝒢𝑘}𝑘≥0. Therefore, the increase

in the vertices |𝑉 (𝒢𝑘)| leads to an increase in {|𝐺(𝒢)|}𝑘≥0 so that |𝐺(𝒢)| is a strictly

increasing function of the number of qubits 𝑁 in the system:

𝑑

𝑑𝑁
|𝐺(𝒢)| > 0.

Since the system space 𝒮 = [𝐺0,ℳ, 𝜌0] yields the minimal state-space representation,

we have |𝐺| = 𝑛, where 𝑛 is the model order so that

𝑑

𝑑𝑁
𝑛 > 0.

Therefor, there exists a strictly increasing function 𝑓𝒮 : 𝑛 → 𝑁 such that

𝑁 = 𝑓𝒮(𝑛).

51



Since the dimension of 𝑁 -body qubit system is given as

dim(ℋ) = 2𝑁 ,

so that we can obtain dim(ℋ) = 2𝑓𝒮(𝑛).

This can be simply illustrated in Fig. 2-1. Suppose that we want to estimate

⋮

dim(ℋ') = 2+ = 2,(-.)𝑛'

𝑛+

𝑛0

Model order

⋮⋮

Dimension

Experiment Theory Result

𝑛 = 𝑛', 𝑛+, 𝑛0 ⋯

𝑁 = 2, 3, 4,⋯	

𝑓 𝑓8' dim(ℋ+) = 20 = 2,(-9)

dim(ℋ0) = 2: = 2,(-;)

Figure 2-1: Dimension estimation conceptual scheme. We first derive the function 𝑓𝒮
such that 𝑁 = 𝑓𝒮(𝑛). Through the measurement, we can determine the model order
𝑛, yielding the system dimension as dim(ℋ) = 2𝑁 = 2𝑓𝒮(𝑛).

the dimension by measuring only the first spin (quantum probe). We first have to

obtain the relation 𝑁 = 𝑓𝒮(𝑛), and find the model order 𝑛 to obtain the dimension

dim(ℋ) = 2𝑓𝒮(𝑛).

Algorithm for noiseless dimension estimation

Since the model order 𝑛 is always equivalent to the rank of the Hankel matrix H𝑟,𝑠,

defined in Sec. 2.2.3

𝑛 = rank(H𝑟,𝑠),

we can estimate the dimension of the Hilbert space dim(ℋ) via the following proce-

dure:

Step 1: From the prior information about the interaction model ℳ and selecting a
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basis 𝐵 that gives a minimal realization, we theoretically obtain a recurrence relation

between the model order 𝑛 and the quantum system dimension, yielding the function

𝑓𝒮(𝑛).

Step 2: We repeatedly prepare the initial state of the probe so that x(0) ̸= 0, and

measure the probe at equally spaced sampling points, obtaining the outcomes 𝑦(𝑗) =

𝑦(𝑗Δ𝑡). (see Sec. 2.3.3 for details on how to choose the sampling time Δ𝑡 from the

sampling theorem [135]).

Step 3: We construct a sequence of square Hankel matrix {H2,2,H3,3, · · · ,H𝑘,𝑘, · · · },

and calculate their determinant. In the absence of noise, the dimension of the total

system is given by the minimum 𝑛 such that the Hankel matrix determinant is zero:

min
𝑛

det(H𝑛+1,𝑛+1) = 0.

In the presence of noise, we can simply construct a large enough Hankel matrix and

determine the corresponding 𝑛 by finding a singular value 𝜆𝑛 such that 𝜆𝑛 ≫ 𝜆𝑛+1.

(For details, see Sec. 2.3.3).

Examples of Noiseless Dimension Estimation

Let us consider an interacting qubit chain system with nearest-neighbor couplings.

Let us denote ℋ the Hilbert space of the total system and dim(ℋ) the dimension of

the Hilbert space, including the quantum probe. For 𝑁 qubit system, we have

dim(ℋ) = 2𝑁 .

The initial state of the quantum probe is the eigenstate of the observable to be

measured so that x0 ̸= 0. Reflecting a practical scenario, where the rest of spins

are inaccessible and cannot be initialized, we assume that the rest of spins are in

the maximally mixed state (1/2)⊗(𝑁−1), where 1 is the 2 × 2 identity matrix. This

scenario is particularly pertinent when a system at room temperature is considered: a
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paradigmatic example is the nitrogen-vacancy spin, which can be used as a quantum

probe to determine the Hamiltonian of other electronic and nuclear spins at room-

temperature NMR system [143, 2].

Let us consider the nearest-neighbor coupling with transverse fields:

𝐻 =
𝑁∑︁
𝑘=1

Ω𝑘

2
𝑆𝛾
𝑘 +

𝑁−1∑︁
𝑘=1

(︁𝐴𝑘

2
𝑆𝛼
𝑘 𝑆

𝛼
𝑘+1 +

𝐵𝑘

2
𝑆𝛽
𝑘𝑆

𝛽
𝑘+1 +

𝐶𝑘

2
𝑆𝛾
𝑘𝑆

𝛾
𝑘+1

)︁
,

where {𝑖𝑆𝛼
𝑘 , 𝑖𝑆

𝛽
𝑘 , 𝑖𝑆

𝛾
𝑘} ∈ su(2) are the general spin-1/2 operators acting on 𝑘-th qubit.

Suppose that our quantum probe is the first spin, and

[𝑆𝛼
𝑘 , 𝑆

𝛽
𝑙 ] = 2𝑖𝛿𝑘𝑙𝜖𝛼𝛽𝛾𝑆

𝛾
𝑘 , (2.24)

where 𝜖𝛼𝛽𝛾 is the Levi-Civita symbol defined as

𝜖𝛼𝛽𝛾 =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
+1 (𝛼, 𝛽, 𝛾) = (𝑥, 𝑦, 𝑧), (𝑦, 𝑧, 𝑥) or (𝑧, 𝑥, 𝑦)

−1 (𝛼, 𝛽, 𝛾) = (𝑧, 𝑦, 𝑧), (𝑥, 𝑧, 𝑦) or (𝑦, 𝑥, 𝑧)

0 𝛼 = 𝛽, or 𝛽 = 𝛾, or 𝛾 = 𝛼.

Here, as an example, we will show the detailed steps to obtain dim(ℋ) by consid-

ering the following case [137]: 𝐴𝑘 ̸= 0, 𝐵𝑘 = 𝐶𝑘 = 0 and (𝑆𝛼
𝑘 , 𝑆

𝛽
𝑘 , 𝑆

𝛾
𝑘 ) = (𝑋𝑘, 𝑌𝑘, 𝑍𝑘),

where 𝑋𝑘, 𝑌𝑘, 𝑍𝑘 are the Pauli’s matrices satisfying

[𝑋𝑘, 𝑌𝑘] = 2𝑖𝑍𝑘, [𝑌𝑘, 𝑍𝑘] = 2𝑖𝑋𝑘, [𝑍𝑘, 𝑋𝑘] = 2𝑖𝑌𝑘.

Therefore, let us consider the following Hamiltonian

𝐻 =
𝑁∑︁
𝑘=1

Ω𝑘

2
𝑍𝑘 +

𝑁−1∑︁
𝑘=1

𝐴𝑘

2
𝑋𝑘𝑋𝑘+1.
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The operator set for this model is

Γ = {𝑍1, 𝑍2, · · · , 𝑍𝑀 , 𝑋1𝑋2, 𝑋2𝑋3, · · · , 𝑋𝑀−1𝑋𝑀}.

Let us choose the observable set as

𝐺0 = {𝑋1}.

The interaction model is described by the sequence of graphs satisfying the following

adjacency matrices

[Adj({𝒢𝑘≥1})]𝑖,𝑗 =

⎧⎪⎨⎪⎩1 when 𝑖 = 𝑗 ± 1 and 𝑖 = 𝑗

0, otherwise
.

with the coupling type of nearest-neighboring Ising coupling with single-qubit ener-

gies. In order to make sure that ⟨𝑋1(0)⟩ ̸= 0, we can choose the following initial

state

𝜌0 =
1 +𝑋1

2
⊗

(︁1
2

)︁⊗(𝑁−1)

=
1

2

⎛⎝1 1

1 1

⎞⎠⊗ 1

2𝑁−1

⎛⎝1 0

0 1

⎞⎠⊗(𝑛−1)

. (2.25)

For any finite dimensions of the Hilbert space, we can perform the iterative procedure

in Eq. (2.3). Then, we obtain

𝐺1 = 𝐺0 ∪ [[𝐺0, Γ]] = {𝑋1, 𝑌1}.

Since 𝑌1 does not commute with the Hamiltonian, the commutator [𝑌1, 𝐻] yield fur-

ther contributions under the operation

[[𝑌1, Γ]] = {𝑋1, 𝑍1𝑋2}.
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Thus, we obtain

𝐺2 = {𝑋1, 𝑌1, 𝑍1𝑋2}.

In a similar way, we also have

𝐺3 = 𝐺2 ∪ [[𝐺2, Γ]] = {𝑋1, 𝑌1, 𝑍1𝑋2, 𝑍1𝑌2}.

Then, we can finally obtain the following accessible set for 𝑁 qubit 𝐺(𝑁)

𝐺(𝑁) = {𝑋1, 𝑌1, 𝑍1𝑋2, 𝑍1𝑌2, ..., 𝑍1 · · ·𝑍𝑁−1𝑋𝑁 , 𝑍1 · · ·𝑍𝑁−1𝑌𝑁} (2.26)

as it can be proved by induction:

1. 𝑁 = 2: By the iterative procedure in Eq. (2.3), the accessible set can be

explicitly found to be:

𝐺(2) = {𝑋1, 𝑌1, 𝑍1𝑋2, 𝑍1𝑌2},

which satisfies Eq. (2.3.2).

2. 𝑁 = 𝑤 + 1 (∀𝑤 ∈ N): Let us assume that for 𝑤 qubits we obtained

𝐺(𝑤) = {𝑋1, 𝑌1, 𝑍1𝑋2, 𝑍1𝑌2, ..., 𝑍1 · · ·𝑍𝑤−1𝑋𝑤, 𝑍1 · · ·𝑍𝑤−1𝑌𝑤}.

Then, for 𝑁 = 𝑤 + 1, the Hamiltonian operator set is:

Γ(𝑤+1) = Γ(𝑤) ∪ {𝑍𝑤+1, 𝑋𝑤𝑋𝑤+1}

and by the iterative procedure in Eq. (2.3) we obtain:

𝐺(𝑤+1) = 𝐺(𝑤) ∪ {𝑍1 · · ·𝑍𝑤𝑋𝑤+1, 𝑍 · · ·𝑍𝑤𝑌𝑤+1},
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which yields:

𝐺(𝑤+1) = {𝑋1, 𝑌1, 𝑍1𝑋2, 𝑍1𝑌2, ..., 𝑍1 · · ·𝑍𝑤−1𝑋𝑤, 𝑍1 · · ·𝑍𝑤−1𝑌𝑤, 𝑍1 · · ·𝑍𝑤𝑋𝑤+1, 𝑍1 · · ·𝑍𝑤𝑌𝑤+1}.

This demonstrates that Eq. (2.3.2) also holds for 𝑁 = 𝑤 + 1. Therefore, we can

conclude that for the Ising model with transverse field, Eq. (2.3.2) holds, yielding

|𝐺(𝑁)| = 2𝑁.

By constructing a state-space representation, the system matrix Ã becomes a

2𝑁 × 2𝑁 skew-symmetric matrix with the only nonzero elements Ã2𝑘,2𝑘−1 = Ω𝑘

and Ã2𝑘+1,2𝑘 = 𝐽𝑘. Since we want to measure 𝐺0 = {𝑆𝑥
1}, the output matrix is

C =
(︁
1 0 · · · 0

)︁
. Given the initial state, the initial coherent vector is x(0) =

(1, 0, · · · , 0)𝑇 , and (Ã,C,x(0)) generates an irreducible transfer function 𝑇 (𝑠) =

C(𝑠I − Ã)−1x(0) = 𝑃 (𝑠)/𝑄(𝑠), where deg(𝑄(𝑠)) = 2𝑁 . Recall that the model

order is the number of poles of the irreducible transfer function; therefore, given

an irreducible transfer function 𝑇 (𝑠) = 𝑃 (𝑠)/𝑄(𝑠), we have always 𝑛 = deg(𝑄(𝑠)).

When the system is minimal, we also have deg(𝑄(𝑠)) = |𝐺|. In this way, we can check

observability and controllability of the system by finding the degree of the transfer

function’s characteristic polynomial. For the Ising model with transverse field, since

|𝐺| = deg(𝑄(𝑠)) = 2𝑁 , the system is minimal, and the model order is 𝑛 = 2𝑁 .

Therefore, the dimension of the Hilbert space is given by

dim(ℋ) = 2𝑁 = 2𝑛/2.

In the same way, we can obtain the following results.

Nearest-neighbor couplings with transverse field

We will summarize the results for nearest-neighbor couplings with transverse field [137]:

𝐻 =
𝑁∑︁
𝑘=1

Ω𝑘

2
𝑆𝛾
𝑘 +

𝑁−1∑︁
𝑘=1

(︁𝐴𝑘

2
𝑆𝛼
𝑘 𝑆

𝛼
𝑘+1 +

𝐵𝑘

2
𝑆𝛽
𝑘𝑆

𝛽
𝑘+1 +

𝐶𝑘

2
𝑆𝛾
𝑘𝑆

𝛾
𝑘+1

)︁
, Ω𝑘 ̸= 0.
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1. Ising model:

As we have seen above, when (𝐴𝑘 ̸= 0, 𝐵𝑘 = 𝐶𝑘 = 0), by choosing 𝐺0 = {𝑆𝛼
1 }

or 𝐺0 = {𝑆𝛽
1 }, the systems are minimal and we can obtain 𝑛 = 2𝑁 so that

dim(ℋ) = 2𝑁 = 2𝑛/2. (2.27)

2. Exchange model:

When (𝐴𝑘 ̸= 0, 𝐵𝑘 ̸= 0, 𝐶𝑘 = 0), by choosing 𝐺0 = {𝑆𝛼
1 } or 𝐺0 = {𝑆𝛽

1 }, the

systems are minimal and we can obtain 𝑛 = 2𝑁 so that

dim(ℋ) = 2𝑁 = 2𝑛/2.

3. Heisenberg’s model:

When (𝐴𝑘 ̸= 0, 𝐵𝑘 ̸= 0, 𝐶𝑘 ̸= 0), by choosing 𝐺0 = {𝑆𝛼
1 } or 𝐺0 = {𝑆𝛽

1 }, the

systems are minimal and we can obtain 𝑛 = 𝑛2𝑁−1 so that

dim(ℋ) = 2𝑁 =
√
2𝑛.

Nearest-neighbor couplings without transverse field

We will summarize the results for nearest-neighbor couplings without transverse

field [137]:

𝐻 =
𝑁−1∑︁
𝑘=1

(︁𝐴𝑘

2
𝑆𝛼
𝑘 𝑆

𝛼
𝑘+1 +

𝐵𝑘

2
𝑆𝛽
𝑘𝑆

𝛽
𝑘+1 +

𝐶𝑘

2
𝑆𝛾
𝑘𝑆

𝛾
𝑘+1

)︁
.

1. Ising model:

When (𝐴𝑘 ≠= 0, 𝐵𝑘 = 𝐶𝑘 = 0), we can obtain 𝑛 = 2. In this case, the iteration

procedure Eq. (2.3) saturates very quickly, and accessible set only contains the

correlation operator of the quantum probe and the spin next to the probe.

This is an example of the case that only some spins become correlated with

quantum probe so that Theorem. 5 does not hold. In this case, we need to
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apply transverse field to generate global correlations between the system and

quantum probe so that the dimension of the Hilbert space can be obtain as

Eq. (2.27).

2. Exchange model:

When (𝐴𝑘 ̸= 0, 𝐵𝑘 ̸= 0, 𝐶𝑘 = 0), by choosing 𝐺0 = {𝑆𝛼
1 } or 𝐺0 = {𝑆𝛽

1 }, the

systems are minimal and we can obtain 𝑛 = 𝑁 so that

dim(ℋ) = 2𝑁 = 2𝑛. (2.28)

3. Heisenberg’s model:

When (𝐴𝑘 ̸= 0, 𝐵𝑘 ̸= 0, 𝐶𝑘 ̸= 0), we can choose either 𝐺0 = {𝑆𝛼
1 }, {𝑆

𝛽
1 } or

{𝑆𝛾
1} for our observable to measure. For this choice, the system is minimal. By

induction, we can obtain the following relation:

𝑛 =

⎧⎪⎨⎪⎩4𝑁−1 − 1 (𝑁 : odd)

4𝑁−1 (𝑁 : even)
.

Therefore, the dimension of the total system for each case is given by:

dim(ℋ) =

⎧⎪⎨⎪⎩2
√
𝑛+ 1 (𝑁 : odd)

2
√
𝑛 (𝑁 : even)

. (2.29)

Example of dimension estimation without controllability or observability

Here, we show an example to show that 𝑑𝑛
𝑑𝑁

> 0 cannot ensure that the system is

minimal [137]. This can be understood as the following. Although the operators

describing full correlations between the rest of qubits and the quantum probe can

be generated, the choice of the initial state and measurement observables can also

change the controllability and observability of the system. A good example is the
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following Hamiltonian:

𝐻 =
𝑁−1∑︁
𝑘=1

(︁𝐽𝑘
2
𝑆𝑧
𝑘𝑆

𝑧
𝑘+1 +

𝐿𝑘

2
𝑆𝑧
𝑘𝑆

𝑥
𝑘+1

)︁
.

Let us choose the observable set 𝐺0 = {𝑋1} or 𝐺0 = {𝑌1}, which actually yield same

model order. Here, let us take 𝐺0 = {𝑋1}. From the iterative procedure in Eq. (2.3),

we can obtain:

𝐺(𝑁) = {𝑋1, 𝑌1𝑍2, 𝑌1𝑋2, ..., 𝑌1 · · ·𝑌𝑁−1𝑍𝑁 , 𝑌1 · · ·𝑌𝑁−1𝑋𝑁},

which actually contains all the generated operators describing the correlations of all

qubits with a single quantum probe. Here, we can find

|𝐺(𝑁)| = 2𝑁 − 1.

By constructing a state-space representation, Ã becomes a (2𝑁−1)× (2𝑁−1) skew-

symmetric matrix with the only nonzero elements Ã2𝑘,2𝑘−1 = 𝐽𝑘 and Ã2𝑘+1,2𝑘−1 = 𝐿𝑘.

In order to make sure x0 ̸= 0, we can take the initial state in Eq. (2.25). Then, we

can find that the irreducible transfer function 𝑇 (𝑠) = 𝑃 (𝑠)/𝑄(𝑠) has the property of

deg(𝑄(𝑠)) = 2𝑁 − 2, which means that the model order is

𝑛 = |𝐺(𝑁)| − 1 = 2𝑁 − 2,

and

𝑑𝑛

𝑑𝑁
> 0

so that 𝑛 is an increasing function of 𝑁 . In this case, the system dimension becomes:

dim(ℋ) = 2
𝑁+1

2 .
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However, we have 𝑛 ̸= |𝐺|. This means that the system is not minimal. This shows

that there exist systems either not controllable or observable, even if we can directly

generate the operators describing the correlation between all the qubits and a single

quantum probe. In this particular case, since

rank(𝑀𝑂(𝑟)) = rank(𝑀𝐶(𝑠)) = |𝐺(𝑁)| − 1 < |𝐺(𝑁)|,

the system is both not controllable and not observable. This means that there is an

extra operator generated, which is not needed to be counted in order to describe the

dynamics of the system, and the system can be reduced to the one with the effective

size. Therefore, controllability and observability strictly depends on the choice of the

observable set 𝐺0 and the initial state 𝜌0.

2.3.3 Noisy dimension estimation

In practical scenarios, we have to take into account the effect of noise on the detector.

The measurement outcomes at each sampling time can be written as 𝑦(𝑗)+𝜁(𝑗), where

𝑧(𝑗) is the noise, which usually leads the experimental Hankel matrix, of dimension

𝑟 × 𝑟, to have full rank, i.e rank(H𝑟,𝑟) = 𝑟. Therefore, extracting the model order 𝑛

seems to be impossible in the noisy case. However, this can be resolved by looking

at the singular values of the noisy Hankel matrix, at least for weak enough noise, to

find the “true" rank of the ideal Hankel matrix [137].

Let H𝑟,𝑟 be the 𝑟 × 𝑟 Hankel matrix obtained from noisy experimental data. Let

the true model order be 𝑛 < 𝑟. If the noise is weak, the experimental Hankel matrix is

close enough to the ideal one, so that we can expect that its singular values {𝜆𝑘}𝑟𝑘=1

in decreasing order would be 𝜆1 ≥ 𝜆2 ≥ · · ·𝜆𝑛 ≫ 𝜆𝑛+1 ≥ · · ·𝜆𝑟 > 0. Although

{𝜆𝑙}𝑟𝑙=𝑛+1 are non-zero due to the noise, they should still be small because the noise

is comparatively small. Then, by constructing a sequence of singular value ratios,

{𝜆𝑘/𝜆𝑘+1}𝑟−1
𝑘=1, we can expect to be able to determine the most probable model order

𝑛 by finding a sharp peak at 𝜆𝑛/𝜆𝑛+1.

We investigated the robustness of this method by simulating the exchange model
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without transverse field:

𝐻 =
𝑁−1∑︁
𝑘=1

(𝑋𝑘𝑋𝑘+1 + 𝑌𝑘𝑌𝑘+1) (2.30)

for 𝑁 = 4, 5, 6 qubits. As we have seen in Sec. 2.3.2, the model order for this

Hamiltonian is

𝑛 = 𝑁.

Here, we consider the case of estimating the model order by measuring only 𝑋1. From

the sampling theorem [135], the sampling time Δ𝑡 can be chose as Δ𝑡 = 𝜋/𝜔max, where

𝜔max is the largest eigenvalue of the Hamiltonian. Here, note that in principle, 𝜔max

is unknown, but an upper bound can be determined by assuming a maximum system

dimension, a maximum parameter strength and all the coupling strengths to take this

maximum value [137].

An added noise 𝜁(𝑗) is characterized by a normal distribution with variance 10−7−

10−4, which corresponds to 35−20 [dB].We plot the median of the ratios between the

singular values {𝜆𝑘/𝜆𝑘+1}15𝑘=1 over 500 random Hamiltonian realizations as a function

of the possible model order 𝑘. We choose the sampling time Δ𝑡 by assuming that

the number of qubits 𝑁 could be at most 10 and all the coupling strengths take the

possible maximum number 100 (this assumptions set 𝜔max). For each Hamiltonian,

we construct 100 × 100 Hankel matrices H100,100 and estimate {𝜆𝑘/𝜆𝑘+1} 100 times

to evaluate the average. Then, we determine the true model order 𝑛 by finding the

largest sharp peak at 𝜆𝑛/𝜆𝑛+1. The results of these simulations are shown in Figs. 2-

2-2-4 [137].

From these results, we can conclude that when the Signal-to-Noise Ratio (SNR)

is large enough, the largest sharp peak tends to occur at the true model order. Fur-

thermore, the weaker the noise is, the sharper the peak is at the true model order.

However, when 𝑁 increases, the peak becomes less sharp, which means that the di-

mension estimation of the Hilbert space requires very large SNR. From Figs. 2-2- 2-4,
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Figure 2-2: 𝑁 = 4: Actual model order is 𝑛 = 4. Solid line with circles: 𝜎2 = 10−7;
dashed line with circles: variance 𝜎2 = 10−6; dotted line: variance 𝜎2 = 10−5; dashed-
dotted line: variance 𝜎2 = 10−4. The error bars are the median of the standard
deviation of the singular value ratio over 500 random Hamiltonian realizations. The
final sharp peak occurs at 𝑘 = 4, and from 𝑘 = 5 the ratios are almost the same. The
final peak becomes sharper as the variance of the noise becomes smaller.
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Figure 2-3: 𝑁 = 5: Actual model order is 𝑛 = 5. Simulation details are the same
as in Fig. 2-2. The final sharp peak occurs at 𝑘 = 5, and from 𝑘 = 6 the ratios are
almost same. The final peak becomes sharper as the variance of the noise becomes
smaller.
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Figure 2-4: 𝑁 = 6: Actual model order is 𝑛 = 6. Simulation details are the same as
in Fig. 2-2. We can see that when SNR ≥ 25dB the final peak occurs at 𝑘 = 6, and
we can see the flatting part from 𝑘 = 7. The final peak becomes much sharper as the
variance of the noise becomes smaller.

it can be expected that from 𝑁 = 7, at least SNR ≥ 35dB is required, which is

demanding to realize in the current laboratory conditions. Therefore, we conclude

that this method can be useful only for a few-body interacting qubit system. Further-

more, this method is model-sensitive, which means that the the function 𝑓𝒮 : 𝑛 → 𝑁

is strictly sensitive to the interaction model ℳ. Therefore, it is needed to use mod-

ified function for the suspected model to find the dimension. For instance, if we

allow noise on the exchange model in Eq. (2.30), e.g. 𝐶𝑘 ≪ 1, we can no longer use

Eq. (2.28) but we need to use Eq. (2.29).

2.4 Hamiltonian parameter identifiability

In this section, we will discuss the identifiability of Hamiltonian parameter [138] by

employing the eigensystem realization algorithm approach to Hamiltonian parameter

estimation [161, 162] in Sec. 2.2 and the Gröbner basis [36, 37, 21, 47, 12].

The concept of identifiability has been studied in several different contexts [24, 25,
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59]. Guțǎ and Yamamoto [59] employed a transfer function approach to systematically

study system identifiability of the linear quantum systems with continuous variables.

Their result applies to continuous-variable quantum systems in infinite-dimensional

Hilbert space, such as a quantum optomechanical system [75, 157] or atomic ensembles

confined in an optical cavity [88]. However, here we are interested in interacting many-

qubit systems that can be described by discrete, finite-dimensional Hilbert spaces.

Given the fact that the algebraic structure of the spin operators is different, we

reformulate the conditions for identifiability of many-qubit Hamiltonians.

We also derive the lower bound in number of sampling points, and upper bound in

total evolution time required to identify all the parameters. Focusing on the Hamilto-

nians of qubit-chain model with nearest-neighbor interaction, we classify the Hamil-

tonians based on their identifiability determined by Gröbner basis, and explain the

propagation of the global correlations between the system and quantum probe is the

necessary condition for the Hamiltonian of the total system to be identified, and pro-

pose a control protocol to engineer the non-identifiable Hamiltonian into identifiable

Hamiltonian with periodic driving fields on time average.

2.4.1 Basic theory of Gröbner basis

Recall that by employing eigensystem realization algorithm, we can obtain two trans-

fer functions: one is from theoretical model with coefficients of the Laplace variable 𝑠

being the polynomials of the parameters and the other one is from our experimental

data with coefficients of the Laplace variable 𝑠 being just the numbers so that we can

obtain Eq. (2.21) and thus the system of polynomial equations Eq. (2.22). Therefore,

the identifiability of the Hamiltonian parameters can be interpreted as the solvability

of the system of polynomial equations.

Gröbner basis is an essential concept in the commutative algebra, algebraic geom-

etry, and computational algebra [36, 37, 21, 47, 12], and it is employed to solve the

system of polynomial equations. Here, we use Gröbner basis techniques to explore

what Hamiltonain models can be identified when restricting our access to a single

quantum probe. Before discussing the application of Gröbner basis for Hamiltonian
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identification, we summarize important mathematical concepts of Gröbner basis by

following [36, 37, 21, 47, 12].

Gröbner basis is first introduced by Buchberger in [21], which is a systematic

method to solve a system of multivariate polynomial equations and determining its

solvability over the complex field C.

Monomial, polynomial, and monomial ordering

In order to discuss Gröbner basis, we need to review the concept of monomial, polyno-

mial and monomial ordering. Let Z≥0 be the set of all nonnegative integers. A mono-

mial in 𝜃1, · · · , 𝜃𝑀 is the product 𝜃𝛼1
1 · · · 𝜃𝛼𝑀

𝑀 , where 𝛼1, · · · , 𝛼𝑀 ∈ Z≥0. For simplicity,

let us introduce the vectors 𝜃 = (𝜃1, · · · , 𝜃𝑀) ∈ 𝑘𝑀 and 𝛼 = (𝛼1, · · · , 𝛼𝑀) ∈ Z𝑀
≥0.

Then, we write monomials as 𝑧𝛼 ≡ 𝜃𝛼1
1 · · · 𝜃𝛼𝑀

𝑀 and the monomial degree is

|𝛼| =
𝑀∑︁
𝑘=1

𝛼𝑘. (2.31)

A polynomial 𝑓 ∈ 𝑘[𝜃1, · · · , 𝜃𝑀 ] is a finite linear combination of the monomials with

coefficients in a field 𝑘:

𝑓 =
∑︁
𝛼

𝑐𝛼𝜃
𝛼, 𝑐𝛼 ∈ 𝑘. (2.32)

Monomial ordering is an important ingredient in all algorithms developed in com-

mutative algebra. Let us introduce the so-called Lexicographic order (lex). Suppose

that we have 𝛼 = (𝛼1, · · · , 𝛼𝑀) ∈ Z𝑀
≥0 and 𝛽 = (𝛽1, · · · , 𝛽𝑀) ∈ Z𝑀

≥0. If the leftmost

nonzero entry of 𝛼 − 𝛽 ∈ Z𝑀 is positive, we write 𝛼 ≻𝑙𝑒𝑥 𝛽 or 𝑧𝛼 ≻𝑙𝑒𝑥 𝑧𝛽. For each

variable 𝜃1, · · · , 𝜃𝑀 , the variables are ordered in the following way according to the

lex ordering: 𝜃1 ≻𝑙𝑒𝑥 𝑧2 ≻𝑙𝑒𝑥 · · · ≻𝑙𝑒𝑥 𝜃𝑀 . By fixing the monomial ordering ≻, we can

define the following terms:

1. The multidegree of a polynomial 𝑓 is : multideg(𝑓) = max(𝛼 ∈ Z𝑀
≥0|𝑐𝛼 ̸=0)

with respect to ≻.

2. The leading coefficient of a polynomial 𝑓 is: LC(𝑓) = 𝑐multideg(𝑓) ∈ 𝑘.
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3. The leading monomial of 𝑓 is LM(𝑓) = 𝑥multideg(𝑓).

4. The leading term is LT(𝑓) = LC(𝑓) · LM(𝑓).

Ideals and affine variety

Let 𝑘[𝜃1, · · · , 𝜃𝑀 ] be a commutative ring. A subset 𝐼 ⊆ 𝑘[𝜃1, · · · , 𝜃𝑀 ] is called an

ideal if it satisfies the following conditions:

1. 0 ∈ 𝐼.

2. If 𝑓, 𝑔 ∈ 𝐼, then 𝑓 + 𝑔 ∈ 𝐼.

3. If 𝑓 ∈ 𝐼 and ℎ ∈ 𝑘, then ℎ𝑓 ∈ 𝐼.

We are in particular interested in polynomial ideals. We denote the set of all poly-

nomials in 𝜃1, · · · , 𝜃𝑀 with coefficients on a field 𝑘 by 𝑘[𝜃1, · · · , 𝜃𝑀 ]. Then, a subset

ℐ = ⟨𝑓1, · · · , 𝑓𝑝⟩ ⊆ 𝑘[𝜃1, . . . , 𝜃𝑀 ] such that:

ℐ = ⟨𝑓1, · · · , 𝑓𝑝⟩ =
{︁ 𝑝∑︁

𝑘=1

ℎ𝑘𝑓𝑘

⃒⃒⃒
ℎ1, · · · , ℎ𝑝 ∈ 𝑘[𝜃1, · · · , 𝜃𝑀 ]

}︁
(2.33)

is an ideal of 𝑘[𝜃1, · · · , 𝜃𝑀 ]. We call ℐ a polynomial ideal generated by 𝑓1, · · · , 𝑓𝑝, and

𝑓1, · · · , 𝑓𝑝 are called the bases of the polynomial ideal ℐ.

The radical of ℐ is defined by:

√
ℐ = {𝑓 ∈ 𝑘[𝜃1, · · · , 𝜃𝑀 ]|𝑓 𝑟 ∈ ℐ for some integer 𝑟 ≥ 1}, (2.34)

and we always have ℐ ⊆
√
ℐ. Particularly, when ℐ =

√
ℐ, ℐ is called a radical ideal.

Let V(𝑓1, · · · , 𝑓𝑝) be the set of solutions of a system of polynomial equations, i.e.

V(𝑓1, ..., 𝑓𝑝)={(𝑎1, ..., 𝑎𝑛)∈𝑘𝑛 | 𝑓𝑙(𝑎1, ..., 𝑎𝑛)=0, 𝑙 = 1, 2, · · · , 𝑝}. (2.35)

V(𝑓1, · · · , 𝑓𝑝) is called the affine variety defined by 𝑓1, · · · , 𝑓𝑝. If {𝑓1, · · · , 𝑓𝑝} and

{𝑔1, · · · , 𝑔𝑡} generate same polynomial ideal ℐ, then V(𝑓1, · · · , 𝑓𝑝) = V(𝑔1, · · · , 𝑔𝑡).
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Any polynomial ideal ℐ always satisfies:

V(
√
ℐ) = V(ℐ), (2.36)

and, particularly, if 𝑘 is an algebraically closed field C, the affine variety and the

radical ideal are in one-to-one correspondence.

Definition of Gröbner basis

For a polynomial ideal ℐ ∈ 𝑘[𝜃1, · · · , 𝜃𝑀 ] ∖ {0}, fixing a monomial order ≻, we define

the leading term of the ideal, LT(ℐ) = {LT(𝑓)|∃𝑓 ∈ ℐ ∖ {0}}, and we write the

monomial ideal generated by the elements of LT(ℐ) as ⟨LT(ℐ)⟩. If ℐ = ⟨𝑓1, · · · , 𝑓𝑝⟩,

we always have LT(𝑓𝑘) ∈ LT(ℐ) ⊆ ⟨LT(ℐ)⟩.

From the Hilbert Basis Theorem [36], every polynomial ideal ℐ ∖ {0} has a finite

generating set G (ℐ) = {𝑔1, · · · , 𝑔𝑡}, which satisfies ⟨LT(ℐ)⟩ = ⟨LT(𝑔1), · · · ,LT(𝑔𝑡)⟩.

G (ℐ) is called a Gröbner basis for the polynomial ideal ℐ. Therefore, the Hilbert

Basis Theorem suggests that every polynomial ideal has a corresponding Gröbner

basis. By adding the following restrictions:

1. every polynomial 𝑔𝑗 is monic. i.e. LC(𝑔𝑗) = 1;

2. for every set of two distict polynomial 𝑔𝑗 and 𝑔𝑖, LM(𝑔𝑗) is not divisible by

LM(𝑔𝑖) for any 𝑖 ̸= 𝑗,

we can obtain a unique minimal basis. The Gröbner basis with these restrictions is

called reduced Gröbner basis, which is denoted by Gred(ℐ).

Buchberger’s algorithm for constructing the Gröbner basis

The Gröbner basis can be constructed by the Buchberger’s algorithm [21, 36, 37, 21,

47, 12]. Let 𝑆(𝑓𝑖, 𝑓𝑗) be the S-polynomial of the pair (𝑓𝑖, 𝑓𝑗), which is defined as:

𝑆𝑖,𝑗 =
LCM[LM(𝑓𝑖),LM(𝑓𝑗)]

LM(𝑓𝑖)
𝑓𝑖 −

LCM[LM(𝑓𝑖),LM(𝑓𝑗)]

LM(𝑓𝑗)
𝑓𝑗, (2.37)
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where LCM[LM(𝑓𝑖),LM(𝑓𝑗)] denotes the least common multiple of LM(𝑓𝑖) and LM(𝑓𝑗).

Let rem(𝑆𝑖,𝑗, 𝐺) be the remainder of dividing 𝑆𝑖,𝑗 by all elements in 𝐺. Let us con-

sider the ideal ℐ ⊂ C[𝜃1, · · · , 𝜃𝑀 ] generated by 𝑓1, · · · , 𝑓𝑝. In the following, the Buch-

berger’s algorithm introduced in [37] is shown:

INPUT: 𝐹 = {𝑓1, · · · , 𝑓𝑝}

OUTPUT: The Gröbner basis G (ℐ) = {𝑔1, · · · , 𝑔𝑡} for the ideal ℐ.

𝐺 := 𝐹

repeat

𝐺′ := 𝐺

for all {𝑓𝑖, 𝑓𝑗}, 𝑤𝑒 ̸= 𝑗 in 𝐺′ do

𝑅 := rem(𝑆𝑖,𝑗, 𝐺
′)

if 𝑅 ̸= 0 then

𝐺 := 𝐺 ∪ {rem(𝑆𝑖,𝑗, 𝐺
′)}

end if

end for

until 𝐺 = 𝐺′

RETURN 𝐺

Construction of radicals of zero-dimensional ideal

Let us consider the following system of polynomial equations in Eq. (2.22):

𝑓1(𝜃1, · · · , 𝜃𝑀) = 0

𝑓2(𝜃1, · · · , 𝜃𝑀) = 0

...

𝑓𝑝(𝜃1, · · · , 𝜃𝑀) = 0

(2.38)

and 𝑓1, · · · , 𝑓𝑝 ∈ C[𝜃1, · · · , 𝜃𝑀 ]. Suppose that Eq. (2.38) has a finite set of solutions.

Then, the polynomial ideal ℐ generated by 𝑓1, · · · , 𝑓𝑛 is called zero-dimensional ideal.

Here, let us introduce the procedure to construct the radical
√
ℐ. By Buchberger’s

algorithm and the definition of the reduced Gröbner basis, we can obtain the following
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reduced Gröbner basis:

Gred(ℐ) = {𝑔1(𝜃1),

𝑔2,1(𝜃1, 𝜃2), · · · , 𝑔2,𝑣2(𝜃1, 𝜃2),
...

𝑔𝑀,1(𝜃1, · · · , 𝜃𝑀), · · · , 𝑔𝑀,𝑣𝑀 (𝜃1, · · · , 𝑧𝑀)}.

(2.39)

and Gred(ℐ) generates the same ideal. Let ℎ𝑗 be an unique monic generator of the

elimination ideal ℐ ∩ C[𝜃𝑗]. Then, we can choose ℎ𝑗 such that ℎ𝑗 ∈ G (ℐ) ∩ C[𝜃𝑗] by

the Elimination Theorem [37], which states that if we define ℐ𝑙 the 𝑙-th elimination

ideal as

ℐ𝑙 = ℐ ∩ 𝑘[𝜃𝑙+1, . . . , 𝜃𝑀 ],

fixing the lex order 𝜃1 ≻𝑙𝑒𝑥 𝜃2 ≻𝑙𝑒𝑥 · · · ≻𝑙𝑒𝑥 𝜃𝑀 , for every 𝑙, the Gröbner basis for the

𝑙-th elimination ideal is written by:

G𝑙 = G ∩ 𝑘[𝜃𝑙+1, · · · , 𝜃𝑀 ], (2.40)

where G𝑙 is the Gröbner basis for ℐ.

Let 𝜙𝑗(𝜃𝑗) be 𝜙𝑗 = ℎ𝑗/gcd(ℎ𝑗, 𝜕𝜃𝑗ℎ𝑗), the radical of the zero-dimensional ideal ℐ

is given by:
√
ℐ = ℐ + ⟨𝜙1, · · · , 𝜙𝑛⟩. (2.41)

(See e.g., [12] for the proof). In particular, by Seidenberg’s Lemma [12], when

𝜙𝑗 = 1, ℐ is a radical zero-dimensional ideal, and the Gröbner basis for the radical

zero-dimensional ideal has a special shape, as described by the Shape lemma [36],

such that:

G = {𝜃𝛼1 + 𝑞1(𝜃1), · · · , 𝜃𝑛−1 + 𝑞𝑛−1(𝜃1), 𝜃𝑀 + 𝑞𝑛(𝜃1)}, (2.42)

where 𝛼 ∈ N and 𝑞𝑗(𝜃1) are the univariate polynomials in 𝜃1 with degree deg(𝑞𝑗) < 𝛼.
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Solvability and Gröbner basis

The reduced Gröbner basis is useful since the corresponding system of polynomial

equations:

𝑔1(𝜃1, · · · , 𝜃𝑀) = · · · = 𝑔𝑡(𝜃1, · · · , 𝜃𝑀) = 0

has the same zeros as the original system of polynomial equations in Eq. (2.38), and

usually has a simpler form.

The solvability of the system of polynomial equations over C depends on the shape

of the Gröbner basis as follows:

1. No solution [37]: When Eq. (2.38) is not solvable, Buchberger’s algorithm

yields Gred(ℐ) = {1}.

2. Finite set of solutions [36, 47]: When Eq. (2.38) has finite solvability (a finite

number of solutions), ℐ is called zero-dimensional ideal. With lexicographic

order, Gred(ℐ) has the shape:

Gred(ℐ) = {𝑔1(𝜃1),

𝑔2,1(𝜃1, 𝜃2), · · · , 𝑔2,𝑣2(𝜃1, 𝜃2),
...

𝑔𝑀,1(𝜃1, · · · , 𝜃𝑀), · · · , 𝑔𝑀,𝑣𝑀 (𝜃1, · · · , 𝜃𝑀)}.

This allows all the values of the parameters to be similarly obtained recursively.

In particular, when ℐ is a radical zero-dimensional ideal, the Gröbner basis has

a particular shape (Shape lemma):

Gred(ℐ) = {𝜃𝛼1 + 𝑞1(𝜃1), 𝜃2 + 𝑞2(𝜃1), · · · , 𝜃𝑀 + 𝑞𝑀(𝜃1)},

where 𝑞𝑗(𝜃1) is an univariate polynomial in 𝜃1 with the condition that 𝛼 >

deg(𝑞𝑗) for 𝛼 ∈ N. From Sturm theorem [36], we can obtain the number of

distinct real zeros of 𝜃𝛼1 + 𝑞1(𝜃1) = 0 and hence the number of real solutions of
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the original system of polynomial equations.

3. Only one solution [47]: When Eq. (2.38) has only one solution, the radical

of the zero-dimensional ideal is the maximal ideal, which has the form of ⟨𝜃1 −

𝑎1, · · · , 𝜃𝑀 − 𝑎𝑀⟩. Therefore, the Gröbner basis for
√
ℐ has the form

Gred(
√
ℐ) = {𝜃1 − 𝑎1, · · · , 𝜃𝑀 − 𝑎𝑀}.

Example: Reduced Gröbner basis for 3-qubit exchange Hamiltonian

From Eq. (2.23), the ideal is

ℐ = {𝑓1(𝐽1, 𝐽2), 𝑓2(𝐽1, 𝐽2)} = {𝐽2
1 + 𝐽2

2 − 𝑏1, 𝐽
2
2 − 𝑏2}

Then, Buchberger’s algorithm, which in this case is just the Gaussian elimination for

linear systems with respect to 𝐽2
1 and 𝐽2

2 , yields

Gred = {𝐽2
1 − (𝑏1 − 𝑏2), 𝐽

2
2 − 𝑏2},

which shows that for |𝐽1| and |𝐽2|, there is only one set of solution.

{ |𝐽1|, |𝐽2| } = {
√︀

𝑏1 − 𝑏2, 𝑏2}

Comments on efficiency of Gröbner basis

The computation of Gröbner basis takes tremendously large complexity [37]. Let 𝐹

be a set of polynomials {𝑓1, · · · , 𝑓𝑡} in 𝑧1, · · · , 𝑧𝑛 ∈ C, and let 𝑑 be the maximal mul-

tiple degree of the input polynomials, i.e. 𝑑 = max(multideg(𝑓1), · · · ,multideg(𝑓𝑡)).

Suppose that 𝐹 generates a zero-dimensional ideal. Then, the complexity for comput-

ing the reduced Gröbner basis is given by 𝑑𝑂(𝑛) [86]. Therefore, for a larger system,

the Gröbner basis takes a tremendously long time due to its complexity. Efficiency

improvement of computing Gröbner basis is a timely problem. For example, recently,

Gritzmann and Sturmfels proposed the idea of dynamic alternation of the the mono-
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mial ordering while the algorithm progresses [57, 26].

2.4.2 Gröbner basis approach to Hamiltonian parameter iden-

tifiability

In this section, we introduce the application of Gröbner basis technique to introduce a

working definition of Hamiltonian parameter identifiability in interacting many-qubit

systems via the eigensystem realization algorithm [138]. Particularly, we restrict to

identifying only the parameter magnitude |𝜃𝑗| [138].

Identifiability test

Let us first introduce our definition of Hamiltonian identifiability [138]:

Definition 4. An Hamiltonian is identifiable when the system of polynomial equations

derived from the transfer function equation 𝑇 (𝑠) = 𝑇est(𝑠) provided by eigensystem

realization algorithm has a finite set of solutions such that all 𝜃2𝑗 take only one positive

real value.

Let 𝐹 be a polynomial set 𝐹 = {𝑓1, · · · , 𝑓𝑝} ⊆ C[𝜃1, · · · , 𝜃𝑀 ]. Based on this

definition, the algorithm to test identifiability is as follows:

Step 1: We define new variables 𝑧𝑗 such that {𝑧𝑗} = {𝜃2𝑟 , 𝜃𝑙|1 ≤ 𝑟, 𝑙 ≤ 𝑀)}, where

𝜃𝑟’s only appear in 𝐹 as even powers (and 𝜃𝑙’s are all the remaining variables

in 𝐹 ). Then, the polynomial ideal generated by 𝐹 becomes ℐ = ⟨𝑓1, · · · , 𝑓𝑝⟩ ⊆

C[𝑧1, · · · , 𝑧𝑀 ].

Step 2: From the Buchberger’s algorithm and the definition of reduced Gröbner

basis, we obtain G (ℐ) = {𝑔1, · · · , 𝑔𝑡}. If 𝑡 < 𝑀 , the Hamiltonian is non-identifiable.

Step 3: By elimination of variables, we can obtain 𝑀 univariate polynomials ℎ𝑗(𝑧𝑗),

i.e. ℎ𝑗 ∈ ℐ ∩ C[𝑧𝑗].
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Then, we can construct the radical ideal
√
ℐ = ℐ + ⟨𝜙1, · · · , 𝜙𝑀⟩ [36, 37], where

𝜙𝑗 =
ℎ𝑗

gcd
(︀
ℎ𝑗,

𝜕ℎ𝑗

𝜕𝑧𝑗

)︀ ,
and we can construct a new polynomial set

𝐹 ′ = {𝑔1, · · · , 𝑔𝑡, 𝜙1, · · · , 𝜙𝑀} ⊆ C[𝑧1, · · · , 𝑧𝑀 ].

Step 4: Since
√
ℐ is a radical zero-dimensional ideal, the Shape Lemma can be ap-

plied. From Buchberger’s algorithm and the definition of reduced Gröbner basis, we

obtain:

Gred(
√
ℐ) = {𝑧𝛼1 + 𝑞1(𝑧1), 𝑧2 + 𝑞2(𝑧1), · · · , 𝑧𝑀 + 𝑞𝑀(𝑧1)},

where 𝛼 > deg(𝑞𝑗).

Step 5: Finally, we employ Sturm theorem to calculate the distinct number of real

zeros of the polynomial 𝜃𝛼1 + 𝑞1(𝑧1), so that we can obtain the number of real zeros

of each polynomial in Gred(
√
ℐ). If there is only one set of solutions such that all the

values of 𝑧𝑗’s are real, the Hamiltonian is identifiable. Otherwise, the Hamiltonian is

nonidentifiable.

2.4.3 Required experimental resources

The number of sampling points and total evolution time required to fully character-

ize the system are important experimental resources. Here, we use the eigensystem

realization algorithm to provide the lower bound in required sampling points and

the upper bound in total evolution time for the Hamiltonian parameter identifica-

tion [138].

The bound is found from the minimum realization of the system, which is discussed

in Sec. 2.2.4. Recall that in order to obtain the new realization [Ã𝑒,C𝑒,x0,𝑒], the

system is required to be both controllable and observable, namely minimal, so that
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we need the controllability and observability matrix to be full rank:

rank(𝑀𝑂(𝑟)) = rank(𝑀𝐶(𝑠)) = rank(A) = 𝑛,

where 𝑛 is the model order. Since the Hankel matrix H𝑟,𝑠 can be decomposed into

H𝑟,𝑠 = 𝑀𝑂(𝑟)𝑀𝐶(𝑠), from Sylvester inequality [68], we find that

rank(H𝑟,𝑠) = 𝑛.

Therefore, the minimum dimension of the Hankel matrix is 𝑛×𝑛, which means we just

need (2𝑛− 1) sampling points: {𝑦(0), 𝑦(1), 𝑦(2), · · · , 𝑦(2𝑛− 1)}. Taking into account

the need of constructing the shifted Hankel matrix H̄𝑟,𝑠 in Eq. (2.19) to obtain A𝑒,

we have to add one more sampling point 𝑦(2𝑛); therefore, the minimum number of

sampling points 𝒬min is 𝒬min = 2𝑛. Therefore, the lower bound in required number

of sampling points is given by

𝒬 ≥ 2𝑛.

Since the number of different polynomial equations obtained from Eq. (2.21) is ≤ 𝑛−1,

we can also obtain the inequality between the minimum number of sampling points

𝒬 and the number of elements of the reduced Gröbner basis ℬ[Gred] as

𝒬min

2
≤ ℬ[Gred] + 1.

From the number of sampling points, we can further obtain the total evolution

time 𝑇tot to identify the Hamiltonian parameters. The upper bound of the sampling

time Δ𝑡, which is regarded as an optimal choice of sampling time, is given by the

sampling theorem [135] as

Δ𝑡 ≤ 𝜋

Ωmax
,

where Ωmax/(2𝜋) is the maximum frequency that would appear in the measured sig-
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nal. Therefore, the required maximum evolution time with the minimum number of

sampling points satisfies

𝑇tot ≤
(2𝑛− 1)𝜋

Ωmax

.

In reality, the maximum frequency of the signal depends on the values of the

parameters 𝜃𝑚, which are unknown. Thus, for a time-optimal estimation procedure

we would need prior information about the range of values that the parameters can

take. For example, we could then assume that all the parameters take the largest

value and obtain the smallest time steps Δ𝑡 that still satisfies the sampling theorem.

2.4.4 Examples of Hamiltonian parameter identifiability

While we have shown the example for 3-qubit exchange Hamiltonian accordingly in

different sections in order to make the discussion more concrete, here, focusing on

the one-dimensional 𝑁 -qubit chain system with nearest-neighboring interaction, we

classify the Hamiltonians based on their identifiability [138]. To provide analytical

results, we focus on the qubit-chain system with nearest-neighboring couplings, which

is useful for quantum information transport between distant qubits [13, 46, 29]. Here,

two different Hamiltonians, the Ising and exchange interaction, are considered and

their Hamiltonian identifiability by assuming that the spin chain is coupled to a single

quantum probe is analyzed. More precisely, the following assumptions are made (see

also Fig. 2-5) [138].

The quantum probe is a well-characterized system, which can be initialized, con-

trolled, and read out. The quantum probe is coupled to the qubit-chain system as a

first spin with a coupling which follows the chain Hamiltonian model. The qubit-chain

system cannot be initialized nor measured because the parameters characterizing the

systems are unknown. For simplicity, it is assumed that the target qubit-chain system

is initially in the maximally mixed state 1
2
, and only collective control on the total

system is possible. The only unknown information is only the parameters, but the in-

teraction model ℳ and the dimension of the Hilbert space dim(ℋ) of the total system
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is knwon. Let 𝑁 be the number of qubits in the total system with nearest-neighbor

interactions and possibly an interaction to an external fields. The parameters 𝜃𝑚 are

thus given by the coupling strengths between the 𝑘-th and (𝑘 + 1)-th spins, denoted

by 𝐽𝑘/2, and the Zeeman energy 𝜔𝑘/2 of the 𝑘-th spin due to external fields. These

assumptions are realistic in many practical scenarios for qubit-chain system applica-

tions to quantum engineering tasks at room temperature. In addition, they could also

approximate some scenarios in quantum metrology, such as recently proposed schemes

for protein structure reconstructions via the interaction of their nuclear spins with a

quantum probe [2].

Figure 2-5: Hamiltonian identification model. A quantum probe is coupled to one
end of the spin chain. A part from the quantum sensor (red spin), the rest of the
spins (blue spins) are initially in the maximally mixed state. We further assume that
we only have selective control on the quantum probe and global control on the spin
chain.

Ising model without transverse field

Let us consider the following Hamiltonian:

𝐻 =
𝑁−1∑︁
𝑘=1

𝐽𝑘
2
𝑋𝑘𝑋𝑘+1.

Let us choose the observable set as 𝐺0 = {𝑍1} without loss of generality. The

accessible set becomes

𝐺 = {𝑍1, 𝑌1𝑋2}.
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Then, only the spin directly interacting with the quantum probe becomes correlated

with it during the evolution and its parameter can be identified. As a consequence,

rank(A) = 2 and full Hamiltonian identification is only possible for 𝑁 = 2. Physically,

this can be understood by a lack of information propagation in the Ising spin chain,

which prevents the quantum probe at its end to gain information about the rest of

the system. Indeed, the group velocity for information propagation in the Ising chain

is 0.

Let the initial coherent vector be x(0) = (1, 0)𝑇 and the output matrix C =(︁
1 0

)︁
. Then, the transfer function is:

Ξ(𝑠) =
𝑠

𝑠2 + 𝐽2
1

,

where we can identify 𝑧1 = 𝐽2
1 . Through eigensystem realization algorithm, we can

obtain a new transfer function from the experimental data, which can be written in

the most generality as:

Ξ𝑒(𝑠) =
𝑠+ 𝑏0

𝑠2 + 𝑏21𝑠+ 𝑎21
.

Here we fixed the transfer function order to 2, as expected from the Ising model

evolution. However, the form of 𝑇est(𝑠) might differ from the ideal 𝑇 (𝑠): in particular

we might have additional terms, with coefficients 𝑏𝑗 arising from experimental errors

or numerical approximations. Since 𝑎21 reflects the contribution of 𝐽2
1 , we still expect

𝑏2𝑗 ≪ 𝑎21, and 𝑏𝑗’s are negligible. Therefore, the reduced Gröbner basis is simply given

by: Gred = {𝑧1 − 𝑎21} = {𝐽2
1 − 𝑎21} and the 𝑁 = 2 Ising chain can be identified with

𝒬min = 4 sampling points.

Note that an alternative way of estimating 𝐽1 is to measure the quantum probe

(in particular 𝑍1) at known times. However, due to the periodicity of the signal, 𝐽1

cannot be identified uniquely, even if measuring more than one time point. Then, we

can generally state the following result.
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Ising model with transverse field

Adding a transverse field to the Ising model drastically changes the system dynamics

and consequently its identifiability.

The Hamiltonian is now

𝐻 =
𝑁∑︁
𝑘=1

𝜔𝑘

2
𝑍𝑘 +

𝑁−1∑︁
𝑘=1

𝐽𝑘
2
𝑋𝑘𝑋𝑘+1.

𝐺0 = {𝑋1} or {𝑌1} is the best choice, as 𝐺0 = {𝑍1} would result in a larger-size Ã.

Either 𝐺0 = {𝑋1} or {𝑌1} yields the accessible set:

𝐺 = {𝑋1, 𝑌1,𝑍1𝑋2, 𝑍1𝑌2, · · · , 𝑍1 · · ·𝑍𝑁−1𝑋𝑁 , 𝑍1 · · ·𝑍𝑁−1𝑌𝑁},

so that

|𝐺| = 2𝑁.

All the qubits are thus correlated with the quantum probe and we can hope to identify

all the parameters. Then, Ã is a 2𝑁 ×2𝑁 skew-symmetric matrix with the only non-

zero elements Ã2𝑘,2𝑘−1 = 𝜔𝑘 and Ã2𝑘+1,2𝑘 = 𝐽𝑘. Since |𝐺| = rank(A), we have:

rank(A) = 2𝑁 . Choosing the initial state of the quantum probe to be an eigenstate

of 𝑋1, we have:

x(0) = (1, 0 · · · , 0)𝑇 ∈ R2𝑁

If we measure 𝑋1, the output matrix is C =
(︁
1 0 · · · 0

)︁
∈ R2𝑁 . From eigensystem

realization algorithm and Eq. (2.21), we arrive at the following shape of the reduced

Gröbner basis:

Gred = {𝑧1 − 𝑎21, · · · , 𝑧𝑁 − 𝑎2𝑁 , 𝑧𝑁+1 − 𝑏21, · · · , 𝑧2𝑁−1 − 𝑏2𝑁−1},

where 𝑧𝑘 = 𝜔𝑘 (𝑘 = 1, 2, · · · , 𝑁) and 𝑧𝑁+𝑘 = 𝐽2
𝑘 (𝑘 = 1, 2, · · · , 𝑁 − 1). In this case ℐ
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generated from Eq. (2.21) is a maximal ideal of the form ⟨𝑧1−𝑎21, · · · , 𝑧𝑁 −𝑎2𝑁 , 𝑧𝑁+1−

𝑏21, · · · , 𝑧2𝑁−1 − 𝑏2𝑁−1⟩ (𝑎𝑙, 𝑏𝑘 ∈ R), and there is only one positive real solution for the

magnitudes of all the parameters; therefore, the Hamiltonian is fully identifiable.

Furthermore, the minimum number of sampling points is

𝒬min = 2rank(A) = 4𝑁.

Physically, this result shows that identifiability is connected to information propa-

gation along the whole chain. Indeed, since we assumed that we can extract informa-

tion from the system only through the probe spin at one end of the chain, propagation

of information through the whole chain is necessary to reveal the system’s properties.

Adding a transverse field to the Ising model enables this information propagation.

Exchange model without transverse field

The exchange (XY) model is another example where information propagation allows

Hamiltonian identification via single-probe measurement.

The Hamiltonian can be written as:

𝐻 =
𝑁−1∑︁
𝑘=1

𝐽𝑘
2
(𝑋𝑘𝑋𝑘+1 + 𝑌𝑘𝑌𝑘+1). (2.43)

For this case, 𝐺0 = {𝑋1} or {𝑌1} is the best choice because the corresponding acces-

sible set has the smallest size. Choosing, e.g., 𝐺0 = {𝑋1}, we can obtain the following

accessible set

𝐺 = {𝑋1, 𝑍1𝑌2, 𝑍1𝑍2𝑋3, 𝑍1𝑍2𝑍3𝑌4, ..., 𝑍1 · · ·𝑍2𝑚−2𝑋2𝑚−1, 𝑍1 · · ·𝑍2𝑚−1𝑌2𝑚},

for an even-number of qubits in the chain, 𝑁 = 2𝑚 (∀𝑚 ∈ N), and

𝐺 = {𝑋1, 𝑍1𝑌2, 𝑍1𝑍2𝑋3, 𝑍1𝑍2𝑍3𝑌4, ..., 𝑍1 · · ·𝑍2𝑚−3𝑌2𝑚−2, 𝑍1 · · ·𝑍2𝑚−2𝑋2𝑚−1},
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for an odd number, 𝑁 = 2𝑚− 1 (∀𝑚 ∈ N). The accessible set has

|𝐺| = 𝑁.

If we had chosen 𝐺0 = {𝑍1}, the accessible set would have had |𝐺| = 𝑁2. Therefore,

in the following discussion, we consider 𝐺0 = {𝑋1}. As all the qubits are correlated

with the quantum probe, we can expect the Hamiltonian to be fully identifiable. For

this model, Ã becomes an 𝑁 × 𝑁 skew-symmetric matrix with the only non-zero

elements (Ã)𝑘,𝑘+1 = (−1)𝑘𝐽𝑘, which has the same form as the system matrix of the

Ising model with the transverse field. Since |𝐺| = rank(A), we have rank(A) = 𝑁 .

Choosing the initial state of the quantum probe to be the eigenstate of 𝑋1, we have:

x(0) = (1, 0, · · · , 0)𝑇 ∈ R𝑁 .

Since we can only measure the quantum probe, the output matrix is C =
(︁
1 0 · · · 0

)︁
∈

R𝑁 . From eigensystem realization algorithm and Eq. (2.21), we arrive at the following

shape of the reduced Gröbner basis:

Gred = {𝑧1 − 𝑎21, · · · , 𝑧𝑁−1 − 𝑎2𝑁−1},

where 𝑧𝑘 = 𝐽2
𝑘 and 𝑎𝑘 ∈ R. Therefore, the Hamiltonian is fully identifiable since we

have only one positive real solution for the magnitudes of all the parameters, and the

minimum number of sampling points for 𝑁 qubits is

𝒬min = 2rank(A) = 2𝑁.

Exchange model with transverse field

The Hamiltonian is now given by:

𝐻 =
𝑁∑︁
𝑘=1

𝜔𝑘

2
𝑍𝑘 +

𝑁−1∑︁
𝑘=1

𝐽𝑘
2
(𝑋𝑘𝑋𝑘+1 + 𝑌𝑘𝑌𝑘+1).
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The best choice is 𝐺0 = {𝑌1} or {𝑋1} which both yield the following accessible

set [138]:

𝐺 = {𝑋1, 𝑌1, 𝑍1𝑋2,𝑍1𝑌2, 𝑍1𝑍2𝑋3, 𝑍1𝑍2𝑌3, · · · ,

𝑍1 · · ·𝑍𝑁−1𝑋𝑁 , 𝑍1 · · ·𝑍𝑁−1𝑌𝑁},

with |𝐺| = 2𝑁 . Ã is a 2𝑁 × 2𝑁 skew-symmetric matrix with the only non-zero

elements (Ã)2𝑘−1,2𝑘 = 𝜔𝑘 and (Ã)2𝑘+2,2𝑘−1 = (Ã)2𝑘,2𝑘+1 = 𝐽𝑘. Choosing the initial

state of the quantum probe to be an eigenstate of 𝑋1, we have:

x(0) = (0, 1, · · · , 0)𝑇 ∈ R2𝑁 .

If we measure 𝑋1, then we have C =
(︁
1 0 · · · 0

)︁
∈ R2𝑁 . From eigensystem

realization algorithm and Eq. (2.21), we can obtain the following reduced Gröbner

basis

Gred = {𝑧𝛼1 + 𝑞1(𝑧1), 𝑧2 + 𝑞2(𝑧1), · · · , 𝑧2𝑁−1 + 𝑞2𝑁−1(𝑧1)},

where 𝑧𝑙 = 𝜔2
𝑙 (𝑙 = 1, · · · , 𝑁) and 𝑧𝑁+𝑘 = 𝐽2

𝑘 (𝑘 = 1, · · · , 𝑁 − 1). Note that

𝛼 > deg(𝑞𝑗) and 𝛼 ≥ 2. Here, 𝑞𝑗(𝑧1) is the univariate polynomial in 𝑧1. In general 𝑧1

could have multiple values, so that we could have multiple sets of real solutions of the

system of polynomial equations. Therefore, in general, this model is not identifiable.

If we measure 𝑌1 with the initial state of the quantum probe being the eigenstate

of 𝑋1 [161, 138], we can obtain

Gred = {𝑧1 − 𝑎1, · · · , 𝑧𝑁 − 𝑎𝑁 , 𝑧𝑁+1 − 𝑏21, · · · , 𝑧2𝑁−1 − 𝑏2𝑁−1},

where 𝑧𝑘 = 𝜔𝑘 (𝑘 = 1, 2, · · · , 𝑁) and 𝑧𝑁+𝑘 = 𝐽2
𝑘 (𝑘 = 1, 2, · · · , 𝑁 − 1). In this case ℐ

generated from Eq. (2.21) is a maximal ideal of the form ⟨𝑧1−𝑎21, · · · , 𝑧𝑁 −𝑎2𝑁 , 𝑧𝑁+1−

𝑏21, · · · , 𝑧2𝑁−1 − 𝑏2𝑁−1⟩ (𝑎𝑙, 𝑏𝑘 ∈ R), and there is only one positive real solution for the

magnitudes of all the parameters; therefore, Hamiltonian is now fully identifiable
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since we have only one positive real solution for the magnitudes of all the parameters,

and in addition we can find the sign of 𝜔𝑘. Furthermore, the minimum number of

sampling points is

𝒬min = 2rank(A) = 4𝑁.

Derivation of shape of reduced Gröbner basis for identifiable Hamiltonians

Here, we show how to derive the shape of reduced Gröbner basis for the identifiable

Hamiltonians discussed above by employing the Elimination Theorem [138]. For

example, let us consider the exchange model without transverse field. Let us take

x(0) = (1, 0, · · · , 0)𝑇 ∈ R𝑁 , and C =
(︁
1 0 · · · 0

)︁
∈ R𝑁 . The system matrix Ã is

an 𝑁 × 𝑁 skew-symmetric matrix with the only non-zero elements 𝜃𝑘 = (Ã)𝑘+1,𝑘 =

−(Ã)𝑘,𝑘+1, where 𝑘 = 1, 2, · · · , 𝑁 − 1. Then, from Eq. (2.21), we can obtain the

following system of polynomial equations:

𝑓1(𝑧1, · · · , 𝑧𝑁−1) = 0

𝑓2(𝑧1, · · · , 𝑧𝑁−1) = 0

...

𝑓𝑁−1(𝑧1, · · · , 𝑧𝑁−1) = 0,

where 𝑧𝑘 = 𝜃2𝑙 (𝑘, 𝑙 = 1, 2, · · · , 𝑁 − 1). We can construct a polynomial ideal

ℐ = ⟨𝑓1, · · · , 𝑓𝑛⟩ ∈ C[𝑧1, · · · , 𝑧𝑁−1].

Note that for convenience we consider the polynomial ideal over the polynomial ring

C[𝑧1, · · · , 𝑧𝑁−1]. In this case, we have found that there exists a proper choice for the

pair (𝑘, 𝑙) such that the corresponding elimination ideal ℐ𝑙−1 has the basis 𝑧𝑘 − 𝑐2𝑘 for

∃𝑐𝑘 ∈ R, meaning that:

𝑧𝑘 − 𝑐2𝑘 ∈ G𝑙−1.
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From the Elimination Theorem, we have:

G𝑙−1 = G ∩ C[𝑧𝑙, · · · , 𝑧𝑁−1]

= G ∩ (C[𝑧𝑙] ∪ C[𝑧𝑙+1, · · · , 𝑧𝑁−1])

= (G ∩ C[𝑧𝑙]) ∪ (G ∩ C[𝑧𝑙+1, · · · , 𝑧𝑁−1])

= (G ∩ C[𝑧𝑙]) ∪ G𝑙,

which yields:

G𝑙 ⊂ G𝑙−1.

Therefore, we can inductively obtain:

G𝑁−2 ⊂ G𝑁−3 ⊂ · · · ⊂ G2 ⊂ G1 ⊂ G .

By the definition of the reduced Gröbner basis, G (ℐ) has the shape:

G (ℐ) = ⟨𝑧1 − 𝑎1, · · · , 𝑧𝑁−1 − 𝑎𝑁−1⟩,

where 𝑎𝑘 = 𝑐2𝑙 . This tells us the fact that ℐ is the maximal ideal of C[𝑧1, · · · , 𝑧𝑁−1],

so that ℐ =
√
ℐ and G (ℐ) is equivalent to the reduced Gröbner basis Gred(

√
ℐ):

G (ℐ) = Gred(
√
ℐ) = ⟨𝑧1 − 𝑎1, · · · , 𝑧𝑁−1 − 𝑎𝑁−1⟩,

2.4.5 Global correlation propagation as necessary condition

for identifiability

We further check that the analyses on the required experimental resources are con-

sistent with our intuitive physical picture that connects Hamiltonian identification to

the propagation of information through the whole spin chain. Consider for example

the exchange Hamiltonian, Eq. (2.43), with all equal couplings. We can assume that

the spins are equally spaced, with 𝑎 the lattice constant, and 𝐿 = (𝑁−1)𝑎 the length
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of the chain. The eigenvalues of the Hamiltonian in the first excitation manifold are

then

Ω𝑛 = 2𝐽 cos
(︁ 𝑛𝜋

𝑁 + 1

)︁
= 2𝐽 cos(𝑘𝑛𝑎), 𝑘𝑛 = 𝑛𝜋

𝑁 − 1

𝐿(𝑁 + 1)
,

with 𝑛 = 1, 2, . . . , 𝑁 . Then, the maximum angular frequency is

Ωmax = 2𝐽 cos
(︁ 𝜋

𝑁 + 1

)︁
.

Since we need at least 2𝑁 sampling points, the longest evolution time is

𝑇tot = (2𝑁 − 1)𝜋/Ωmax.

For large 𝑁 ≫ 1, we can simplify this to

𝑇tot ≃ 𝜋
𝑁

𝐽
.

In order for the quantum probe to extract information on the whole spin chain,

information needs to propagate to the other end and back. We can compute the

group velocity for the propagation of the initial excitation on the first (probe) spin

from the Hamiltonian eigenvalues Ω(𝑘) [127],

𝑣𝑔 =
⃒⃒⃒𝑑Ω(𝑘)

𝑑𝑘

⃒⃒⃒
max

= 2𝐽𝑎 =
2𝐽𝐿

𝑁 − 1
.

Then, the time required for the information to come back to the probe spin is ap-

proximately given by

𝜏 ≃ 2𝐿

𝑣𝑔
=

𝑁 − 1

𝐽

Thus, for large 𝑁 ≫ 1, we have

𝜏 ≃ 𝑁

𝐽
,
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in agreement with the result obtained from the mathematical requirements for system

identification.

2.4.6 Identifiability assisted by external control

Until now, we have analyzed identifiability under the assumption that only the quan-

tum probe can be initialized, measured and controlled. Also, we have discussed that

some Hamiltonians cannot be identified, since they do not generate enough correla-

tions among the target spins, or equivalently they do not transport information about

the probe spin excitation through the whole chain. If we relax these assumptions and

allow for a minimum level of control on the target spins, the picture changes. For

example, if the target spins can be controlled via collective rotations, it is possible to

turn a nonidentifiable Hamiltonian into an identifiable one. Here, we demonstrate an

example which can point out this possibility by engineering the Hamiltonian [138].

Consider for example the Ising Hamiltonian,

𝐻is =
𝑁∑︁
𝑘=1

𝐽𝑘
2
𝑆𝛼
𝑘 𝑆

𝛼
𝑘+1,

where 𝑖𝑆𝛼
𝑘 ∈ su(2) acting on 𝑘-th qubit. Again, {𝑖𝑆𝛼

𝑘 , 𝑖𝑆
𝛼
𝑘 , 𝑖𝑆

𝛾
𝑘} are the bases of su(2),

and they satisfy the commutation relation in Eq. (2.24)

[𝑆𝛼
𝑘 , 𝑆

𝛽
𝑘 ] = 2𝑖𝑆𝛾

𝑘 , [𝑆𝛽
𝑘 , 𝑆

𝛾
𝑘 ] = 2𝑖𝑆𝛼

𝑘 , [𝑆𝛾
𝑘 , 𝑆

𝛼
𝑘 ] = 2𝑖𝑆𝛽

𝑘 .

From Sec. 3.5, this Hamiltonian is nonidentifiable. Using a simple control sequence

in Fig. 2-6, we can generate an effective Hamiltonian of the exchange model,

𝐻ex =
𝑁∑︁
𝑘=1

𝐽𝑘
2
(𝑆𝛼

𝑘 𝑆
𝛼
𝑘+1 + 𝑆𝛽

𝑘𝑆
𝛽
𝑘+1),

which is identifiable.

More precisely, periodic pulse-sequences such as in Fig. 2-6 make the system

evolve as if under an effective time-independent Hamiltonian averaged over the cy-
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Figure 2-6: Identifiability with external control: By applying a periodic control pulse
sequence 𝑛 times in the limit of a very small 𝐽𝑘𝛿𝑡 ≪ 1, we can transfer 𝐻is =∑︀𝑁−1

𝑘=1
𝐽𝑘
2
𝑆𝛼
𝑘 𝑆

𝛼
𝑘+1 to 𝐻ex =

∑︀𝑁−1
𝑘=1

𝐽𝑘
2
(𝑆𝛼

𝑘 𝑆
𝛼
𝑘+1+𝑆𝛽

𝑘𝑆
𝛽
𝑘+1) so that we can use 2𝑁 sampling

points to identify the parameters 𝐽𝑘.

cle time. The effective Hamiltonian can be approximated by a first order Magnus

expansion [101] (average Hamiltonian theory [61]). In this limit, to analyze the iden-

tifiability it is sufficient to consider the average Hamiltonian. The exact effective

Hamiltonian will be identifiable as long as we can identify its approximation, however

its expression might be too complex and analytical results only available in the limit

of small enough time interval 𝛿𝑡 ≪ 1 between the pulses where the approximation

holds.

Let us write

𝐴 =
𝑁−1∑︁
𝑘=1

𝐽𝑘
2
𝑆𝛼
𝑘 𝑆

𝛼
𝑘+1, 𝐵̂ =

𝑁−1∑︁
𝑘=1

𝐽𝑘
2
𝑆𝛽
𝑘𝑆

𝛽
𝑘+1.

Let 𝑇0 be the evolution time of interest. From the Suzuki-Trotter expansion of the

second order, the time evolution 𝒰(𝑇0, 0) can be written by:

𝒰(𝑇0, 0) = 𝑒−𝑖(𝐴+𝐵̂)𝑇0 =
[︁
𝑒−𝑖 𝐴

2𝑛 𝑒−𝑖 𝐵̂
𝑛 𝑒−𝑖 𝐴

2𝑛

]︁𝑛
+𝒪(1/𝑛2),

where 𝑚 is defined by 𝑛 = 𝑇0/𝛿𝑡, which is called Trotter number. If we have small

enough time intervals 𝛿𝑡 ≪ 1, the correction can be negligible. Particularly, 𝛿𝑡 must

be much smaller than the decoherence time. Note that

𝑆𝛽
𝑘 = 𝑈𝛾

𝑘

(︁𝜋
2

)︁
𝑆𝛼
𝑘𝑈

𝛾†
𝑘

(︁𝜋
2

)︁
,
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where

𝑈𝛾
𝑘

(︁𝜋
2

)︁
= exp

(︁
−𝑖

𝜋

4
𝑆𝛾
𝑘

)︁
.

Let 𝑈𝛾
𝜋
2

be

𝑈𝛾
𝜋
2
= 𝑈𝛾

1

(︁𝜋
2

)︁
⊗ 𝑈𝛾

2

(︁𝜋
2

)︁
⊗ · · · ⊗ 𝑈𝛾

𝑁

(︁𝜋
2

)︁
.

In the limit 𝛿𝑡 ≪ 1, Fig. 2-6 corresponds to

𝒰(𝑇0, 0) = 𝑒−𝑖(𝐴+𝐵̂)𝑇0 ≃
[︁
𝑒−𝑖 𝐴

2𝑛 𝑒−𝑖 𝐵̂
𝑛 𝑒−𝑖 𝐴

2𝑛

]︁𝑛
=

[︁
𝑈𝛾†

𝜋
2

(︁
𝑈𝛾

𝜋
2
𝑒−𝑖𝐴

𝑛𝑈𝛾†
𝜋
2

)︁
𝑈𝛾

𝜋
2

(︁
𝑈𝛾

𝜋
2
𝑒−𝑖𝐴

𝑛𝑈𝛾†
𝜋
2

)︁
𝑒−𝑖 𝐴

2𝑛

]︁𝑛
,

which can help one achieve identifiability.

2.4.7 Robustness of eigensystem realization algorithm approach

While previous works have already analyzed the robustness of the eigensystem realiza-

tion algorithm approach to experimental errors [69], here we evaluate the accuracy of

the identification algorithm when it is implemented using only the minimum number

of measurement points found above.

To compare with previous results, we consider the Ising model (with transverse

field) for a chain of 𝑁 = 3 spins and the exchange model (without field) for a chain of

𝑁 = 6 spins. We consider the average error in 500 random Hamiltonian realizations

and implement the ERA method, with the minimum number of measurement points

(𝒬min = 4𝑁 = 12 for the Ising model and 𝒬min = 2𝑁 = 12 points for the exchange

Hamiltonian). We find that the relative error averaged over all the realization is still

small (10−10−10−2 [%]) and comparable to previous results, where many more points

were measured.

Since the addition of experimental noise could change this result, we study the

algorithm robustness in the presence of noise, as a function of the resources employed

during the overall measurement process. To that end, we statistically compare the es-

timation robustness achieved by using Hankel matrices with different size but keeping
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Figure 2-7: Estimation error with fixed time step Δ𝑡: Median of the estimation error
{⟨𝜖(𝐽𝑖)⟩} over 500 random Hamiltonian realizations as a function of the total number
of measurements. For each Hamiltonian, we repeated the ERA estimation 100 times,
to evaluate the average error ⟨𝜖(𝐽𝑖)⟩. Solid lines with circles: 4 × 4 Hankel matrix;
Dashed lines with solid square: 8 × 8 and dotted lines with squares: 40 × 40. The
error bars are the absolute median deviation.

fixed the experimental resources.

We assume that each sampling point is measured 𝑀 times, yielding a random

outcome with a Gaussian distribution 𝒩 (𝑦(𝑘), 𝜎/
√
𝑀), that is, we assume that the

mean is centered around the “true outcome” value 𝑦(𝑘) at each time 𝑘Δ𝑡 and for

simplicity consider a gaussian noise (with 𝜎 = 1). By acquiring 2𝑗 sampling points

(with 2𝑗𝑀 total measurements) we can construct the (noisy) 𝑗 × 𝑗 Hankel matrices

H̃𝑗,𝑗 and H̃𝑗,𝑗. Using the eigensystem realization algorithm, we can extract a set of

parameters {𝜃𝑚 + 𝛿𝜃𝑚}𝑀𝑚=1 that differ from the true parameters {𝜃𝑚}𝑀𝑚=1. Since we

are interested in the magnitude of the parameters, the estimation error can be written

as:

𝜖(𝜃𝑚) =
⃒⃒⃒ |𝜃𝑚 + 𝛿𝜃𝑚| − |𝜃𝑚|

|𝜃𝑚|

⃒⃒⃒
× 100 [%].

In the simulations, we repeat 𝑟 times this procedure in order to obtain the mean
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estimation error, ⟨𝜖(𝜃𝑚)⟩ and we further take the median over many realizations of

the input model parameters.

In my simulation, we compare the estimation errors for Hankel matrices of different

sizes 𝑗, keeping however fixed the total number of measurements, 2𝑗𝑀 . The smallest

matrix has dimension 𝑛×𝑛, where 𝑛 is the model order. Larger matrices, of dimension

𝐿𝑛×𝐿𝑛, will thus have an increased error rate by a factor
√
𝐿. Since the presence of

the noise forces H̃𝐿𝑛,𝐿𝑛 to be full-rank, we employ low-rank approximation via singular

value decomposition [104] to generate an approximated 𝐿𝑛×𝐿𝑛 Hankel matrix with

rank 𝑛.

We further consider two scenarios: either the time step Δ𝑡 is fixed (thus larger

matrices require longer total times) or the total evolution time 𝑇tot is fixed (reflecting,

e.g., constraints imposed by decoherence or experimental drifts). In the first case, Δ𝑡

is chosen by assuming all the parameters take the possible maximal values so that the

sampling theorem still holds. In the second case, we fix the total time evolution time

to 𝑇tot = (2𝑛− 1)Δ𝑡 as required for the smallest Hankel matrix, and we use smaller

sampling time in the other cases.

As an example, we focus on the 𝑁 = 4 exchange model without transverse field,

which is shown in Eq. (2.43). The model order is given by 𝑛 = 4. Since we assume that

the maximal possible value taken by coupling strengths is 100, we have Δ𝑡 = 𝜋
25

√
5
.

In Fig. 2-7 we plot the estimation errors {⟨𝜖(𝐽𝑖)⟩} as a function of the total number

of measurement for different Hankel matrix dimensions.

Note that the smallest Hankel matrix leads to larger errors, but already slightly

larger matrices, possibly thanks to the low-rank approximation, give more accurate

estimation. Indeed, thanks to the low-rank approximation, we can generate a 4-rank

approximation of H̃4𝐿,4𝐿 by neglecting the smallest singular values, which corresponds

to an effective strategy for noise reduction. A second reason for the larger error is

related to the shorter total time for the smallest Hankel matrix realization, that might

in some cases not allow to fully capture the smallest frequencies in the signal. While

this is not typically an issue in the ideal case, in the presence of experimental noise

this leads to higher estimation errors.
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Figure 2-8: Estimation error with fixed total time 𝑇 : Median of the estimation error
{⟨𝜖(𝐽𝑖)⟩} over 500 random realizations of the Hamiltonian as a function of the total
number of measurements. For each Hamiltonian, we repeated the ERA estimation
100 times, to evaluate the averaged error. Solid lines with circles: 4 × 4 Hankel
matrix; Dashed lines with solid square: 8×8. The error bars are the absolute median
deviation.

The role of the total time 𝑇tot is highlighted when we consider the second scenario

where 𝑇tot is fixed: we fix the total time evolution time 𝑇tot used for constructing H̃4,4,

and compare the estimation performance between H̃4,4 and H̄8,8. Then, the time step

for H̃8 is chosen to be Δ𝑡′ = 7
15
Δ𝑡. The result in Fig. 2-8 show that in this case the

larger Hankel matrix leads to larger errors although the time step Δ𝑡′ satisfies the

sampling theorem. In the presence of noise, the additional sampling points acquired

mostly contribute to increasing the noise, but do not convey much more information.

In addition, a very small time step might lead to larger errors, since it appears in the

denominator of estimation equations in Eq. (2.20).
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2.5 Examples of Gröbner basis for identifiable Hamil-

tonians

While we have shown the Gröbner basis for 3-qubit exchange Hamiltonian, in this

section, we show the explicit polynomials for more particular identifiable models.

2.5.1 𝑁 = 3 Ising model with transverse field

For the Ising model with transverse field with 𝑁 = 3 spins, the Hamiltonian can be

written as:

𝐻 =
3∑︁

𝑘=1

𝜔𝑘

2
𝑍𝑘 +

2∑︁
𝑘=1

𝐽𝑘
2
𝑋𝑘𝑋𝑘+1.

Let us choose 𝐺0 = {𝑋1} and let the initial state of the probe be the eigenstate of 𝑋1

and the rest of spins in the chain be the maximally mixed state. The system matrix

Ã is:

Ã =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 −𝜔1 0 0 0 0

𝜔1 0 −𝐽1 0 0 0

0 𝐽1 0 −𝜔2 0 0

0 0 𝜔2 0 −𝐽2 0

0 0 0 𝐽2 0 −𝜔3

0 0 0 0 𝜔3 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and output matrix C is given as:

C =
(︁
1 0 0 0 0 0

)︁
,
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and the initial coherent vector is:

x(0) = (1, 0, 0, 0, 0, 0)𝑇 .

Let us define (𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5) = (𝜔2
1, 𝜔

2
2, 𝜔

2
3, 𝐽

2
1 , 𝐽

2
2 ). Then, we can obtain the following

form of system of polynomial equations:

𝑧1𝑧2𝑧3 = 𝑣1

𝑧1𝑧2 + 𝑧1𝑧3 + 𝑧2𝑧3 + 𝑧3𝑧4 + 𝑧1𝑧5 + 𝑧4𝑧5 = 𝑣2

𝑧1 + 𝑧2 + 𝑧3 + 𝑧4 + 𝑧5 = 𝑣3

𝑧2𝑧3 + 𝑧3𝑧4 + 𝑧4𝑧5 = 𝑣4

𝑧2 + 𝑧3 + 𝑧4 + 𝑧5 = 𝑣5,

where 𝑣𝑘 > 0 (𝑘 = 1, · · · , 5). Then, the Gröbner basis takes the following form:

G = {𝑧1 − 𝑎21, 𝑧2 − 𝑎22, 𝑧3 − 𝑎23, 𝑧4 − 𝑎24, 𝑧5 − 𝑎25}, where {𝑎21, 𝑎22, 𝑎23, 𝑎24, 𝑎25} are given in

Eq. (2.44):

𝑎21 = 𝑣3 − 𝑣5

𝑎22 =
𝑣2 − 𝑣4
𝑣3 − 𝑣5

+
𝑣1 + 𝑣4(𝑣5 − 𝑣3)

𝑣4 − 𝑣2 + 𝑣5(𝑣3 − 𝑣5)

𝑎23 =
𝑣1(𝑣4 − 𝑣2 + 𝑣5(𝑣5 − 𝑣3))

(𝑣2 − 𝑣4)2 + 𝑣23𝑣4 − 𝑣3𝑣5(𝑣2 + 𝑣4) + 𝑣2𝑣25 + 𝑣1(𝑣5 − 𝑣3)

𝑎24 =
𝑣4 − 𝑣2
𝑣3 − 𝑣5

𝑎25 = −𝑣1
𝑣2

+
𝑣1 − 𝑣4(𝑣3 − 𝑣5)

𝑣2 − 𝑣4 − 𝑣5(𝑣3 − 𝑣5)
+

𝑣1(𝑣1(𝑣5 − 𝑣3) + 𝑣4(−𝑣2 + 𝑣4 + 𝑣3(𝑣3 − 𝑣5)))

𝑣2((𝑣2 − 𝑣4)2 − 𝑣1𝑣3 + 𝑣23𝑣4 + 𝑣5(𝑣1 − 𝑣3(𝑣2 + 𝑣4)) + 𝑣2𝑣25)
,

(2.44)
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2.5.2 𝑁 = 4 Exchange model without transverse field

Next, let us consider the exchange model without transverse field with 𝑁 = 4 spins.

The Hamiltonian can be written as:

𝐻 =
3∑︁

𝑘=1

𝐽1
2
(𝑋𝑘𝑋𝑘+1 + 𝑌𝑘𝑌𝑘+1).

Let us take same observable set and initial state of spin chain in Sec. 2.5.1. The

system matrix Ã is:

Ã =

⎛⎜⎜⎜⎜⎜⎜⎝
0 −𝐽1 0 0

𝐽1 0 𝐽2 0

0 −𝐽2 0 −𝐽3

0 0 𝐽3 0

⎞⎟⎟⎟⎟⎟⎟⎠

and output matrix C is given as:

C =
(︁
1 0 0 0

)︁
,

and the initial coherent vector is:

x(0) = (1, 0, 0, 0)𝑇 .

Let us define (𝑧1, 𝑧2, 𝑧3) = (𝐽2
1 , 𝐽

2
2 , 𝐽

2
3 ). Then, we can obtain the following form of

system of polynomial equations:

𝑧2 + 𝑧3 = 𝑣1

𝑧1𝑧3 = 𝑣2

𝑧1 + 𝑧2 + 𝑧3 = 𝑣3
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where 𝑣𝑘 > 0 (𝑘 = 1, · · · , 5). Then, the Gröbner basis takes the following form:

G = {𝑧1 − 𝑎21, 𝑧2 − 𝑎22, 𝑧3 − 𝑎23}, where {𝑎21, 𝑎22, 𝑎23} are given in Eq. (2.45):

𝑎21 = 𝑣3 − 𝑣1

𝑎22 =
𝑣1𝑣3 − 𝑣2 − 𝑣21

𝑣3 − 𝑣1

𝑎33 =
𝑣2

𝑣3 − 𝑣1

(2.45)

where 𝑣3 > 𝑣1, 𝑣1(𝑣3 − 𝑣1) > 𝑣2 > 0.

2.5.3 𝑁 = 2 Exchange model with transverse field

Finally, let us consider the exchange model with 𝑁 = 3 spins with transverse field.

The Hamiltonian can be written as:

𝐻 =
𝜔1

2
𝑍1 +

𝜔2

2
𝑍2 +

𝐽1
2
(𝑋1𝑋2 + 𝑌1𝑌2).

In Sec. 2.4.4, we have discussed that the Hamiltonian becomes fully identifiable if we

measure 𝑋1 and 𝑌1 separately. Let us always prepare the initial state of the spin

probe to be the eigenstate of {𝑋1} and rest of all spins to be the maximally mixed

state. The system matrix is:

Ã =

⎛⎜⎜⎜⎜⎜⎜⎝
0 𝜔1 0 −𝐽1

−𝜔1 0 −𝐽1 0

0 𝐽1 0 𝜔2

𝐽1 0 −𝜔2 0

⎞⎟⎟⎟⎟⎟⎟⎠
Here, the output matrix becomes

C =
(︁
0 1 0 0

)︁
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and the initial coherent vector is

x(0) = (1, 0, 0, 0)𝑇 .

Let us define (𝑧1, 𝑧2, 𝑧3) = (𝜔1, 𝜔2, 𝐽
2
1 ). Then, we can obtain the following form of

system of polynomial equations:

− 𝑧1𝑧
2
2 − 𝑧2𝑧3 = 𝑣1

𝑧22 + 𝑧3 = 𝑣2

𝑧1 = 𝑣3

(𝑧1𝑧2 + 𝑧3)
2 = 𝑣4

𝑧21 + 𝑧22 + 2𝑧3 = 𝑣5

Then, the Gröbner takes the following form: G = {𝑧1 − 𝑎1, 𝑧2 − 𝑎3, 𝑧3 − 𝑎23}, where

{𝑎1, 𝑎2, 𝑎23} are given in Eq. (2.46):

𝑎1 = 𝑣3

𝑎2 =
𝑣1 + 2𝑣2𝑣3 + 𝑣33 − 𝑣3𝑣5

𝑣2 + 𝑣23 − 𝑣5

=
𝑣22 − 𝑣2𝑣

2
3 − 𝑣43 + 𝑣4 − 𝑣2𝑣5 + 𝑣23𝑣5
𝑣1 − 𝑣33 + 𝑣3𝑣5

=
2𝑣1(𝑣2 − 𝑣5) + 𝑣3(−𝑣22 + 2𝑣2𝑣

2
3 + 2𝑣43 − 3𝑣4 − 3𝑣23𝑣5 + 𝑣25)

2(𝑣43 + 𝑣4 − 𝑣23𝑣5)

𝑎23 = 𝑣5 − 𝑣2 − 𝑣23

(2.46)

where 𝑣2 + 𝑣23 − 𝑣5 ̸= 0, 𝑣1 − 𝑣23 + 𝑣3𝑣5 ̸= 0, 𝑣43 + 𝑣4 − 𝑣23𝑣5 ̸= 0 and 𝑣5 − 𝑣2 − 𝑣23 > 0.

Here 𝑎1 and 𝑎2 are the nonzero real numbers.

2.6 Conclusion and open problems

We have studied the concept of quantum system identifiability by focusing on the di-

mension estimation and Hamiltonian parameter estimation in closed quantum many-
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qubit systems through the local measurement of a well-characterized quantum probe

coupled to the target system.

In the dimension estimation problem, we assumed that the target system model

is given as prior information, but that the system can be accessed only indirectly via

a quantum probe. These assumptions considerably relax the required experimental

resources, as well as other implicit assumptions about the controllability and observ-

ability of the target system. Provided the coupling model allows the generation of

non-local correlations with the quantum probe during the system dynamics, the di-

mension of the system can be exactly estimated from sampling the quantum probe

evolution at discrete time steps. The estimation is based on measuring the rank of

the Hankel matrix constructed from the experimental data, a step in the recently pro-

posed procedure for the similar problem of Hamiltonian identification [161, 162, 138].

This study provides a useful application of local quantum probes, which can serve

as a quantum sensor to determine the exact dimension of the system. Our method can

also be employed more broadly to determine the dimension of a general interacting

𝑁−body qudit system, i.e. a system with dimension dim(ℋ) = 𝑑𝑁 : as long as 𝑑 and

the interaction model ℳ are given, conservation of the operator algebraic structure

ensures that a similar procedure than described here can be applied.

In the presence of noise, which changes the rank of the experimentally obtained

Hankel matrix, we numerically show that the dimension of the system can still be

estimated by finding the final peak in the sequence of ratios of the Hankel matrix

singular values. We conclude that the methodology has an acceptable performance

for weak noise and small number of qubits. Also, the method is model-sensitive

because we must employ the modified function for the suspected model to find the

dimension if we allow some noise on the model itself.

For the Hamiltonian parameter estimation scenario, we re-analyzed Hamiltonian

identification via the eigensystem realization algorithm (ERA) approach and pro-

vided a systematic algorithm to test identifiability by employing the Gröbner basis.

Even more importantly from a practical point of view, we showed that analyzing

these techniques yields bounds on the experimental resources required to estimate
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the Hamiltonian parameters, both in terms of the minimum coherence time required

for Hamiltonian identification and for the overall total experimental time for the

multi-parameter estimate. These bounds can guide experimentalists in implementing

the most efficient Hamiltonian identification protocol. We further numerically stud-

ied the estimation performance of ERA in the presence of noise. We found that the

low-rank approximation for larger numbers of sampling points leads to more accurate

estimation, even when the total number of measurements is kept fixed. This effects

is however already at play for small number of points above the minimum one, thus

allowing to keep the total evolution time short enough. When instead we fix the total

evolution time as required to construct the smallest size Hankel matrix, there is no

longer an advantage in using a larger number of sampling points, as the smaller time

step leads to larger estimation errors. These analyses quantitatively provide helpful

insights for a practical experimental approach to Hamiltonian identification based on

ERA.

In order to obtain exemplary analytical results for our Hamiltonian identification

protocol, we considered simple models of spin chains coupled by one end to the

quantum probe. While these models are less complex than what would be found

in practical experimental scenarios, they allowed us to clarify an interesting relation

between Hamiltonian identifiability by a quantum probe and quantum information

propagation in a chain. Indeed, as Hamiltonian identification relies on building a

complete accessible set, the transport of information along the spin chain, in the

form of spin-spin correlation, is a necessary condition. This result further imposes

conditions on the time required for Hamiltonian identification: while in the cases we

considered here these time bounds were consistent with the bounds directly imposed

by ERA, it will be interesting to analyze in the future whether this result changes

in the presence of disorder, when localization (either single particle or many-body)

appear.

We finally showed that by relaxing some of the assumptions on control constraints,

by allowing for example collective control of the target system, can turn a previously

non-identifiable system into an identifiable one. These results can contribute to make

98



Hamiltonian identification more experimentally practical in many real-system scenar-

ios.
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Chapter 3

Quantum system identification in

equilibrium regime

This chapter discusses the role of nonclassical correlations in estimating parameters

characterizing a thermal equilibrium state, namely the Gibbs’ state, by comparing

the global measurement scheme and greedy local measurement scheme [140, 139].

We focus on the ultimate precision limit quantified by quantum Fisher information

(QFI) [63, 67, 159, 74], which bounds the estimation variance over all possible sets of

measurements. We study the relation between a measure of nonclassical correlations

and the ultimate precision loss quantified by the difference in the QFI of global

measurement scheme and the local QFI in greedy local measurement scheme.

In Sec. 3.2, by following [63, 67, 159, 74], we review the concept of ultimate pre-

cision limit, which can be quantified by the quantum Fisher information (QFI), and

introduce the formalism of the QFI in the global measurement scheme and greedy local

measurement scheme. Here, we call the QFI in greedy local measurement scheme the

LOCC QFI 1 because this protocol belongs to the class of local operations and clas-

sical communication (LOCC) [115]. In Sec. 3.3, we will review the quantum discord

proposed by Ollivier and Zurek in 2001 [118], which is a general quantity to measure

of nonclassical correlations between two subsystems, introduce diagonal quantum dis-

1Note that the equivalent concept of the LOCC QFI has been originally proposed by [96] from
information-theoretic perspective and by [111] from quantum metrology perspective.
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cord by following [91]. Then, in order to explore the role of nonclassical correlations

in quantum metrology, we introduce discord for local metrology [140], which quan-

tifies the information contents of nonclassical correlations revealed by the optimal

local measurements on the subsystems in the greedy local measurement scheme. In

Sec. 3.4, we will discuss the relation between the discord for local metrology and

difference in the QFI for global and greedy local measurement scheme [140] in the

high-temperature limit, followed by the conclusion in Sec. 3.8.

3.1 Introduction

Hamiltonian parameter estimation at thermal equilibrium has been considered before

by Mehboudi et al. [108], in which they considered a special Hamiltonian consisting

of two commuting operators, to which temperature-independent parameters are lin-

early coupled. For this special case, they proved that the QFI for estimating either

parameter can be characterized as a curvature of the Helmholtz free energy at an

arbitrary temperature. However, for a general Hamiltonian 𝐻𝜆 parameterized by a

temperature-independent parameter 𝜆, this is not always the case, because of the

noncommutativity of the Hamiltonian and the generator of parameter 𝜆. Still, in the

high-temperature limit, the QFI can be well approximated by the susceptibility and

the relation provided in [108] can be applied.

For thermometry, temperature estimation also requires a fully quantum treat-

ment [17, 18, 109, 33, 126, 76, 103, 155, 34, 122, 120, 66]. Correa et al. [33] showed

that the optimal measurement strategy involves projective measurements of the en-

ergy eigenstates, since heat capacity corresponds to energy fluctuations. Unfortu-

nately, performing projective measurements of (global) energy eigenstates is typically

hard, as eigenstates usually contain nonclassical correlations among different parts of

the system. Recent works [121, 119] considered measurements on a single subsystem,

finding that the local QFI 2 bounds the ultimate achievable precision. We can however

2In Ref. [121, 119], they define the local quantum thermal susceptibility as the local QFI for
estimating the inverse temperature.
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expect that a more general measurement scheme with sequential local measurements

on multiple subsystems and (classical) feed forward from previous measurements could

improve the estimate precision. This scheme still remains practical and belongs to

the class of local operations and classical communication (LOCC) [115].

For systems with classical Gibbs states, given by product states among subsys-

tems, such local greedy schemes are optimal. However, for generic quantum systems,

Gibbs states can be highly nonclassical. Thus, temperature as a global property re-

quires global measurements to be optimally estimated, while local sequential schemes

cannot achieve optimal precision due to the nonclassical correlations in the system.

The local QFI has been recently shown to depend on the correlation length at low

temperature [70]. In a related metrology task, channel parameter estimation, the

correlation metric for pure quantum states based on the local QFI, was shown [84]

to coincide with the geometric discord [38]. Also, the relation between the decreas-

ing the QFI due to the measurements on the total system and the disturbance has

been considered [133]. In order to explore the relation between ultimate precision loss

and nonclassical correlation more broadly, we focus on temperature estimation and

seek a relation between precision loss and quantum discord [118], which quantifies

nonclassical correlations in a quantum system.

We focus on the high-temperature limit and analytically find that the precision

loss can be exactly quantified by a quantum correlation metric in this regime, despite

that entanglement or nonclassical correlations are expected to play lesser roles. In

addition, temperature estimation at high temperature is a practically important task

as the capability of performing coherent operations at room temperature is a desirable

feature for quantum information processing devices. Also, quantum phenomena such

as superconductivity [82, 45] survive at temperatures as high as 165 K.

3.2 Quantification of precision

In this section, we review the theory of classical Fisher information and quantum

Fisher information by following. Refs. [63, 67, 159, 74].
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3.2.1 Classical Fisher information

Before introducing the QFI , we review classical Fisher information first by following

Ref. [74]. Suppose that we want to estimate a parameter 𝜉 by performing a mea-

surement 𝑀𝑥 with a measurement result 𝑥. Then, this measurement is characterized

by the conditional probability distribution 𝑃𝑀𝑥(𝑥|𝜉). Let us define the estimate of

𝜉 as 𝜉𝑀𝑥(𝑥), which indicates that we estimate 𝜉 from our measurement outcome 𝑥

obtained by performing the measurement 𝑀𝑥. Here, 𝑥 is called estimator.

Let us define the estimator error 𝛿𝜉(𝑥) = 𝜉𝑀𝑥(𝑥)−𝜉. Here, 𝜉 is the true value, and

for unbiased estimator, we expect the expectation value of 𝜉𝑀𝑥(𝑥) to be equivalent to

𝜉, i.e.

∫︁
𝑑𝑥 𝜉𝑀𝑥(𝑥)𝑃𝑀𝑥(𝑥|𝜉)𝑑𝑥 = 𝜉

so that the error average over all the measurement outcomes is 0, i.e.

⟨𝛿𝜉⟩ =
∫︁

𝑑𝑥 𝛿𝜉(𝑥)𝑃𝑀𝑥(𝑥|𝜉)𝑑𝑥 =

∫︁
𝑑𝑥(𝜉𝑀𝑥(𝑥)− 𝜉)𝑃𝑀𝑥(𝑥|𝜉) = 0.

Taking the derivative of ⟨𝛿𝜉⟩ = 0 with respect to 𝜉, we obtain

0 =

∫︁
𝑑𝑥

(︁
𝜉𝑀𝑥(𝑥)

𝜕𝑃𝑀𝑥(𝑥|𝜉)
𝜕𝜉

− 𝑃𝑀𝑥(𝑥|𝜉)− 𝜉
𝜕𝑃𝑀𝑥(𝑥|𝜉)

𝜕𝜉

)︁
=

∫︁
𝑑𝑥

(︁
𝜉𝑀𝑥(𝑥)− 𝜉

)︁𝜕𝑃𝑀𝑥(𝑥|𝜉)
𝜕𝜉

− 1

=

∫︁
𝑑𝑥(𝜉𝑀𝑥(𝑥)− 𝜉)𝑃𝑀𝑥(𝑥|𝜉)

(︁ 𝜕

𝜕𝜉
ln𝑃𝑀𝑥(𝑥|𝜉)

)︁
− 1.

Then, we can write

∫︁
𝑑𝑥(𝜉𝑀𝑥(𝑥)− 𝜉)𝑃

1/2
𝑀𝑥

(𝑥|𝜉) · 𝑃 1/2
𝑀𝑥

(𝑥|𝜉)
(︁ 𝜕

𝜕𝜉
ln𝑃𝑀𝑥(𝑥|𝜉)

)︁
= 1.

From Cauchy-Schwartz inequality,

(︁∫︁
R
𝑑𝑥|𝑓(𝑥)|2

)︁(︁∫︁
R
𝑑𝑥|𝑔(𝑥)|2

)︁
≥

⃒⃒⃒ ∫︁
R
𝑑𝑥𝑓 *(𝑥)𝑔(𝑥)

⃒⃒⃒2
,
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by defining 𝑓(𝑥) = 𝜉𝑀𝑥(𝑥) − 𝜉)𝑃
1/2
𝑀𝑥

(𝑥|𝜉) and 𝑔(𝑥) = 𝑃
1/2
𝑀𝑥

(𝑥|𝜉)
(︀

𝜕
𝜕𝜉

ln𝑃𝑀𝑥(𝑥|𝜉)
)︀
, we

have

(︁∫︁
𝑑𝑥(𝜉𝑀𝑥(𝑥)− 𝜉)2𝑃𝑀𝑥(𝑥|𝜉)

)︁(︁∫︁
𝑑𝑥𝑃𝑀𝑥(𝑥|𝜉)

(︁ 𝜕

𝜕𝜉
ln𝑃𝑀𝑥(𝑥|𝜉)

)︁2)︁
≥ 1,

Since the variance of the estimation can be written as

𝛿𝜉2 =

∫︁
𝑑𝑥(𝜉𝑀𝑥(𝑥)− 𝜉)2𝑃𝑀𝑥(𝑥|𝜉)𝑑𝑥,

if we define the Fisher information 𝐼𝑀𝑥(𝜉) as

𝐼𝑀𝑥(𝜉) =

∫︁ (︁ 𝜕

𝜕𝜉
ln𝑃𝑀𝑥(𝑥|𝜉)

)︁2

𝑃𝑀𝑥(𝑥|𝜉)𝑑𝑥,

we can obtain

𝛿𝜉2 ≥ 1

𝐼𝑀𝑥(𝜉)
. (3.1)

3.2.2 Quantum Fisher information (QFI)

For quantum parameter estimation, we introduce the quantum Fisher information

(QFI) ℱ(𝜉; 𝜌(𝜉)), which is defined as

ℱ(𝜉; 𝜌(𝜉)) = Tr[𝜌(𝜉)𝐿2
𝜉 ], (3.2)

where 𝐿𝜉 = 𝐿†
𝜉 is called symmetric logarithmic derivative, which satisfies

𝜕𝜌(𝜉)

𝜕𝜉
=

𝐿𝜉𝜌(𝜉) + 𝜌(𝜉)𝐿𝜉

2
,

and

⟨𝐿𝜉⟩ = Tr[𝜌(𝜉)𝐿𝜉] = 0.

For a single parameter estimation, we have the following theorem [33, 110, 121]:
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Theorem 4. The QFI ℱ(𝜉, 𝜌(𝜉)) of a quantum state 𝜌(𝜉) characterized by a single

parameter 𝜉 to be estimated can be written as

ℱ(𝜉; 𝜌(𝜉)) = −2 lim
𝜖→0

𝜕2

𝜕𝜖2
F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)], (3.3)

where F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)] is the fidelity between two quantum states 𝜌(𝜉) and 𝜌(𝜉 + 𝜖)

defined as

F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)] =
(︁
Tr[

√︁
𝜌1/2(𝜉)𝜌(𝜉 + 𝜖)𝜌1/2(𝜉)]

)︁
.

Proof. A distance measure between two different quantum state 𝜌 and 𝜎 is the Bures

distance, which is defined as

(𝑑𝐵[𝜌, 𝜎])
2 = 2(1−

√︀
F[𝜌, 𝜎])

where F[𝜌, 𝜎] is the fidelity between states 𝜌, 𝜎 defined as [77]:

F [𝜌, 𝜎] =
(︁
Tr

[︁√︁√
𝜌𝜎

√
𝜌
]︁)︁2

.

For the states 𝜌 and 𝜌+ 𝛿𝜌, the Bures distance is defined as

(𝑑𝐵[𝜌, 𝜌+ 𝛿𝜌])2 =
1

2
Tr[Λ𝛿𝜌],

where the operator Λ satisfies

Λ𝜌+ 𝜌Λ = 𝛿𝜌.

If we define

𝛿𝜌 =
𝜕𝜌(𝜉)

𝜕𝜉
𝜖,
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where 𝜖 is the error of the estimation. We have

𝛿𝜌 =
𝐿𝜉𝜌(𝜉) + 𝜌(𝜉)𝐿𝜉

2
𝜖,

so that

𝐺 =
1

2
𝐿𝜉𝜖.

Therefore,

(𝑑𝐵[𝜌, 𝜌+ 𝛿𝜌])2 =
1

2
Tr

[︁1
2
(𝐿𝜉𝜌(𝜉) + 𝜌(𝜉)𝐿𝜉)𝜖 ·

1

2
𝐿𝜉𝜖

]︁
=

1

4
Tr[𝜌(𝜉)𝐿2

𝜉 ]𝜖
2,

which yields

(𝑑𝐵[𝜌, 𝜌+ 𝛿𝜌])2 = (𝑑𝐵[𝜌(𝜉), 𝜌(𝜉 + 𝜖))2 =
1

4
ℱ(𝜉; 𝜌(𝜉))𝜖2.

Since

(𝑑𝐵[𝜌(𝜉), 𝜌(𝜉 + 𝜖)])2 = 2
(︁
1−

√︀
F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)]

)︁
,

we have

ℱ(𝜉; 𝜌(𝜉)) = 8
1−

√︀
F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)]

𝜖2
.

Here, let us define

F(𝜖) ≡ F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)].
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For small 𝜖 ≪ 1, we have

ℱ(𝜉; 𝜌(𝜉)) = 8
1−

√︀
F(0)

𝜖2
+

4

𝜖
√︀

F(0)

𝜕F(𝜖)
𝜕𝜖

⃒⃒⃒
𝜖=0

+
1

F3/2(0)

(︁𝜕F(𝜖)
𝜕𝜖

⃒⃒⃒
𝜖=0

)︁2

− 2
1√︀
F(0)

𝜕2

𝜕𝜖2
F(𝜖)

⃒⃒⃒
𝜖=0

+𝑂(𝜖).

Since

F(0) = 1

and F(𝜖) takes the maximum value at 𝜖 = 0, i.e.

𝜕F(𝜖)
𝜕𝜖

⃒⃒⃒
𝜖=0

= 0,

we have

ℱ(𝜉, 𝜌(𝜉)) = −2 lim
𝜖→0

𝜕2

𝜕𝜖2
F[𝜌(𝜉), 𝜌(𝜉 + 𝜖)].

This shows that the QFI captures the response of the quantum state to a small

change in its parameter, and if the true state and error state becomes more distin-

guishable, then the response to the small error is larger so that it is easier to extract

the parameter.

Actually, ℱ(𝜉, 𝜌(𝜉)) is the upper bound of the classical Fisher information 𝐼𝑀𝑥(𝜉).

Let us write a quantum state 𝜌(𝜉) in its diagonal form:

𝜌(𝜉) =

∫︁
𝑃𝑀𝑥(𝑥|𝜉)|𝑥⟩⟨𝑥|𝑑𝑥 =

∫︁
𝑃𝑀𝑥(𝑥|𝜉)𝐸𝑥𝑑𝑥,

where 𝐸𝑥 = |𝑥⟩⟨𝑥| are projectors so that 𝐸𝑥 = 𝐸†
𝑥, and satisfying the following

completeness equation: ∫︁
𝑑𝑥𝐸𝑥 =

∫︁
𝑑𝑥|𝑥⟩⟨𝑥| = 1. (3.4)
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Therefore, the probability 𝑃𝑀𝑥(𝑥|𝜉) is given by

𝑃𝑀𝑥(𝑥|𝜉) = Tr[𝜌(𝜉)𝐸𝑥].

Thus, the classical Fisher information can be written as

𝐼(𝜉) =

∫︁
𝑑𝑥

(︁ 𝜕

𝜕𝜉
ln𝑃𝑀𝑥(𝑥|𝜉)

)︁2

𝑃𝑀𝑥(𝑥|𝜉) =
∫︁

𝑑𝑥
(︁ 𝜕

𝜕𝜉
𝑃𝑀𝑥(𝑥|𝜉)

)︁2 1

𝑃𝑀𝑥(𝑥|𝜉)

=

∫︁
𝑑𝑥

(︁
Tr

[︁
𝐸𝑥

𝜕𝜌(𝜉)

𝜕𝜉

]︁)︁2 1

Tr[𝜌(𝜉)𝐸𝑥]
=

∫︁
𝑑𝑥

(︁
Tr

[︁
𝐸𝑥

𝐿𝜉𝜌(𝜉) + 𝜌(𝜉)𝐿𝜉

2

]︁)︁2 1

Tr[𝜌(𝜉)𝐸𝑥]

=

∫︁
𝑑𝑥

(︁
Tr

[︁𝐸𝑥𝐿𝜉 + 𝐿𝜉𝐸𝑥

2
𝜌(𝜉)

]︁)︁2 1

Tr[𝜌(𝜉)𝐸𝑥]

=

∫︁
𝑑𝑥

(︁
Tr

[︁(𝐿𝜉𝐸𝑥)
† + 𝐿𝜉𝐸𝑥

2
𝜌(𝜉)

]︁)︁2 1

Tr[𝜌(𝜉)𝐸𝑥]

=

∫︁
𝑑𝑥

Re[Tr[𝐿𝜉𝐸𝑥𝜌(𝜉)]]
2

Tr[𝜌(𝜉)𝐸𝑥]
=

∫︁
𝑑𝑥

Re[Tr[𝐸𝑥𝜌(𝜉)𝐿𝜉]]
2

Tr[𝜌(𝜉)𝐸𝑥]
,

where we used the cyclic property of trace operation, 𝐿𝜉 = 𝐿†
𝜉 and 𝐸𝑥 = 𝐸†

𝑥. Since

Re[Tr[𝐸𝑥𝜌(𝜉)𝐿𝜉]]
2

Tr[𝜌(𝜉)𝐸𝑥]
≤

⃒⃒⃒Tr[𝐸𝑥𝜌(𝜉)𝐿𝜉]

Tr[𝜌(𝜉)𝐸𝑥]

⃒⃒⃒2
=

⃒⃒⃒
Tr

[︁(︁ √
𝐸𝑥

√︀
𝜌(𝜉)√︀

Tr[𝜌(𝜉)𝐸𝑥]

)︁(︁√︀
𝜌(𝜉)𝐿𝜉

√︀
𝐸𝑥

)︁]︁⃒⃒⃒2
From the Caushy-Schwartz inequality, since

|Tr[𝐴†𝐵]|2 ≤ Tr[𝐴†𝐴]Tr[𝐵†𝐵],

by defining 𝐴 and 𝐵 as [74]

𝐴 =

√
𝐸𝑥

√︀
𝜌(𝜉)√︀

Tr[𝜌(𝜉)𝐸𝑥]
, 𝐵 =

√︀
𝜌(𝜉)𝐿𝜉

√︀
𝐸𝑥,

we have

Tr[𝐴†𝐴] =
Tr[

√
𝐸𝑥

√︀
𝜌(𝜉)

√︀
𝜌(𝜉)

√
𝐸𝑥]

Tr[𝜌(𝜉)𝐸𝑥]
=

Tr[𝜌(𝜉)𝐸𝑥]

Tr[𝜌(𝜉)𝐸𝑥]
= 1

Tr[𝐵†𝐵] = Tr[
√︀
𝐸𝑥𝐿𝜉

√︀
𝜌(𝜉)

√︀
𝜌(𝜉)𝐿𝜉

√︀
𝐸𝑥] = Tr[

√︀
𝐸𝑥𝐿𝜉𝜌(𝜉)𝐿𝜉

√︀
𝐸𝑥] = Tr[𝐸𝑥𝐿𝜉𝜌(𝜉)𝐿𝜉].
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Therefore, we can obtain

⃒⃒⃒Tr[𝐸𝑥𝜌(𝜉)𝐿𝜉]

Tr[𝜌(𝜉)𝐸𝑥]

⃒⃒⃒2
≤ Tr[𝐸𝑥𝐿𝜉𝜌(𝜉)𝐿𝜉]

so that

𝐼𝑀𝑥(𝜉) ≤
∫︁

𝑑𝑥Tr[𝐸𝑥𝐿𝜉𝜌(𝜉)𝐿𝜉] = Tr[𝜌(𝜉)𝐿2
𝜉 ].

where we used Eq. (3.4) and Eq. (3.2). Therefore, we have

𝐼𝑀𝑥(𝜉) ≤ ℱ(𝜉; 𝜌(𝜉)), (3.5)

which means that the QFI is the optimization of classical Fisher information over all

the possible measurements {𝑀𝑥}.

ℱ(𝜉; 𝜌(𝜉)) = max
{𝑀𝑥}

𝐼𝑀𝑥(𝜉)

From Eq. (3.5) and Eq. (3.1), we can obtain the quantum Cramer-Rao bound [63, 67,

159, 74], which states that the QFI ℱ(𝜉, 𝜌(𝜉)) bounds the estimation variance as

𝛿𝜉2 ≥ 1

ℱ(𝜉, 𝜌(𝜉))
, (3.6)

and ℱ(𝜉; 𝜌(𝜉)) can be also interpreted as the ultimate precision limit.

3.2.3 LOCC QFI

Global measurements on a composite system are generally required to achieve the

optimal QFI, but are usually difficult to implement. If only local measurements are

available, even the best measurement protocol might not reach optimality. Here, we

consider a local measurement scheme with sequential local optimal measurements on

subsystems that we call “greedy” local measurement scheme [139, 140]. This scheme

belongs to the class of LOCC, thus we call the constrained QFI of this scheme the
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LOCC QFI.

Consider an arbitrary bipartite system in the state 𝜌𝐴𝐵(𝜉). In the greedy local

measurement scheme, we first perform a local optimal projection measurement Π̃𝐴
𝑗 on

the first subsystem, where we use the notation Π̃ in order to emphasize that the mea-

surement is optimal. After the measurement, the state of subsystem 𝐵 is a conditional

state based on the measurement result of Π̃𝐴
𝑗 , 𝜌𝐵|Π̃𝐴

𝑗
(𝜉) = Tr𝐴[(Π̃𝐴

𝑗 ⊗1𝐵)𝜌𝐴𝐵(𝜉)(Π̃
𝐴†
𝑗 ⊗

1𝐵)]/𝑝𝑗(𝜉), with 𝑝𝑗(𝜉) = Tr[(Π̃𝐴
𝑗 ⊗1𝐵)𝜌𝐴𝐵(𝜉)(Π̃

𝐴†
𝑗 ⊗1𝐵)] the measurement probability.

Given the conditional QFI for outcome 𝑗, ℱ𝐵|Π̃𝐴
𝑗
(𝜉) = ℱ(𝜉, 𝜌𝐵|Π̃𝐴

𝑗
(𝜉)), the uncondi-

tional local QFI for subsystem 𝐵 is given by

ℱ𝐵|𝐴(𝜉) =
∑︁
𝑗

𝑝𝑗(𝜉)ℱ𝐵|Π̃𝐴
𝑗
(𝜉),

Note that feed forward is required as the optimal measurement on 𝐵 depends on

the outcome of Π̃𝐴
𝑗 . From the additivity of the Fisher information, the LOCC QFI

ℱ𝐴→𝐵(𝜉) is given by

ℱ𝐴→𝐵(𝜉) = ℱ𝐴(𝜉) + ℱ𝐵|𝐴(𝜉),

where ℱ𝐴(𝜉) = ℱ(𝜉, 𝜌𝐴(𝜉)) is the local QFI for subsystem 𝐴 [96, 111, 139]. This

can be derived from the additivity of Fisher information [96, 111]. Since the QFI is

simply the classical Fisher information over the optimal quantum measurement. Let

us consider an arbitrary consecutive measurement result (𝑋, 𝑌 ) on 𝐴 and 𝐵. Despite

the quantum nature of the measurement, a classical derivation suffices. The joint

distribution is a Markovian chain 𝑋 → 𝑌 and thus the joint distribution is

𝑃 (𝑥, 𝑦; 𝜉) = 𝑃 (𝑥; 𝜉)𝑃 (𝑦|𝑥; 𝜉).

Let us consider the most general scenario where the measurement result is continuous.

The greedy local measurement scheme is characterized by the constrained Fisher
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information

ℱ𝐴→𝐵(𝜉) =

∫︁
𝑑𝑥𝑑𝑦𝑃 (𝑥, 𝑦; 𝜉)

(︁ 𝜕

𝜕𝜉
ln𝑃 (𝑥, 𝑦; 𝜉)

)︁2

=

∫︁
𝑑𝑥𝑑𝑦𝑃 (𝑥; 𝜉)𝑃 (𝑦|𝑥; 𝜉)

(︁ 𝜕

𝜕𝜉
ln𝑃 (𝑥; 𝜉) +

𝜕

𝜕𝜉
ln𝑃 (𝑦 : 𝑥; 𝜉)

)︁2

=

∫︁
𝑑𝑥𝑑𝑦𝑃 (𝑥; 𝜉)𝑃 (𝑦|𝑥; 𝜉)

[︁(︁ 𝜕

𝜕𝜉
ln𝑃 (𝑥 : 𝜉)

)︁2

+
(︁ 𝜕

𝜕𝜉
ln𝑃 (𝑦|𝑥; 𝜉)

)︁2]︁
=

∫︁
𝑑𝑥𝑃 (𝑥; 𝜉)

(︁ 𝜕

𝜕𝜉
𝑃 (𝑥; 𝜉)

)︁2

+

∫︁
𝑑𝑥𝑃 (𝑥; 𝜉)

∫︁
𝑑𝑦𝑃 (𝑦|𝑥; 𝜉)

(︁ 𝜕

𝜕𝜉
ln𝑃 (𝑦|𝑥; 𝜉)

)︁2

= ℱ𝐴(𝜉) + ℱ𝐵|𝐴(𝜉).

Note the cross term

∫︁
𝑑𝑥𝑑𝑦𝑃 (𝑥; 𝜉)𝑃 (𝑦|𝑥; 𝜉) 𝜕

𝜕𝜉
ln𝑃 (𝑥; 𝜉)

𝜕

𝜕𝜉
ln𝑃 (𝑦|𝑥; 𝜉) =

(︁∫︁
𝑑𝑥

𝜕𝑃 (𝑥; 𝜉)

𝜕𝜉

)︁(︁∫︁
𝑑𝑦

𝜕𝑃 (𝑦|𝑥; 𝜉)
𝜕𝜉

)︁
= 0.

integrates to zero in the second step. To obtain the last line, we use the fact that the

greedy local measurement scheme saturates the local QFI on 𝐴.

By definition, ℱ𝐴→𝐵(𝜉) ≤ ℱ𝐴𝐵(𝜉), with equality satisfied for 𝜌𝐴𝐵 in a product

state. Then, the precision loss Δℱ(𝜉) ≡ ℱ𝐴𝐵(𝜉) − ℱ𝐴→𝐵(𝜉) is generally related to

bipartite nonclassical correlations that can be quantified by a proper measure.

By definition, the global QFI ℱ𝐴𝐵(𝜉) always satisfies ℱ𝐴𝐵(𝜉) ≥ ℱ𝐴→𝐵(𝜉) [111, 139,

140]. Here we are interested in relating the precision loss Δℱ(𝜉) = ℱ𝐴𝐵(𝜉)−ℱ𝐴→𝐵(𝜉)

due to local measurements to the presence of nonclassical correlations in 𝜌𝐴𝐵(𝜉).

3.3 Quantum discord for quantifying nonclassical cor-

relations

In this section, we review the theory of quantum discord, which is a measure of non-

classical correlations between two subsystems [118], and diagonal quantum discord,

which is a special class of quantum discord which is revealed by the projection mea-

surements on the diagonal bases of the reduced density matrix of the subsystem [91].

In order to explore the role of nonclassical correlations in quantum metrology, we
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introduce discord for local metrology [140], which quantifies the information contents

of nonclassical correlations revealed by the optimal local measurements on the sub-

systems in the greedy local measurement scheme.

3.3.1 Quantum discord as a measure of nonclassical correla-

tions

Let us consider a quantum system (𝐴𝐵) composed of two subsystems (𝐴) and (𝐵),

i.e.

ℋ𝐴𝐵 = ℋ𝐴 ⊗ℋ𝐵,

where ℋ𝐴𝐵, ℋ𝐴 and ℋ𝐵 are the Hilbert space of the total system (𝐴𝐵), subsystem

(𝐴) and subsystem (𝐵), respectively. Suppose that subsystem (𝐴) and subsystem

(𝐵) are interacting with each other via an interaction Hamiltonian 𝐻𝐴𝐵 so that the

total Hamiltonian can be written as

𝐻 = 𝐻𝐴 +𝐻𝐵 +𝐻𝐴𝐵,

where 𝐻𝐴 and 𝐻𝐵 are the system Hamiltonians for subsystem (𝐴) and subsystem

(𝐵), respectively. If we write 𝜌𝐴𝐵 as the state of the total system, i.e. 𝜌𝐴𝐵 ∈ ℋ𝐴𝐵,

then the reduced state of the subsystem is given by the partial trace over the other

subsystems, i.e.

𝜌𝐴 = Tr𝐵[𝜌𝐴𝐵]

𝜌𝐵 = Tr𝐴[𝜌𝐴𝐵].

We introduce 𝑆𝑗, the von-Neumann entropy defined as

𝑆𝑗 = −Tr[𝜌𝑗 ln 𝜌𝑗],

where 𝑗 ∈ {𝐴𝐵,𝐴,𝐵}.
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Nonclassical correlations associated with the loss of quantum certainty in local

measurements have been quantified by quantum discord [118, 55, 64]. For a bipartite

system (𝐴𝐵), the quantum discord [118] upon measuring subsystem 𝐴 is defined as

𝐷𝐴→𝐵 = −𝑆𝐴𝐵 + 𝑆𝐴 + min
{Π𝐴

𝑗 }
𝑆𝐵|{Π𝐴

𝑗 },

where {Π𝐴
𝑗 } are the set of projection measurements on subsystem 𝐴. Here, 𝑆𝐵|{Π𝐴

𝑗 }

is defined as

𝑆𝐵|{Π𝐴
𝑗 } =

∑︁
𝑗

𝑝𝑗𝑆𝐵|Π𝐴
𝑗
,

with 𝑝𝑗 = Tr[(Π𝐴
𝑗 ⊗ 1𝐵)𝜌𝐴𝐵(Π

𝐴†
𝑗 ⊗ 1𝐵))] the probability associated with the projec-

tion measurement Π𝐴
𝑗 . The minimization over all sets of projection measurements

on subsystem 𝐴 is required in order for quantum discord to be basis-independent,

and to extract the maximum information about subsystem 𝐵. Unfortunately, com-

puting quantum discord is a computationally demanding task because it requires

the optimization over all possible measurements, and it has been proved to be NP-

complete [71].

In order to tackle this problem, Liu, Takagi, and Lloyd in 2017 proposed a new

class of quantum discord, called diagonal quantum discord, which is a measure of

nonclassical correlations revealed by the measurements corresponding to the diagonal

bases of the reduced density matrix of the subsystem [91, 90]:

𝒟𝐴→𝐵 = −𝑆𝐴𝐵 + 𝑆𝐴 + 𝑆𝐵|{Π𝐴
𝑗 },

where {Π𝐴
𝑗 } are the set of projection measurements corresponding to the eigenbases

of the reduced matrix of subsystem 𝐴:

𝜌𝐴 =
∑︁
𝑗

𝑟𝑗|𝑗⟩⟨𝑗| =
∑︁
𝑗

𝑟𝑗Π
𝐴
𝑗 , (∀𝑟𝑗 ∈ R).

Recently it has been verified that the diagonal quantum discord plays an important
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role in energy transfer in the thermodynamical systems [94] and parameter estima-

tion [139, 140].

3.3.2 Discord for local metrology

In order to connect nonclassical correlations to the precision loss in metrology, we

define a related metric, that we call discord for local metrology, where the minimization

is restricted to projectors achieving optimal estimate of 𝜉 [140]:

Definition 5. Let {Π̃𝐴
𝑗 } be a set of optimal projection measurements on subsystem

𝐴 so that there exists an observable Γ̃𝐴 =
∑︀

𝑗 𝑐𝑗Π̃
𝐴
𝑗 (𝑐𝑗 ∈ C), which can achieve the

ultimate precision of estimating 𝜉, i.e.,

(𝛿𝜉)2 =
(𝛿Γ̃𝐴)2(︀
𝜕𝜉⟨Γ̃𝐴⟩

)︀2 =
1

ℱ𝐴(𝜉)
,

where ℱ𝐴(𝜉) is the local QFI for estimating 𝜉 from 𝜌𝐴(𝜉). Then, discord for local

metrology 𝐷̃𝐴→𝐵(𝜉) is defined as

𝐷̃𝐴→𝐵(𝜉) = −𝑆𝐴𝐵(𝜉) + 𝑆𝐴(𝜉) + min
{Π̃𝐴

𝑗 }
𝑆𝐵|{Π̃𝐴

𝑗 }(𝜉),

which is minimized over all the possible sets of projection measurements that are

optimal for estimating the parameter 𝜉.

The minimization indicates that discord for local metrology is independent of the

choice of the optimum basis for estimating 𝜉. Because the measurement basis is

chosen according to the optimal parameter estimation, discord for local metrology is

an upper bound of the discord, i.e., 𝐷̃𝐴→𝐵(𝜉) ≥ 𝐷𝐴→𝐵. Also, the minimization is

required to avoid the ambiguity when multiple projection bases are optimal. Note

that the discord for local metrology is a function of a state and a parameter; therefore,

it is not a typical correlation measure for the state. Discord for local metrology has

the following properties:

1. 𝐷̃𝐴→𝐵 ≥ 0 (nonnegative);
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2. 𝐷̃𝐴→𝐵 ̸= 𝐷̃𝐵→𝐴 (asymmetric);

3. If the total system is in the product state, i.e., 𝜌𝐴𝐵 = 𝜌𝐴⊗ 𝜌𝐵, then 𝐷̃𝐴→𝐵 = 0;

If 𝐷̃𝐴→𝐵 = 0, then the total system is in a classical-quantum state, i.e., 𝜌𝐴𝐵 =∑︀
𝑗 𝑝𝑗 |𝑗⟩ ⟨𝑗| ⊗ 𝜌

(𝑗)
𝐵 , for some set of orthonormal basis vectors {|𝑗⟩}, probability

distribution {𝑝𝑗} and states {𝜌(𝑗)𝐵 }.

4. 𝐷̃𝐴→𝐵 is invariant under local unitary operations.

Properties 1 and 2 are trivial. The first half of Property 3 is straightforward, and

the second part follows from the fact that 𝐷̃𝐴→𝐵(𝜉) ≥ 𝐷𝐴→𝐵; thus 𝐷̃𝐴→𝐵(𝜉) = 0

leads to zero discord, and the state must be classical-quantum. Property 4 is due

to the state dependence of the local measurement basis, which makes the quantity

only a function of the state and parameter choice. Local unitary operations change

the state, but the optimal basis also changes accordingly, thus leaving invariant the

discord for local metrology. Note that one does not expect invariance under more

general local operations, since discord can increase under local noise [142]. Property

4 distinguishes our metric from the family of basis-dependent discord [156, 164, 98],

with which it otherwise shares many commonalities.

Since discord for local metrology satisfies the conditions of nonnegativity and

the invariance under local unitary operations, we can regard it as a good measure

of quantum correlations [90]. While it can be non-zero for some specific classical-

quantum state, an unpleasant property for a discord metric, it is a practical quantity

to measure correlations in terms of local optimal measurement for metrology.

3.4 Role of nonclassical correlations in general quan-

tum parameter estimation

In this section, we discuss the role of nonclassical correlations in general quantum

parameter estimation in thermal equilibrium, and study the role of nonclassical cor-

relations more general than entanglement in the parameter estimation. To better
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focus on this question, we consider a different metrology scenario, where the parame-

ter is not encoded during the evolution but in the equilibrium state. We show that for

a local detection protocol, nonclassical correlations in the state can be detrimental,

in contrast to the dynamic scenario where they help in the estimation. In particular,

we consider a greedy local measurement scheme [139, 140], in which each subsystem

is measured sequentially with a local optimal measurement for estimating a general

parameter (See Fig. 3-1). In addition, we focus on systems at thermal equilibrium in

� Global measurement scheme

A

B

Quantum discord 

Global optimal measurement

� Greedy local measurement scheme

A

B

Quantum discord 

1st (optimal) 

2nd (optimal)

Figure 3-1: Global measurement and greedy local measurement scheme: One first
measures a subsystem 𝐴 with local optimal measurement in the sense of the local
QFI and then measure the other subsystem 𝐵 in order to estimate an unknown
parameter 𝜉. The constrained QFI is given as ℱ𝐴→𝐵(𝜉) = ℱ𝐴(𝜉) + ℱ𝐵|𝐴(𝜉). We
explore the relation between the quantum discord 𝐷𝐴→𝐵(𝜉) and the precision loss
Δℱ(𝜉) = ℱ𝐴𝐵(𝜉)−ℱ𝐴→𝐵(𝜉).

the Gibbs state and consider the high-temperature limit, which is a practical scenario

in various systems, such as room-temperature NMR system or biological system, and

where only nonclassical correlations beyond entanglement are typically found. Even

in this regime, we find a precision loss when considering only local measurements,

and we bound it by considering the discord present in the system.

In the following, let us consider a finite-dimensional system described by a Hamil-

tonian 𝐻𝜆 parameterized by a single temperature-independent parameter 𝜆 at tem-

perature 𝑇 . We assume the state to be in a Gibbs state,

𝜌(𝜉) =
𝑒−𝐻𝜆/𝑇

𝒵
, 𝜉 ∈ {𝜆, 𝑇},
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where we set the Boltzmann constant to be unit, 𝑘𝐵 = 1, and

𝒵 = Tr[𝑒−𝐻𝜆/𝑇 ]

is the partition function.

3.4.1 Hamiltonian parameter estimation in the high-temperature

limit

Let us consider the case for Hamiltonian parameter estimation. The global QFI

ℱ(𝜉, 𝜌𝜉) and the entropy of the global system 𝑆(𝜌𝜉) in the high-temperature limit

satisfies the following Lemma. 1 [140]:

Lemma 1. Consider a finite-dimensional system in Gibbs state at temperature 𝑇 ,

with its Hamiltonian parameterized by a temperature-independent parameter 𝜆 to be

estimated. Then, the global quantum Fisher information for estimating 𝜆 and the

total system entropy, 𝑆(𝜆;𝑇 ) are related as

𝜕

𝜕𝑇

(︀
𝑇ℱ(𝜆;𝑇 )

)︀
=

𝜕2

𝜕𝜆2
𝑆(𝜆;𝑇 ) +𝑂(𝑇−3). (3.7)

Proof. Let 𝜖 be an error in our estimation. Then, the Hamiltonian with the error

becomes

𝐻𝜆+𝜖 = 𝐻𝜆 + 𝜖𝐺𝜆 +𝑂(𝜖2),

where

𝐺𝜆 =
𝜕𝐻𝜆

𝜕𝜆
.

The fidelity between 𝜌𝜆 and 𝜌𝜆+𝜖 is defined as

F[𝜌(𝜆), 𝜌(𝜆+ 𝜖)] =
(︁
Tr

[︁√︁
𝜌1/2(𝜆)𝜌(𝜆+ 𝜖)𝜌1/2(𝜆)

]︁)︁2

.

118



Since

𝑒−
𝐻𝜆
2𝑇 𝑒−

1
𝑇
(𝐻𝜆+𝜖𝐺𝜆)𝑒−

𝐻𝜆
2𝑇 = 𝑒−

1
𝑇
(2𝐻𝜆+𝜖𝐺𝜆)+𝑂(𝑇−3)

we can write

F[𝜌(𝜆), 𝜌(𝜆+ 𝜖)] =
1

𝒵𝜆𝒵𝜆+𝜖

(︁
Tr[𝑒−

1
𝑇
(𝐻𝜆+

𝜖
2
𝐺𝜆)+𝑂(𝑇−3)]

)︁2

=
1

𝒵𝜆𝒵𝜆+𝜖

(︁
Tr[𝑒−

1
𝑇
(𝐻𝜆+

𝜖
2
𝐺𝜆)]

)︁2

+𝑂(𝑇−3).

In the high-temperature limit, the fidelity between 𝜌𝜆 and 𝜌𝜆+𝜖 becomes

F[𝜌𝜆, 𝜌𝜆+𝜖] =
𝒵2

𝜆+ 𝜖
2

𝒵𝜆𝒵𝜆+𝜖

+𝑂(𝑇−3),

where 𝒵𝜆+ 𝜖
2
= Tr[𝑒−𝐻𝜆+ 𝜖

2
/𝑇
], and from the definition of the QFI , we can obtain

ℱ(𝜆;𝑇 ) =
1

𝒵𝜆

𝜕2𝒵𝜆

𝜕𝜆2
−
(︁ 1

𝒵𝜆

𝜕𝒵𝜆

𝜕𝜆

)︁2

+𝑂(𝑇−3)

Here, for Gibbs state, ⟨𝐺𝜆⟩ = Tr[𝐺𝜆𝜌𝜆] is always

⟨𝐺𝜆⟩ = −𝑇
𝜕

𝜕𝜆
ln𝒵𝜆.

Then, the susceptibility with respect to a temperature-independent parameter 𝜆 can

be defined as

𝜒(𝜆;𝑇 ) = −𝜕⟨𝐺𝜆⟩
𝜕𝜆

.

so that we have

ℱ(𝜆;𝑇 ) =
𝜒(𝜆;𝑇 )

𝑇
+𝑂(𝑇−3). (3.8)

Since the entropy of the bipartite system, 𝑆(𝜆;𝑇 ) = −Tr[𝜌𝜆 ln 𝜌𝜆], satisfies the fol-

lowing relation
𝜕

𝜕𝑇
⟨𝐺𝜆⟩ = − 𝜕

𝜕𝜆
𝑆(𝜆;𝑇 ), (3.9)
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from Eq. (3.8) and Eq. (3.9), we can obtain

𝜕

𝜕𝑇

(︀
𝑇ℱ(𝜆;𝑇 )

)︀
=

𝜕2

𝜕𝜆2
𝑆(𝜆;𝑇 ) +𝑂(𝑇−3).

In the high-temperature limit, the QFI for estimating 𝜆 can be quantified by the

susceptibility 𝜒(𝜆;𝑇 ) to leading order: ℱ(𝜆;𝑇 ) = 𝜒(𝜆;𝑇 )/𝑇+𝑂(𝑇−3). In the classical

case, Eq. (3.7) becomes exact, as it can also be derived from properties of the classical

Fisher information in the linear exponential family [99, 35, 6]. From the relation

between the general susceptibility and entropy, 𝜕
𝜕𝑇

𝜒(𝜆;𝑇 ) = 𝜕2

𝜕𝜆2𝑆(𝜆;𝑇 ), we can obtain

Eq. (3.7). Furthermore, let 𝐴(𝜆;𝑇 ) be the Helmholtz free energy. Then, from the

relation between the Helmholtz free energy and entropy, 𝜕
𝜕𝑇

𝐴(𝜆;𝑇 ) = −𝑆(𝜆;𝑇 ), we

can obtain:

ℱ(𝜆;𝑇 ) = − 1

𝑇

𝜕2

𝜕𝜆2
𝐴(𝜆;𝑇 ) +𝑂(𝑇−3).

This recovers the result of [108] to leading order, which demonstrates that, in the high-

temperature limit, the QFI can be characterized as the curvature of the Helmholtz

free energy.

Next, for the thermometry case, 𝜉 = 𝑇 , the global QFI and is related to the heat

capacity as ℱ(𝑇 ) = 𝐶(𝑇 )/𝑇 2 [33] for finite temperature, and it satisfies the following

Lemma. 2 [33, 139, 140]:

Lemma 2. Consider a general quantum system in Gibbs state at temperature 𝑇 ,

whose Hilbert space could have both finite or infinite dimensions. Then, the global

QFI for estimating 𝑇 and the total system entropy, 𝑆(𝑇 ) are related as For the ther-

mometry case,

𝜕2

𝜕𝑇 2
𝑆(𝑇 ) =

𝜕

𝜕𝑇

(︀
𝑇ℱ(𝑇 )

)︀
,

which is exact.
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Proof. Let 𝐻 be the Hamiltonian of a system thermalized at temperature 𝑇 . Let 𝛽

be the inverse temperature, i.e., 𝛽 = 1/𝑇 , where we have set the Boltzmann constant

as 𝑘𝐵 = 1. Then, the Gibbs state is given by

𝜌(𝛽) =
1

𝒵𝛽

𝑒−𝛽𝐻 ,

where 𝒵 is the partition function:

𝒵𝛽 = Tr(𝑒−𝛽𝐻).

Suppose that we have an error 𝜖 when estimating 𝛽. Then, the state with this error

is given by:

𝜌(𝛽 + 𝜖) =
1

𝒵𝛽+𝜖

𝑒−(𝛽+𝜖)𝐻 .

The QFI ℱ(𝛽) to estimate 𝛽 is defined by

ℱ(𝛽) = −2 lim
𝜖→0

𝜕2

𝜕𝜖2
F[𝜌(𝛽), 𝜌(𝛽 + 𝜖)],

where F[𝜌(𝛽), 𝜌(𝛽 + 𝜖)] is the fidelity between 𝜌(𝛽) and 𝜌(𝛽 + 𝜖)

F[𝜌(𝛽), 𝜌(𝛽 + 𝜖)] =
(︁
Tr

√︁
𝜌1/2(𝛽)𝜌(𝛽 + 𝜖)𝜌1/2(𝛽)

)︁2

.

First, let us calculate the fidelity. The fidelity is given by

F[𝜌(𝛽), 𝜌(𝛽 + 𝜖)] =
(︁
Tr

√︁
𝜌1/2(𝛽)𝜌(𝛽 + 𝜖)𝜌1/2(𝛽)

)︁2

=
1

𝒵𝛽𝒵𝛽+𝜖

(︁
Tr

√︀
𝑒−

1
2
𝛽𝐻𝑒−(𝛽+𝜖)𝐻𝑒−

1
2
𝛽𝐻

)︁2

=
1

𝒵𝛽𝒵𝛽+𝜖

(︁
Tr

√
𝑒−(2𝛽+𝜖)𝐻

)︁2

=
1

𝒵𝛽𝒵𝛽+𝜖

(︁
Tr[𝑒−(𝛽+ 𝜖

2
)𝐻 ]

)︁2

=
𝒵2

𝛽+ 𝜖
2

𝒵𝛽𝒵𝛽+𝜖

,
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which yields

ℱ(𝛽) =
1

𝒵𝛽

𝜕2𝒵𝛽

𝜕𝛽2
−
(︁ 1

𝒵𝛽

𝜕𝒵𝛽

𝜕𝛽

)︁
= 𝛿𝐻2,

This can also be calculated as the following. Before calculating the QFI, let us

show the following fact:

lim
𝜖→0

𝜕

𝜕𝜖
𝒵𝛽+𝜖 =− lim

𝜖→0
Tr[𝑒−(𝛽+𝜖)𝐻𝐻] = −Tr[𝑒−𝛽𝐻𝐻]

lim
𝜖→0

𝜕2

𝜕𝜖2
𝒵𝛽+𝜖 = lim

𝜖→0
Tr[𝑒−(𝛽+𝜖)𝐻𝐻2] = Tr[𝑒−𝛽𝐻𝐻2]

lim
𝜖→0

𝜕

𝜕𝜖
𝒵𝛽+ 𝜖

2
=− lim

𝜖→0
Tr

[︁
𝑒−(𝛽+ 𝜖

2
)𝐻𝐻

2

]︁
= −1

2
Tr[𝑒−𝛽𝐻𝐻]

lim
𝜖→0

𝜕2

𝜕𝜖2
𝒵𝛽+ 𝜖

2
= lim

𝜖→0
Tr

[︁
𝑒−(𝛽+ 𝜖

2
)𝐻𝐻2

4

]︁
=

1

4
Tr[𝑒−𝛽𝐻𝐻2]

For two functions 𝑓(𝑥) and 𝑔(𝑥), where 𝑔(𝑥) ̸= 0, we have:

𝜕2

𝜕𝑥2

𝑓 2

𝑔
=2

𝜕2𝑓

𝜕𝑥2

𝑓

𝑔
+

2

𝑔

(︁𝜕𝑓
𝜕𝑥

)︁2

− 4𝑓

𝑔2

(︁𝜕𝑓
𝜕𝑥

)︁(︁𝜕𝑔
𝜕𝑥

)︁
− 𝜕2𝑔

𝜕𝑥2
· 𝑓

2

𝑔2
+

2𝑓 2

𝑔3

(︁𝜕𝑔
𝜕𝑥

)︁2

.

Therefore, if we define 𝑥 = 𝜖, 𝑓 = 𝒵𝛽+ 𝜖
2
, and 𝑔 = 𝒵𝛽+𝜖, we can obtain

lim
𝜖→0

𝜕2

𝜕𝜖2
F = lim

𝜖→0

𝜕2

𝜕𝜖2

𝒵2
𝛽+ 𝜖

2

𝒵𝛽𝒵𝛽+𝜖

= lim
𝜖→0

1

𝒵𝛽

𝜕2

𝜕𝜖2

𝒵2
𝛽+ 𝜖

2

𝒵𝛽+𝜖

= −1

2
Tr

[︁𝑒−𝛽𝐻

𝒵𝛽

𝐻2
]︁
+

1

2

(︁
Tr

[︁𝑒−𝛽𝐻

𝒵𝛽

𝐻
]︁)︁2

= −1

2

(︁
Tr[𝜌𝛽𝐻2]− (Tr[𝜌𝛽𝐻])2

)︁
= −1

2

(︁
⟨𝐻2⟩ − ⟨𝐻⟩2

)︁
= −1

2
𝛿𝐻2.

Therefore, the QFI becomes

ℱ(𝛽) = −2 lim
𝜖→0

𝜕2

𝜕𝜖2
F = 𝛿𝐻2,
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which is the variance of the Hamiltonian. Therefore, the variance of 𝛽 satisfies the

following Cramer-Rao bound:

𝜖2 ≥ 1

ℱ(𝛽)
=

1

𝛿𝐻2

Since 𝛽 = 1/𝑇 , we have

𝜖

𝛿𝑇
=

𝛿𝛽

𝛿𝑇
= − 1

𝑇 2
,

therefore, we can obtain

𝛿𝑇 2 ≥ 𝑇 4

𝛿𝐻2

Therefore, we can find that the QFI to estimate the temperature 𝑇 can be written as

ℱ(𝑇 ) =
𝛿𝐻2

𝑇 4
=

ℱ(𝛽)

𝑇 4
.

By definition, heat capacity 𝐶(𝑇 ) is given by

𝐶(𝑇 ) =
1

𝑇 2
𝛿𝐻2.

The QFI to estimate temperature 𝑇 for the Gibbs state becomes:

ℱ(𝑇 ) =
𝐶(𝑇 )

𝑇 2
.

Since

𝐶(𝑇 ) = 𝑇
𝜕𝑆(𝑇 )

𝜕𝑇
,

we can obtain

𝜕

𝜕𝑇

(︁
𝑇ℱ(𝑇 )

)︁
=

𝜕2𝑆(𝑇 )

𝜕𝑇 2
.
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Let us define the optimal measurement in the high-temperature limit as the mea-

surement which achieves the ultimate precision up to order 𝑂(𝑇−2) of the QFI (for

thermometry, 𝑂(𝑇−4) of the QFI [139]). Different from thermometry case (𝜉 = 𝑇 ),

While to estimate a generic parameter 𝜆 the optimal measurement is generally not

projection measurement onto energy eigenstates, this is instead the case for ther-

mometry or if 𝜆 is linearly coupled to the Hamiltonian. Formally, we can have the

following lemma:

Lemma 3. Consider a finite-dimensional system in Gibbs state at temperature 𝑇

with its Hamiltonian parameterized by a temperature-independent parameter 𝜆 to be

estimated. If the Hamiltonian depends only linearly on 𝜆, i.e., 𝜕2𝐻𝜆

𝜕𝜆2 = 0, projection

measurements on the energy eigenstates are optimal to estimate 𝜆.

Proof. First, let us prove the case of 𝜉 = 𝜆. When 𝜕𝐺𝜆

𝜕𝜆
= 0, the QFI becomes

ℱ(𝜆, 𝑇 ) =
(𝛿𝐺𝜆)

2

𝑇 2
+𝑂(𝑇−3). (3.10)

Let 𝐸𝑘(𝜆) be the eigenvalues of the Hamiltonian 𝐻𝜆. Then, 𝐻𝜆 can be diagonalized

as 𝐻𝜆 = 𝑃𝜆𝐾𝜆𝑃
†
𝜆, where 𝑃𝜆 is an unitary operator, 𝑃 †

𝜆𝑃𝜆 = 𝑃𝜆𝑃
†
𝜆 = 1 and 𝐾𝜆 =

diag(𝐸1(𝜆), 𝐸2(𝜆), · · · , 𝐸𝑑(𝜆)) =
∑︀𝑑

𝑘=1𝐸𝑘(𝜆)|𝑘⟩⟨𝑘| and |𝑘⟩’s form a complete basis

independent of 𝜆, and 𝑑 is the dimension of the system. Thus,

𝜕𝐾𝜆

𝜕𝜆
=

𝑑∑︁
𝑘=1

𝜕𝐸𝑘(𝜆)

𝜕𝜆
|𝑘⟩⟨𝑘|.

Then, Gibbs state becomes

𝜌(𝜆) =
1

𝒵𝜆

𝑃𝜆𝑒
−𝐾𝜆/𝑇𝑃 †

𝜆 =
1

𝒵𝜆

𝑑∑︁
𝑘=1

𝑒−𝐸𝑘(𝜆)/𝑇𝑃𝜆|𝑘⟩⟨𝑘|𝑃 †
𝜆.
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Let us calculate the expectation value of 𝐺𝜆 = 𝜕𝐻𝜆

𝜕𝜆
. Since

𝐺𝜆 =
𝜕𝑃𝜆

𝜕𝜆
𝐾𝜆𝑃

†
𝜆 + 𝑃𝜆

𝜕𝐾𝜆

𝜕𝜆
𝑃 †
𝜆 + 𝑃𝜆𝐾𝜆

𝜕𝑃 †
𝜆

𝜕𝜆
,

we have

⟨𝐺𝜆⟩ =Tr[𝜌𝜆𝐺𝜆] =
1

𝒵𝜆

Tr
[︁(︁

𝑃𝜆𝑒
−𝐾𝜆/𝑇𝑃 †

𝜆

)︁(︁𝜕𝑃𝜆

𝜕𝜆
𝐾𝜆𝑃

†
𝜆 + 𝑃𝜆

𝜕𝐾𝜆

𝜕𝜆
𝑃 †
𝜆 + 𝑃𝜆𝐾𝜆

𝜕𝑃 †
𝜆

𝜕𝜆

)︁]︁
=Tr

[︁𝑒−𝐾𝜆/𝑇

𝒵𝜆

𝜕𝐾𝜆

𝜕𝜆

]︁
+

1

𝒵𝜆

Tr
[︁
𝐾𝜆𝑒

−𝐾𝜆/𝑇𝑃 †
𝜆

𝜕𝑃𝜆

𝜕𝜆
+

𝑃 †
𝜆

𝜕𝜆
𝑃𝜆𝑒

−𝐾𝜆/𝑇𝐾𝜆

]︁
=Tr

[︁𝑒−𝐾𝜆/𝑇

𝒵𝜆

𝜕𝐾𝜆

𝜕𝜆

]︁
+

1

𝒵𝜆

Tr
[︁
𝑒−𝐾𝜆/𝑇𝐾𝜆

𝜕

𝜕𝜆
(𝑃 †

𝜆𝑃𝜆)
]︁

=Tr
[︁𝑒−𝐾𝜆/𝑇

𝒵𝜆

𝜕𝐾𝜆

𝜕𝜆

]︁
= Tr

[︁
𝜌𝜆𝑃𝜆

𝜕𝐾𝜆

𝜕𝜆
𝑃 †
𝜆

]︁
,

where we used the cyclic property of trace operation, and the fact of [𝑒−𝐾𝜆/𝑇 , 𝐾𝜆] = 0.

Therefore,

⟨𝐺𝜆⟩ =
⟨
𝑃𝜆

𝜕𝐾𝜆

𝜕𝜆
𝑃 †
𝜆

⟩
,

and 𝑃𝜆
𝜕𝐾𝜆

𝜕𝜆
𝑃 †
𝜆 has same diagonal basis of 𝜌𝜆, which are {𝑃𝜆|𝑘⟩⟨𝑘|𝑃 †

𝜆}𝑑𝑘=1. This means

that the optimal measurement for estimating the linear coupling parameter is the

projection measurement to the diagonal basis of 𝜌𝜆.

Here we note that for a generic Hamiltonian, 𝐻𝜆, the susceptibility with respect

to 𝜆 is given by

𝜒(𝜆;𝑇 ) =
⟨𝐺2

𝜆⟩ − ⟨𝐺𝜆⟩2

𝑇
−
⟨𝜕𝐺𝜆

𝜕𝜆

⟩
=

(𝛿𝐺𝜆)
2

𝑇
−

⟨𝜕𝐺𝜆

𝜕𝜆

⟩
,

where 𝐺𝜆 = 𝜕𝐻𝜆

𝜕𝜆
. From Eq. (3.8), the QFI becomes:

ℱ(𝜆;𝑇 ) =
(𝛿𝐺𝜆)

2

𝑇 2
− 1

𝑇

⟨𝜕𝐺𝜆

𝜕𝜆

⟩
+𝑂(𝑇−3). (3.11)
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If 𝜆 is linearly coupled to the Hamiltonian, i.e.,

𝜕𝐺𝜆

𝜕𝜆
=

𝜕2𝐻𝜆

𝜕𝜆2
= 0,

the projection measurements on the energy eigenstate are optimal since measuring 𝐺𝜆

corresponds to projection measurements on the energy eigenstates and the sensitivity

of measuring 𝐺𝜆 saturates the Fisher information as follows

(𝛿𝜆)2 =
(𝛿𝐺𝜆)

2

(𝜕⟨𝐺𝜆⟩
𝜕𝜆

)2
=

(𝛿𝐺𝜆)
2

𝜒(𝜆;𝑇 )2
=

𝑇 2

(𝛿𝐺𝜆)2
≈ 1

ℱ(𝜆;𝑇 )
. (3.12)

Second, for the case of 𝜉 = 𝑇 , the QFI is given as

ℱ(𝑇 ) =
𝐶(𝑇 )

𝑇 2
=

1

𝑇

𝜕𝑆(𝑇 )

𝜕𝑇
, (3.13)

where 𝐶(𝑇 ) is the heat capacity [33] and 𝑆(𝑇 ) is the entropy. Because of 𝐶(𝑇 ) =

𝜕
𝜕𝑇

⟨𝐻𝜆⟩ = (𝛿𝐻𝜆)
2/𝑇 2, the temperature variance, (𝛿𝑇 )2, becomes

(𝛿𝑇 )2 =
(𝛿𝐻𝜆)

2

(𝜕⟨𝐻𝜆⟩
𝜕𝑇

)2
=

𝑇 2

𝐶(𝑇 )
=

1

ℱ(𝑇 )
.

Therefore, for thermometry, the projection measurements on diagonal basis are also

optimal.

For a general parameter 𝜆, we usually have ⟨ 𝜕
𝜕𝜆
𝐺𝜆⟩ ̸= 0 and from Eq. (3.11), the

projection measurements on the energy eigenstate are not optimal. However, there

still exits a set of observables that achieves the optimal measurement.

3.4.2 Diagonal quantum discord for quantifying ultimate pre-

cision for thermometry

Here, let us first demonstrate that diagonal quantum discord and precision loss quan-

tified by the difference between the global QFI and the LOCC QFI.

In the high-temperature limit, for the finite-dimensional bipartite systems in the
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Gibbs state at temperature 𝑇 , we find that the precision loss is given by

Δℱ(𝑇 ) = − 1

𝑇

𝜕

𝜕𝑇
𝒟𝐴→𝐵(𝑇 ) +𝑂(𝑇−5). (3.14)

This relation can be proved by realizing that in the high-temperature limit, the par-

tial states are still well approximated by the Gibbs states. Then Eq. (3.13) is still

approximately valid and one can relate the local QFI to the entropy of the subsystem

and thus to diagonal discord. Let us write the total Hamiltonian as

𝐻 = 𝐻𝐴 +𝐻𝐵 +𝐻𝐴𝐵,

where 𝐻𝐴 and 𝐻𝐵 are the system Hamiltonians of 𝐴 and 𝐵, respectively, and 𝐻𝐴𝐵 is

the interaction Hamiltonian between 𝐴 and 𝐵. The Gibbs state of the total system is

then 𝜌𝐴𝐵(𝑇 ) = 𝒵−1
𝐴𝐵𝑒

− 1
𝑇
(𝐻𝐴+𝐻𝐵+𝐻𝐴𝐵). Since the heat capacity is given by 𝐶𝐴𝐵(𝑇 ) =

𝑇 𝜕𝑆𝐴𝐵(𝑇 )
𝜕𝑇

, we can write

ℱ𝐴𝐵(𝑇 ) =
𝐶𝐴𝐵(𝑇 )

𝑇 2
=

1

𝑇

𝜕𝑆𝐴𝐵(𝑇 )

𝜕𝑇
. (3.15)

For a general finite-dimensional system, in the high-temperature limit 𝛽 ≪ 1, 𝜌𝐴𝐵

can be written as

𝜌𝐴𝐵 =
1

𝑑𝐴𝐵

(︁
1𝐴𝐵 − 𝛽

(︁
𝐻 − Tr[𝐻]

𝑑𝐴𝐵

)︁)︁
+𝑂(𝛽2). (3.16)

Within the same approximation, the reduced state 𝜌𝐴 = Tr𝐵[𝜌𝐴𝐵] is 𝜌𝐴 ∝ (1𝐴 −

𝛽𝐻𝐴 − 𝛽Ω𝐴)+𝑂(𝛽2), where Ω𝐴 = const+ 1
𝑑𝐵

∑︀
𝑘⟨𝐸

(𝐵)
𝑘 |𝐻𝐴𝐵|𝐸(𝐵)

𝑘 ⟩, which is indepen-

dent of the temperature 𝑇 (here 𝐸
(𝐵)
𝑘 , |𝐸(𝐵)

𝑘 ⟩ are 𝐵’s energy eigenvalues and eigen-

states). Note that when the interaction between 𝐴 and 𝐵 is absent, i.e. 𝐻𝐴𝐵 = 0, due

to [𝐻𝐴, 𝐻𝐵] = 0, the Gibbs’ state of the total system can be written as the product

Gibbs’ state of the subsystems, which are only relevant to their system Hamilto-

nians. Therefore, in this case, we have Ω𝐴 = 0 for any temperature 𝑇 . In the

high-temperature limit, in general, 𝐻eff
𝐴 = 𝐻𝐴 + Ω𝐴 behaves as an effective Hamil-
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tonian for subsystem 𝐴. Therefore, at high temperature, 𝜌𝐴 is approximated by a

Gibbs state, 𝜌𝐴 ≃ 𝒵−1
𝐴 exp

(︀
− 𝛽𝐻eff

𝐴

)︀
, with 𝒵𝐴 ≡ Tr[exp

(︀
− 𝛽𝐻eff

𝐴

)︀
]. Then, the local

QFI still follows Eq. (3.13) and can be written, within this approximation, as

ℱ𝐴(𝑇 ) ≃
1

𝑇

𝜕𝑆𝐴(𝑇 )

𝜕𝑇
. (3.17)

The measurements that saturate this local QFI are the projectors Π𝐴
𝑗 onto local

eigenstates of 𝜌𝐴, since they are also eigenstates of the effective Hamiltonian 𝐻𝐴+Ω𝐴.

Similar to 𝜌𝐴, the conditional state 𝜌𝐵|Π𝐴
𝑗

after measuring 𝐴 can be also approxi-

mated by a Gibbs state, 𝜌𝐵|Π𝐴
𝑗
≃ 𝒵−1

𝐵|Π𝐴
𝑗
exp

(︀
− 𝛽𝐻eff

𝐵|Π𝐴
𝑗

)︀
, with effective Hamiltonian

𝐻eff
𝐵|Π𝐴

𝑗
= 𝐻𝐵 +Ω𝐵|Π𝐴

𝑗
, where Ω𝐵|Π𝐴

𝑗
= const+ ⟨𝑗|𝐻𝐴𝐵|𝑗⟩. This allows us to relate the

corresponding local QFI to entropy

ℱ𝐵|Π𝐴
𝑗
(𝑇 ) ≃ 1

𝑇

𝜕

𝜕𝑇
𝑆𝐵|Π𝐴

𝑗
(𝑇 ), (3.18)

where 𝑆𝐵|Π𝐴
𝑗
(𝑇 ) is the entropy of subsystem 𝐵 after the measurement Π𝐴

𝑗 . By selecting

a set of projection measurements that minimize 𝐵’s entropy, we can relate the en-

tropies to diagonal discord. More precisely, let {Π𝐴
𝑗*} be the set of projection measure-

ments on subsystem 𝐴 such that
∑︀

𝑗* 𝑝𝑗*(𝑇 )𝑆𝐵|Π𝐴
𝑗*
(𝑇 ) = min{Π𝐴

𝑗 }
∑︀

𝑗 𝑝𝑗(𝑇 )𝑆𝐵|Π𝐴
𝑗
(𝑇 ).

From Eqs. (3.15-3.18), we have

− 𝜕

𝜕𝑇
𝒟𝐴→𝐵(𝑇 ) ≃ 𝑇Δℱ(𝑇 )−

∑︁
𝑘

𝜕𝑝𝑘*(𝑇 )

𝜕𝑇
𝑆𝐵|Π𝐴

𝑘*
(𝑇 ). (3.19)

Here, let us consider 𝑝𝑗*(𝑇 ). Let 𝑑𝐴 and 𝑑𝐵 be the dimensions of the subsystems

𝐴 and 𝐵, respectively, and the dimension of the total system 𝑑𝐴𝐵 is written as 𝑑𝐴𝐵 =

𝑑𝐴𝑑𝐵. By definition, from Eq. (3.16), in the high-temperature limit, we can obtain

𝑝𝑗*(𝑇 ) = Tr
[︁
(Π𝐴

𝑗* ⊗ 1𝐵)𝜌𝐴𝐵(Π
𝐴
𝑗* ⊗ 1𝐵)

]︁
=

1

𝑑𝐴
+𝑂(𝑇−1),
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where we use the fact that Tr[1𝐵] = 𝑑𝐵. Therefore, we have

𝜕𝑝𝑗*(𝑇 )

𝜕𝑇
= 𝑂(𝑇−2).

Also, because
∑︀

𝑗* 𝑝𝑗*(𝑇 ) = 1, we have

∑︁
𝑗*

𝜕𝑝𝑗*(𝑇 )

𝜕𝑇
= 0

and also the order of magnitude of the entropy is given by

𝑆𝐵|Π𝐴
𝑗
(𝑇 ) = ln (𝑑𝐵) +𝑂(𝑇−2).

Therefore, we can obtain

1

𝑇

∑︁
𝑗*

𝜕𝑝𝑗*(𝑇 )

𝜕𝑇
𝑆𝐵|Π𝐴

𝑗*
(𝑇 ) =

1

𝑇

∑︁
𝑗*

𝜕𝑝𝑗*(𝑇 )

𝜕𝑇
ln (𝑑𝐵) +𝑂(𝑇−5) = 𝑂(𝑇−5).

Therefore, we have:
1

𝑇

∑︁
𝑗*

𝜕𝑝𝑗*(𝑇 )

𝜕𝑇
𝑆𝐵|Π𝐴

𝑗*
(𝑇 ) = 𝑂(𝑇−5). (3.20)

Then we have two cases. A trivial case is when the greedy local method is asymptot-

ically optimal at high temperature, i.e., lim𝑇→∞ Δℱ(𝑇 )/ℱ(𝑇 ) = 0, as the deviation

Δℱ is no longer important.

The magnitude of order of ℱ(𝑇 ) is

ℱ(𝑇 ) ≃ 𝑂(𝑇−4). (3.21)

This can be shown as the following. Let 𝐻 be the Hamiltonian for the finite-

dimensional system. Then, the partition function can be written as

𝒵 = Tr[𝑒−𝛽𝐻 ] =
𝑑∑︁

𝑘=1

𝑒−𝛽ℎ𝑘 .

where 𝑑 is the dimension of the Hamiltonian (i.e., the number of eigenvalues of 𝐻),
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and {ℎ𝑘}𝑑𝑘=1 are the eigenvalues of the Hamiltonian 𝐻. Then, the heat capacity 𝐶(𝛽)

at high temperature (𝛽 ≪ 1) can be written as:

𝐶(𝛽) =
[︁ 1

𝑑

𝑑∑︁
𝑘=1

ℎ2
𝑘 −

(︁1
𝑑

𝑑∑︁
𝑘=1

ℎ𝑘

)︁2 ]︁
𝛽2 +𝑂(𝛽3)

= 𝛿ℎ2𝛽2 +𝑂(𝛽3),

where

𝛿ℎ2 =
1

𝑑

𝑑∑︁
𝑘=1

ℎ2
𝑘 −

(︁1
𝑑

𝑑∑︁
𝑘=1

ℎ𝑘

)︁2

is the variance of the eigenvalues. Since 𝛽 = 1/𝑇 , we have

𝐶(𝑇 ) =
𝛿ℎ2

𝑇 2
+𝑂(𝑇−3).

For the Gibbs state, the QFI of estimating temperature is

ℱ(𝑇 ) =
𝐶(𝑇 )

𝑇 2
.

Therefore, the order of magnitude of ℱ(𝑇 ) is

ℱ(𝑇 ) = 𝑂(𝑇−4).

In our approach, in the high-temperature limit, the subsystem can be regarded as the

Gibbs state; ℱ𝐴(𝑇 ), ℱ𝐵|𝐴(𝑇 ), and ℱ𝐴𝐵(𝑇 ) all have the order of magnitude 𝑂(𝑇−4).

Therefore, if the greedy local method is not asymptotically optimal at high temper-

ature, i.e.,

lim
𝑇→∞

Δℱ(𝑇 )

ℱ(𝑇 )
> 0,
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then we have

Δℱ(𝑇 ) = 𝑂(𝑇−4),

which shows that Δℱ(𝑇 ) is more dominant in the high-temperature limit, i. e.

Δℱ(𝑇 ) ≫ 1

𝑇

∑︁
𝑗*

𝜕𝑝𝑗*(𝑇 )

𝜕𝑇
𝑆𝐵|Π𝐴

𝑗*
(𝑇 ).

If instead Δℱ(𝑇 )/ℱ(𝑇 ) remains finite at high temperature, due to ℱ(𝑇 ) = 𝑂(𝑇−4),

we must also have Δℱ(𝑇 ) = 𝑂(𝑇−4), which is then the dominant term in the right-

hand-side of Eq. (3.19) and we recover Eq. (3.14).

3.4.3 Discord for local metrology for quantifying ultimate pre-

cision

In this section, we prove our main result, Theorem 5, stating the relation between the

discord for local metrology and the precision loss quantified by the difference between

the global QFI and the LOCC QFI.

Theorem 5. Consider a finite-dimensional system in Gibbs state with its Hamil-

tonian 𝐻𝜆 parameterized by a temperature-independent parameter 𝜆 at temperature

𝑇 . Let 𝜉 ∈ {𝜆, 𝑇} denote an unknown parameter to be estimated. If ℱ𝐴𝐵(𝜉;𝑇 ) is

the global QFI, and ℱ𝐴→𝐵(𝜉;𝑇 ) is the LOCC QFI for estimating 𝜉, in the high-

temperature limit, we have

− 𝜕2

𝜕𝜉2
𝐷̃𝐴→𝐵(𝜉;𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝜉;𝑇 )

)︁
+𝑂(𝑇−𝛼𝜉), (3.22)

where 𝛼𝜆 = 3 and 𝛼𝑇 = 5. Particularly, for thermometry (𝜉 = 𝑇 ), 𝐷̃𝐴→𝐵(𝑇 ) becomes

the diagonal quantum discord 𝒟𝐴→𝐵(𝑇 ), which obeys

− 𝜕2

𝜕𝑇 2
𝒟𝐴→𝐵(𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝑇 )

)︁
+𝑂(𝑇−5), (3.23)
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Proof. First, let us prove the case for 𝜉 = 𝜆. For a general finite-dimensional system,

in the high-temperature limit, the state of the total system 𝜌𝐴𝐵,𝜆 can be written as

𝜌𝐴𝐵,𝜆 =
1

𝑑𝐴𝐵

(︁
1𝐴𝐵 − 1

𝑇

(︁
𝐻𝜆 −

Tr[𝐻𝜆]

𝑑𝐴𝐵

)︁)︁
+𝑂(𝑇−2),

where 𝑑𝐴𝐵 is the dimension of the system. The reduced state of subsystem 𝐴 is given

by 𝜌𝐴(𝜆;𝑇 ) = Tr𝐵[𝜌𝐴𝐵(𝜆;𝑇 )], and within the same approximation we have 𝜌𝐴(𝜆;𝑇 ) ∝

1𝐴 − 1
𝑇

(︀
𝐻𝐴,𝜆 + Ω𝐴,𝜆

)︀
+ 𝑂(𝑇−2), where Ω𝐴,𝜆 = const + 1

𝑑𝐵

∑︀
𝑘⟨𝐸

(𝐵)
𝑘 |𝐻𝐴𝐵,𝜆|𝐸(𝐵)

𝑘 ⟩,

which is independent of temperature. In the high-temperature limit, 𝜌𝐴(𝜆;𝑇 ) can be

approximated by a Gibbs state 𝜌𝐴,𝜆 ≃ 𝒵−1
𝐴,𝜆𝑒

−𝐻eff
𝐴,𝜆/𝑇 with the effective Hamiltonian

𝐻eff
𝐴,𝜆 = 𝐻𝐴,𝜆 + Ω𝐴,𝜆 and the normalization factor 𝒵𝐴,𝜆 = Tr[𝑒−𝐻eff

𝐴,𝜆/𝑇 ]. Then, the

local QFI follows Eq. (3.7), i.e.,

𝜕

𝜕𝑇

(︁
𝑇ℱ𝐴(𝜆;𝑇 )

)︁
=

𝜕2

𝜕𝜆2
𝑆𝐴(𝜆;𝑇 ) +𝑂(𝑇−3). (3.24)

Suppose that projectors Π̃𝐴
𝑗 are the local optimal projection measurements for

estimating 𝜆 from state 𝜌𝐴(𝜆;𝑇 ). Then, the conditional state 𝜌𝐵|Π̃𝐴
𝑗
(𝜆;𝑇 ) after mea-

suring subsystem 𝐴 can also be approximated as Gibbs state in the high-temperature

limit with the effective Hamiltonian 𝐻𝐵|Π̃𝐴
𝑗 ,𝜆 = 𝐻𝐵,𝜆 + Ω𝐵|Π̃𝐴

𝑗 ,𝜆, where Ω𝐵|Π̃𝐴
𝑗 ,𝜆 =

const + Tr[𝐻𝐴𝐵,𝜆Π̃
𝐴
𝑗 ]. Then, the local QFI obeys Lemma 1, i.e.,

𝜕

𝜕𝑇

(︁
𝑇ℱ𝐵|Π̃𝐴

𝑗
(𝜆;𝑇 )

)︁
=

𝜕2

𝜕𝜆2
𝑆𝐵|Π̃𝐴

𝑗
(𝜆;𝑇 ) +𝑂(𝑇−3). (3.25)

Let us select Π̃𝐴
𝑗* such that

∑︀
𝑗* 𝑝𝑗*(𝜆;𝑇 )𝑆𝐵|Π̃𝐴

𝑗*
(𝜆;𝑇 ) = min{Π̃𝐴

𝑗 }
∑︀

𝑗 𝑝𝑗(𝜆;𝑇 )𝑆𝐵|Π̃𝐴
𝑗
(𝜆;𝑇 ).

Then,

𝜕2

𝜕𝜆2
𝐷̃𝐴→𝐵(𝜆;𝑇 ) =

(︁𝜕2𝑆𝐴

𝜕𝜆2
+
∑︁
𝑗*

𝑝𝑗*
𝜕2

𝜕𝜆2
𝑆𝐵|Π̃𝐴

𝑗*
− 𝑆𝐴𝐵

)︁
+
∑︁
𝑗*

(︁𝜕2𝑝𝑗*
𝜕𝜆2

𝑆𝐵|Π̃𝐴
𝑗*
+ 2

𝜕𝑝𝑗*
𝜕𝜆

𝜕

𝜕𝜆
𝑆𝐵|Π̃𝐴

𝑗*

)︁
.
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From Eq. (3.7), Eq. (3.24), and 3.25), we can obtain

− 𝜕2

𝜕𝜆2
𝐷̃𝐴→𝐵(𝜆;𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝜆;𝑇 )

)︁
−
∑︁
𝑗*

(︁𝜕2𝑝𝑗*
𝜕𝜆2

𝑆𝐵|Π̃𝐴
𝑗*
+ 2

𝜕𝑝𝑗*
𝜕𝜆

𝜕

𝜕𝜆
𝑆𝐵|Π̃𝐴

𝑗*

)︁
.

In the high-temperature limit, the entropy has the order of 𝑆𝐵|Π̃𝐴
𝑗*
(𝜆;𝑇 ) = ln(𝑑𝐵)+

𝑂(𝑇−2) and the measurement probability is

𝑝𝑗*(𝜆;𝑇 ) = Tr[(Π̃𝐴
𝑗* ⊗ 1𝐵)𝜌𝐴𝐵(𝜆;𝑇 )(Π̃

𝐴†
𝑗* ⊗ 1𝐵)] =

1

𝑑𝐴
+𝑂(𝑇−1). (3.26)

In the high-temperature limit, we have

𝜕2

𝜕𝜆2
𝑆𝐵|Π̃𝐴

𝑗*
(𝜆;𝑇 ) = 𝑂(𝑇−2).

By using the fact
∑︀

𝑗* 𝑝𝑗*(𝜆;𝑇 ) = 1, we can write

∑︁
𝑗*

𝜕2𝑝𝑗*(𝜆;𝑇 )

𝜕𝜆2
𝑆𝐵|Π̃𝐴

𝑗*
(𝜆;𝑇 ) = 𝑂(𝑇−1)𝑂(𝑇−2) = 𝑂(𝑇−3)

∑︁
𝑗*

𝜕

𝜕𝜆
𝑝𝑗*(𝜆;𝑇 )

𝜕

𝜕𝑇
𝑆𝐵|Π̃𝐴

𝑗*
(𝜆;𝑇 ) = 𝑂(𝑇−1)𝑂(𝑇−2) = 𝑂(𝑇−3).

Therefore, we can write

− 𝜕2

𝜕𝜆2
𝐷̃𝐴→𝐵(𝜆;𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝜆;𝑇 )

)︁
+𝑂(𝑇−3).

Second, for thermometry, from Eq. 3.14, we can have

− 𝜕2

𝜕𝑇 2
𝒟𝐴→𝐵(𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝑇 )

)︁
+𝑂(𝑇−5).

Therefore, we have

− 𝜕2

𝜕𝜉2
𝐷̃𝐴→𝐵(𝜉;𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝜉;𝑇 )

)︁
+𝑂(𝑇−𝛼𝜉),

where 𝛼𝜆 = 3 and 𝛼𝑇 = 5, and for thermometry (𝜉 = 𝑇 ), 𝐷̃𝐴→𝐵(𝑇 ) becomes the
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diagonal quantum discord 𝒟𝐴→𝐵(𝑇 ), which obeys

− 𝜕2

𝜕𝑇 2
𝒟𝐴→𝐵(𝑇 ) =

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝑇 )

)︁
+𝑂(𝑇−5).

Therefore, for any parameter 𝜉 ∈ {𝜆, 𝑇}, in the high-temperature limit, we can

approximately write

𝜕2

𝜕𝜉2
𝐷̃𝐴→𝐵(𝜉;𝑇 ) ≃ − 𝜕

𝜕𝑇

(︀
𝑇Δℱ(𝜉;𝑇 )

)︀
, (3.27)

which demonstrates that 𝜕
𝜕𝑇

(︀
𝑇Δℱ(𝜆;𝑇 )

)︀
is the curvature of 𝐷̃𝐴→𝐵. Even if the

curvature of the discord for local metrology is not directly related to the amount of

nonclassical correlations, Eq. (3.27) still describes the role of nonclassical correlations

in the greedy local measurement scheme in the LOCC regime.

When the parameter 𝜆 is linearly coupled in the Hamiltonian, discord for local

metrology becomes diagonal discord. From Theorem 5 and Lemma 3, we can obtain

the following corollary:

Corollary 1. Consider a finite-dimensional system in Gibbs state at temperature 𝑇 ,

with its Hamiltonian parameterized by a temperature-independent parameter 𝜆. When

𝜆 is linearly coupled to the Hamiltonian 𝐻𝜆, i.e., 𝜕2𝐻𝜆

𝜕𝜆2 = 0, we have

𝜕2

𝜕𝜆2
𝒟𝐴→𝐵(𝜆;𝑇 ) = − 𝜕

𝜕𝑇

(︀
𝑇Δℱ(𝜆;𝑇 )

)︀
+𝑂(𝑇−3), (3.28)

where 𝒟𝐴→𝐵(𝜆;𝑇 ) is the diagonal discord.

In addition, let us note the case for estimating a parameter linearly coupled to

the single-body term. For this case, we can obtain the following corollary:

Corollary 2. For a finite-dimensional system in Gibbs state at temperature 𝑇 , when

𝜆 is a parameter linearly coupled to the single-body term as

𝐻𝜆 = 𝜆𝐻𝐴 + 𝜆𝐻𝐵 +𝐻𝐴𝐵,
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where 𝐻𝐴 and 𝐻𝐵 are the system Hamiltonians and 𝐻𝐴𝐵 is the interaction Hamilto-

nian. Then we have

− 𝜕2

𝜕𝜆2
𝒟𝐴→𝐵(𝜆;𝑇 ) = 𝑂(𝑇−3)

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝜆;𝑇 )

)︁
= 𝑂(𝑇−3).

(3.29)

Proof. Let us consider the following Hamiltonian:

𝐻𝜆 = 𝜆𝐻𝐴 + 𝜆𝐻𝐵 +𝐻𝐴𝐵,

where 𝐻𝐴 and 𝐻𝐵 are the system Hamiltonians, i.e., [𝐻𝐴, 𝐻𝐵] = 0 and 𝐻𝐴𝐵 is the

interaction Hamiltonian and generally [𝐻𝐴+𝐻𝐵, 𝐻𝐴𝐵] ̸= 0. Here, 𝜆 is the parameter

to be estimated. In this case, 𝐻𝜆+𝜖 = 𝐻𝜆 + 𝜖𝐺𝜆 + 𝑂(𝜖2), where 𝐺𝜆 = 𝐻𝐴 + 𝐻𝐵,

which is independent of 𝜉 = {𝜆, 𝑇}. Here, we just simply write 𝐺𝜆 as 𝐺 in order to

emphasize its independence of 𝜆.

We already know that for the Gibbs state, we have ⟨𝐺⟩ = −𝑇 𝜕
𝜕𝜆

ln𝒵𝜆. In this

case, we can immediately obtain

⟨𝐺⟩ = ⟨𝐻𝐴⟩+ ⟨𝐻𝐵⟩ = 𝑂(𝑇−1)

because the entropy is 𝑆𝐴𝐵(𝜆;𝑇 ) = ln(𝑑𝐴𝐵) + 𝑂(𝑇−2) and the relation between the

entropy and ⟨𝐺⟩ is

𝜕

𝜕𝑇
⟨𝐺⟩ = − 𝜕

𝜕𝜆
𝑆𝐴𝐵(𝜆;𝑇 ) = 𝑂(𝑇−2).

By defining a general susceptibility with respect to 𝜆 as

𝜒(𝜆;𝑇 ) = − 𝜕

𝜕𝜆
⟨𝐺⟩ = 𝑂(𝑇−1),

the QFI can be given as

ℱ𝐴𝐵(𝜆;𝑇 ) = − 1

𝑇

𝜕⟨𝐻𝐴⟩
𝜕𝜆

− 1

𝑇

𝜕⟨𝐻𝐵⟩
𝜕𝜆

= 𝑂(𝑇−2). (3.30)
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Now, let us consider the subsystem A. The effective Hamiltonian 𝐻eff
𝐴,𝜆 can be

written as 𝐻eff
𝐴,𝜆 = 𝜆(𝐻𝐴 + const) + Ω𝐴. Therefore,

ℱ𝐴(𝜆;𝑇 ) = − 1

𝑇

𝜕⟨𝐻𝐴⟩
𝜕𝜆

+𝑂(𝑇−3).

Similarly, for 𝜌𝐵|Π̃𝐴
𝑗*
(𝜉), we have

ℱ𝐵|Π̃𝐴
𝑗*
(𝜆;𝑇 ) = − 1

𝑇

𝜕⟨𝐻𝐵⟩
𝜕𝜆

+𝑂(𝑇−3).

Therefore, by using Eq. (3.26), we have

ℱ𝐴→𝐵(𝜆;𝑇 ) = − 1

𝑇

(︁𝜕⟨𝐻𝐴⟩
𝜕𝜆

+
𝜕⟨𝐻𝐵⟩
𝜕𝜆

)︁
+𝑂(𝑇−3)

From Eq. (3.30) and Eq. (3.28), we can obtain

− 𝜕2

𝜕𝜆2
𝒟𝐴→𝐵(𝜆;𝑇 ) = 𝑂(𝑇−3)

𝜕

𝜕𝑇

(︁
𝑇Δℱ(𝜆;𝑇 )

)︁
= 𝑂(𝑇−3).

To this order, the local measurements are optimal. Here, note that the leading

term that Theorem 5 cares about is 𝑂(𝑇−2), and this is 0 in this case.

3.5 Examples

In this section, we verify the relation in Eq. (3.22), Eq. (3.28) and Eq. (3.23) by

providing several examples of two-qubit Heisenberg interaction, whose Hamiltonian

can be written as

𝐻 =
𝐵1

2
𝑍𝐴 +

𝐵2

2
𝑍𝐵 +

𝐽𝑥
2
𝑋𝐴𝑋𝐵 +

𝐽𝑦
2
𝑌𝐴𝑌𝐵 +

𝐽𝑧
2
𝑍𝐴𝑍𝐵,
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where 𝑋𝑗, 𝑌𝑗, and 𝑍𝑗 (𝑗 = 𝐴, 𝐵) are the Pauli matrices acting on 𝑗th spin. This

model is an example given by a two-qubit X state [5, 30, 160].

Coupling strength

Next, let us consider the case of estimating the coupling strength 𝐽 when 𝐽𝑥 = 𝐽𝑦 = 𝐽 .

Then, we have

Δℱ(𝐽 ;𝑇 ) =
1

2𝑇 2
+𝑂(𝑇−3)

𝒟𝐴→𝐵(𝐽 ;𝑇 ) =
𝐽2

4𝑇 2
+𝑂(𝑇−3),

which directly yields

𝜕

𝜕𝑇

(︀
𝑇Δℱ(𝐽 ;𝑇 )

)︀
= − 1

2𝑇 2
+𝑂(𝑇−3)

−𝜕2
𝐽𝒟𝐴→𝐵(𝐽 ;𝑇 ) = − 1

2𝑇 2
+𝑂(𝑇−3),

Therefore, Eq. (3.28) is valid.

Magnetometry

Finally, let us consider the magnetometry, which demonstrates Eq. (3.29). We con-

sider the case 𝐵1 = 𝐵2 = 𝐵, where 𝐵 is the parameter to be estimated. In this case,

we can find that

𝜕

𝜕𝑇

(︀
𝑇Δℱ(𝐵;𝑇 )

)︀
= −(𝐽𝑥 − 𝐽𝑦)

2

8𝑇 4
+𝑂(𝑇−5)

−𝜕2
𝐵𝒟𝐴→𝐵(𝐵;𝑇 ) = −

𝐽2
𝑥 + 𝐽𝑥𝐽𝑦 + 𝐽2

𝑦

24𝑇 4
+𝑂(𝑇−5).

From Eq. (3.29), the leading term should be 𝑂(𝑇−3); therefore, we can say that

Eq. (3.29) is valid but the term to the corresponding order 𝑂(𝑇−3) is 0.
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Thermometry

The Gibbs state of this system is the two-qubit 𝑋 state. We can find an analytical

expression for Δℱ(𝑇 ) and −(1/𝑇 ) 𝜕
𝜕𝑇

𝒟𝐴→𝐵

Δℱ(𝑇 ) =
(︀
𝐽2
𝑥 + 𝐽2

𝑦

)︀
/(4𝑇 4) +𝑂(𝑇−5)

− 1

𝑇

𝜕

𝜕𝑇
𝒟𝐴→𝐵(𝑇 ) =

𝐽2
𝑥 + 𝐽2

𝑦

4𝑇 4
+𝑂(𝑇−5),

(3.31)

which agrees with Eq. (3.14).

We note that Δℱ does not depend on 𝐵1, 𝐵2, and 𝐽𝑧. This can be intuitively

understood since 𝐽𝑥 = 𝐽𝑦 = 0 yields a classical Ising model, where the Gibbs state is

a classical state with zero quantum discord. In this case, Eq. (3.14) is exact for any

temperature as trivially

Δℱ(𝑇 ) = − 1

𝑇

𝜕

𝜕𝑇
𝒟𝐴→𝐵(𝑇 ) = 0

at any temperature. The other case for Δℱ(𝑇 ) = −(1/𝑇 ) 𝜕
𝜕𝑇

𝒟𝐴→𝐵(𝑇 ) to be exact at

any temperature is 𝐵1 = 𝐵2 = 0 and either 𝐽𝑦 = 0 or 𝐽𝑥 = 0. In this case, we can

obtain

Δℱ(𝑇 ) = − 1

𝑇

𝜕

𝜕𝑇
𝒟𝐴→𝐵(𝑇 ) =

𝐽2
𝑘

4𝑇 4
sech2

(︂
𝐽𝑘
2𝑇

)︂
,

where 𝑘 = 𝑥 or 𝑦 for 𝐽𝑦 = 0 or 𝐽𝑥 = 0.

We can further numerically evaluate these quantities for arbitrary temperature,

with results given in Fig. 3-2 for representative parameters. To understand the non-

trivial parameter region better, since our model is symmetric between 𝐽𝑥 and 𝐽𝑦,

without loss of generality, we fix 𝐽𝑥 and vary 𝐽𝑦/𝐽𝑥, 𝐵1/𝐽𝑥, and 𝐵2/𝐽𝑥. We find that

for various parameters, at high temperature Δℱ(𝑇 ) and −(1/𝑇 ) 𝜕
𝜕𝑇

𝒟𝐴→𝐵(𝑇 ) agree

well. At intermediate and low temperature, however, we find that the behavior of

the quantities depends strongly on the system parameters. The relationship between

Δℱ(𝑇 ) and nonclassical correlation at low temperature is still an open problem.
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Figure 3-2: Δℱ and −(1/𝑇 ) 𝜕
𝜕𝑇

𝒟𝐴→𝐵, for a Heisenberg system with two qubits at (a)
𝐵1/𝐽𝑥 = 3, 𝐵2/𝐽𝑥 = 1, 𝐽𝑧/𝐽𝑥 = 2, 𝐽𝑦/𝐽𝑥 = 1 and (b) 𝐵1 = 𝐵2 = 0, 𝐽𝑧/𝐽𝑥 = 2, 𝐽𝑦 = 0.

3.6 Generalization to multipartite case

Let us consider a finite-dimensional system composed of 𝑁 subsystems indexed by

an integers 1 ≤ 𝑘 ≤ 𝑁 . In the multipartite case, each subsystem is measured with

local optimal measurement sequentially, and we demonstrate that the difference in

the global QFI and the LOCC QFI can be quantified via the curvature of the discord

for local metrology in the high-temperature limit, in parallel to ref. [139].

We denote the order of measurement in a greedy local measurement scheme by

𝜎1:𝑁 ≡ (𝜎1, 𝜎2, · · · , 𝜎𝑁), where 𝜎𝑘 = {1, 2, · · · , 𝑁}. Let us write ℋ(𝜎𝑘) as the

Hilbert space of the system on which we perform local optimal measurement Π̃𝜎𝑘

and ℋ(𝜎𝑘+1:𝑁) as the Hilbert space of the rest of system on which we perform the

local optimal measurement Π̃𝜎𝑘+1:𝑁
. Therefore, the total system can be decomposed

sequentially into

ℋ(𝜎1:𝑁) = ℋ(𝜎1)⊗ℋ(𝜎2:𝑁)

= ℋ(𝜎1)⊗ℋ(𝜎2)⊗ℋ(𝜎3:𝑁)

...

= ℋ(𝜎1)⊗ℋ(𝜎2)⊗ · · · ⊗ ℋ(𝜎𝑘)⊗ℋ(𝜎𝑘+1:𝑁),

where 2 ≤ 𝑘 ≤ 𝑁 − 1.
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At the first step (𝑘 = 1), we first perform the local optimal measurement Π̃𝜎1 .

Then conditioned on the measurement result of Π̃𝜎1 , we perform the other local

optimal measurement Π̃𝜎2:𝑁
on the rest of system. Let us write the global QFI as

ℱ𝜎1:𝑁
and the LOCC QFI as ℱ𝜎1→𝜎2:𝑁

. Then, in the high-temperature limit, from

Eq. (3.27), we have

𝜕

𝜕𝑇

(︁
𝑇 (ℱ𝜎1:𝑁

−ℱ𝜎1→𝜎2:𝑁
)
)︁
≃ − 𝜕2

𝜕𝜉2
𝐷̃𝜎1→𝜎2:𝑁

.

For the 2 ≤ 𝑘 ≤ 𝑁−1 steps, the measurement Π̃𝜎𝑘
is conditioned on the results of the

previous sequence of local optimal measurements Π̃1:𝑘−1 ≡ (Π̃𝜎1 , Π̃𝜎2 , · · · , Π̃𝜎𝑘−1
). We

treat the rest of system as bipartite system composed of ℋ(𝜎𝑘) and ℋ(𝜎𝑘+1:𝑁). Then,

from Eq. (3.27), we have 𝜕
𝜕𝑇

(︁
𝑇 (ℱ𝜎𝑘:𝑁 |Π̃𝜎1:𝑘−1

−ℱ𝜎𝑘→𝜎𝑘+1:𝑁 |Π̃𝜎1:𝑘−1
)
)︁
≃ − 𝜕2

𝜕𝜉2
𝐷̃𝜎𝑘→𝜎𝑘+1:𝑁 |Π̃𝜎1:𝑘−1

.

Here, we have ℱ𝜎𝑘→𝜎𝑘+1:𝑁 |Π̃𝜎1:𝑘−1
= ℱ𝜎𝑘|Π̃𝜎1:𝑘−1

+ ℱ𝜎𝑘+1:𝑁 |Π̃𝜎1:𝑘
.

The unconditional QFI is given by the average over measurement outcome distri-

bution 𝑝(Π̃𝜎1:𝑘−1
) as

ℱ𝜎𝑘→𝜎𝑘+1:𝑁 |𝜎1:𝑘−1
≡

∑︁
Π̃𝜎1:𝑘−1

𝑝(Π̃𝜎1:𝑘−1
)ℱ𝜎𝑘→𝜎𝑘+1:𝑁 |Π̃𝜎1:𝑘−1

.

Then one can define an unconditional version of discord

𝐷̃𝜎𝑘→𝜎𝑘+1:𝑁 |𝜎1:𝑘−1
=

∑︁
Π̃𝜎1:𝑘−1

𝑝(Π̃𝜎1:𝑘−1
)𝐷̃𝜎𝑘→𝜎𝑘+1:𝑁 |Π̃𝜎1:𝑘−1

,

which is related to the average measurement precision difference

𝜕

𝜕𝑇

(︁
𝑇 (ℱ𝜎𝑘:𝑁 |𝜎1:𝑘−1

−ℱ𝜎𝑘→𝜎𝑘+1|𝜎1:𝑘−1
)
)︁

≃ − 𝜕2

𝜕𝜉2
𝐷̃𝜎𝑘→𝜎𝑘+1:𝑁 |𝜎1:𝑘−1

,

where ℱ𝜎𝑘→𝜎𝑘+1|𝜎1:𝑘−1
= ℱ𝜎𝑘|𝜎1:𝑘−1

+ ℱ𝜎𝑘+1:𝑁 |𝜎1:𝑘
. Therefore, by adding the equation

140



above from 𝑘 = 1 and 𝑘 = 𝑁 , the difference in the QFI can be written as

Δℱ𝜎1:𝑁
= ℱ𝜎1:𝑁

−
𝑁∑︁
𝑘=1

ℱ𝜎𝜎𝑘
|𝜎1:𝑘−1

so that we can obtain
𝜕

𝜕𝑇
(𝑇Δℱ𝜎1:𝑁

) ≃ − 𝜕2

𝜕𝜉2
𝐷̃𝜎1:𝑁

, (3.32)

where

𝐷̃𝜎1:𝑁
=

𝑁∑︁
𝑘=1

𝐷̃𝜎𝑘→𝜎𝑘+1:𝑁 |𝜎1:𝑘−1
.

Eq. (3.32) is the generalization of Eq. (3.27) for the multipartite case.

The following is the example for the thermometry with three-qubit Heisenberg

system: 𝐻 = 𝐵
2

∑︀3
𝑘=1 𝑍𝑘 +

𝐽
2

∑︀2
𝑘=1 (𝑋𝑘𝑋𝑘+1 + 𝑌𝑘𝑌𝑘+1 + 𝛼𝑍𝑘𝑍𝑘+1). We considered

Δℱ𝜎1:𝑁
(𝑇 ) ≃ −(1/𝑇 )

𝜕

𝜕𝑇
𝒟𝜎1:𝑁

(𝑇 ) +𝑂(𝑇−5), (3.33)

where

𝒟𝜎1:𝑁
(𝑇 ) =

𝑁−1∑︁
𝑘=1

𝒟𝜎𝑘→𝜎𝑘+1:𝑁 |𝜎1:𝑘−1
(𝑇 ). (3.34)

It has translational symmetry, and there are only three local measurement schemes

to choose from: 1 → 2 → 3, 1 → 3 → 2, and 2 → 3 → 1. However, we find that

all three paths give the same Δℱ and diagonal discord. In the high-temperature

limit we find Δℱ = −(1/𝑇 ) 𝜕
𝜕𝑇

𝒟 = 𝐽2/𝑇 4 + 𝑂 (𝑇−5) (see Fig. 3-3). Compared

with Eq. (3.31), we find that the loss is twice that of the two-qubit case, which is

intuitive as there are two couplings. More generally, if the Gibbs state is symmetric

under permutation, the measurement order does not matter. However, even if 𝒟𝜎1:𝑁

is identical for all sequences 𝜎1:𝑁 , each measurement may still depend on previous

measurement results. Still, if 𝑁 is large, we can show that feed forward is only required

for the first few steps in a greedy local scheme. Indeed, according to the quantum

de Finetti theorem [128], after a negligibly small number 𝐾1 ≪ 𝑁 of measurements,
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Figure 3-3: Δℱ123 and −(1/𝑇 ) 𝜕
𝜕𝑇

𝒟123, for Heisenberg system with three qubits at (a)
𝐵/𝐽 = 1, 𝛼 = 0.3 and (b) 𝐵/𝐽 = 2, 𝛼 = 0.3. Note that the path denoted by subscript
132 and 213 have the same results.

the remaining 𝑁 −𝐾1 subsystems becomes a mixture of independent and identically

distributed states, i.e., 𝜌1:𝑁−𝐾1 ≃
∑︀

𝑥 𝑃𝑥𝜌
⊗𝑁−𝐾1
𝑥 . Because the QFI is convex, we have

ℱ (𝑇, 𝜌1:𝑁−𝐾1) ≤
∑︀

𝑥 𝑃𝑥ℱ
(︀
𝑇, 𝜌⊗𝑁−𝐾1

𝑥

)︀
= (𝑁 −𝐾1)

∑︀
𝑥 𝑃𝑥ℱ (𝑇, 𝜌𝑥). This means that

for the rest of the system, one can perform another 𝐾2 ≪ 𝑁 number of measurements

to determine 𝑥 and then perform the same local diagonal projection measurements

on all 𝑁 −𝐾1 −𝐾2 parts in state 𝜌𝑥.

3.7 More numerical results at low temperature

We also analyzed the thermometry case at low temperature [139]. We consider the

two-qubit Heisenberg interaction Hamiltonian in the absence of external fields

𝐻 =
1

2

(︁
(𝐽 + 𝜆)𝑋𝐴𝑋𝐵 + (𝐽 − 𝜆)𝑌𝐴𝑌𝐵 + 𝐽𝑧𝑍𝐴𝑍𝐵

)︁
To demonstrate the consistency between Δℱ(𝑇 ) and −(1/𝑇 ) 𝜕

𝜕𝑇
𝒟𝐴→𝐵(𝑇 ), we plot the

relative difference |
(︀
Δℱ + (1/𝑇 ) 𝜕

𝜕𝑇
𝒟𝐴→𝐵

)︀
/
(︀
Δℱ − (1/𝑇 ) 𝜕

𝜕𝑇
𝒟𝐴→𝐵

)︀
| in Fig. 3-4. We

see that except for a small region, the relative difference is small for both 𝑇/𝐽 = 0.4

and 𝑇/𝐽 = 2.
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Figure 3-4: |
(︀
Δℱ + (1/𝑇 ) 𝜕

𝜕𝑇
𝒟𝐴→𝐵

)︀
/
(︀
Δℱ − (1/𝑇 ) 𝜕

𝜕𝑇
𝒟𝐴→𝐵

)︀
|. (a) 𝑇/𝐽 = 0.4. Note

that the increase of relative error at the edges is due to larger coupling amplitude
making 𝑇/|𝐽 ± 𝜆| smaller. (b) 𝑇/𝐽 = 2.

3.8 Conclusion and outlook

In conclusion, we introduced a novel metric for nonclassical correlations, the discord

for local metrology, which is defined as a quantum discord in the greedy local mea-

surement scheme, and we derived a relation between discord for local metrology and

the difference in the QFI of the global optimal scheme and the greedy local mea-

surement scheme in the high-temperature limit. We demonstrated that the curvature

of the discord for local metrology quantifies the precision loss in the estimation of a

general parameter due to availability of local measurements only (Theorem 5).

This also indicates that variations in nonclassical correlations at thermal equilib-

rium, quantified by discord for local metrology, are related to the ability of the greedy

local measurement scheme to achieve the ultimate estimation precision limit, quan-

tified by the global QFI. We also showed that discord for local metrology coincides

with diagonal discord when one estimates a linear coupling parameter (Corollary 1

and 2).

While we focused on finite-dimensional systems in the high-temperature limit, it

would be interesting to extend the relation between the discord for local metrology

and the QFI for more general Gibbs states, especially in the low-temperature limit

where one could search for connections to phase transition phenomena, or for infinite-
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dimensional systems, such as bosonic gases [105, 106].

The relation between the curvature of the discord for local metrology and the

difference in the QFI explicitly demonstrates the role of nonclassical correlations in

quantum metrology based on the original definition of quantum discord. This provides

insights on the role of nonclassicality in quantum metrology and motivates further

exploration in more general settings, which can potentially inspire experimentalists to

design measurement and control protocols to utilize quantum discord as a resource to

achieve precise sensing and imaging, e.g., in the context of room-temperature nuclear

magnetic resonance or bioimaging with defect spins [41, 143, 72, 158].

The relationship between precision loss in estimating parameters and discord for

local metrology could be potentially verified experimentally, exploiting nanoscale

quantum devices. For example, recently, the local temperature of nanowires was

measured [73] through the electron energy gain and loss spectroscopy from room

temperature to 1600 K. In general, predicting the precision loss in local measure-

ments could guide experimentalists to select measurement protocols with the desired

performance.

Although we focused on the high-temperature limit, the exploration of the finite-

and low-temperature cases is an interesting open direction. Indeed, as we showed in

Sec. 3.7, for the two-qubit Heisenberg model, except for two analytical conditions for

−(1/𝑇 )𝜕𝑇𝒟(𝑇 ) = Δℱ(𝑇 ) (∀𝑇 ) given in the main text, we also numerically observe

that these two quantities are close to each other for various choices of the system

parameters even at low temperature. We finally note that our derivation is only valid

for finite-dimensional systems; the extension to infinite-dimensional systems is still

open, due to the difficulty in the high-temperature expansion.
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Chapter 4

Conclusion and prospectus

4.1 Conclusion

This thesis studied the problem of quantum system identification assisted by local

measurements in two different regimes: dynamical regime and equilibrium regime,

and demonstrated the conceptual understanding of quantum system identification

problem by focusing on the roles played by correlations in the quantum system. In

the dynamical regime, given prior information of the interaction model, we considered

the identifiability of Hilbert space dimension and Hamiltonian parameters.

For the Hilbert space dimension estimation problem, we derived a practical strat-

egy to estimate the dimension of many-qubit systems (Hilbert space dimensions),

which relies on the indirect interaction with a single quantum probe under the exper-

imenterâĂŹs control. We combined a graph-theoretical approach and linear system

realization theory to demonstrate that the Hilbert space dimension can be exactly

estimated by finding the minimum number of independent state variables required to

fully describe the dynamics of the system, namely model order, which is a measurable

quantity. We further proposed a practical algorithm to achieve the exact dimension

estimation.

Focusing on identifying Hamiltonian parameters of interacting many-body sys-

tems assisted by a single quantum probe coupled to the system, we employed linear

system realization theory and Gröbner bases to study the concept of identifiability,
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and gave a practical algorithm to determine the identifiability, and derived a lower

bound in the number of sampling points and lab time required to estimate all the

parameters. Furthermore, the necessary condition for the system to be identifiable is

the global generation of correlations between the system and probe. Focusing on the

one-dimensional spin-chain model with nearest-neighboring interaction, we classified

the systems based on their identifiability, and we also proposed a control protocol to

transform a non-identifiable system into an identifiable system.

Finally, we considered the estimation of parameters characterizing thermal equi-

librium state, which are the temperature and the Hamiltonian parameters. We con-

sidered a general local measurement scheme, where one performs a sequential optimal

measurement on the multiple subsystems, and introduced a practical discord, called

discord for local metrology, to measure the nonclassical correlations induced by local

optimal measurements. By comparing the local and global measurement scheme, we

explicitly demonstrated that in the high-temperature limit discord for local metrology

quantifies the precision loss, and nonclassical correlations, other than entanglement,

could contribute to the sensitivity enhancement in parameter estimation in thermal

equilibrium.

4.2 Prospectus

Here, we address several possible future directions in the filed of quantum system

identification, which are studying the relation between quantum information scram-

bling and controllability as well as observability, identification of decay dynamics,

interaction model estimation, the relation between the quantum phase transition and

quantum metrology, and mechanical properties by detecting quantized dislocation,

namely dislon.

Focusing on an closed quantum system, in order to obtain physical intuitions of

controllability and observability, it is interesting to rigorously study how quantum

information scrambling influences the controllability and observability the system.

Controllability and observability is well defined by controllability matrix and observ-
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ability matrix in the linear system realization theory, and it might be interesting

to explore the relation between these matrices and and out-of-time-ordered correla-

tion function (OTOC), which is a measure of quantum information scrambling [87].

Especially, with disorders, in the interacting many-body quantum systems, the quan-

tum correlations spread in time but the information will be localized, which is the

many-body localization (MBL) phase [114, 152, 131]. This intuitively means that

the localized phase prevents one from being able to extract the full information of

the target system in the interested experiment time. With the limited information

extractability due to the many-body localized phase, the controllability and observ-

ability of the system will vary. Therefore, it is an important task to explore how

the properties of OTOC in localized and delocalized phase are associated with the

behavior of controllability and observability matrices for these different phases.

For the near future quantum device, such as NISQ, the decoherence is an unavoid-

able effect due to the coupling of the target system to the environment. Therefore, in

order to enable the robust gate operation against the noise, one needs to characterize

the noisy dynamics. Therefore, taking into account the practicability, studying open

quantum system identification assisted by a single quantum probe is an essential task.

Focusing on Markovian open quantum dynamics, in which we neglect the memory of

the environment, the dynamics of the quantum system can be described by quantum

master equation in Lindblad form [49]:

𝜕𝜌

𝜕𝑡
= 𝑖[𝜌,𝐻] +

𝑁∑︁
𝑘=1

(︁
𝐿𝑘𝜌𝐿

† − 1

2
{𝐿†

𝑘𝐿𝑘, 𝜌}
)︁

in which the dynamics depends on both the Hamiltonian 𝐻 and the Lindbladian

term 𝐿𝑘 [89] describing the decay of the system. Since the quantum master equation

can be linearized by the vectorization of the density matrix [62], it might be worth

to use the linear system realization theory to develop the method to estimate the

operator attributed to the whole dynamics. Since we need to consider not only the

Hamiltonian but also the Lindbladian term [89] describing the decay of the system

due to its information flowing into environment, it is also important to explore a
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method to identify the Hamiltonian and Lindbladian term separately.

Regarding to Hamiltonian estimation problem in open quantum system, the es-

timation of the interaction model is an important task. Kato and Yamamoto [81]

employed quantum filtering theory [15, 148] to achieve the topology estimation of the

spin network by finding the most probable graph with Bayesian update. Here, one

could consider a same setup but to find the most probable coupling types given a set

of possible physical interaction model.

For the equilibrium regime, by exploring the role of discord for local metrology in

low-temperature limit for quantum metrology assisted by greedy local measurement

scheme, one can expect to find the relation between the quantum phase transition

in many-body system because quantum discord reveals the properties of the critical

behaviors [163] and Fisher information is related to the second-order phase transi-

tion [125], through the theory to be established, one can also explore the role of phase

transitions in quantum metrology.

Quantum system identification is not only the prerequisite of QIP, but also an im-

portant brach in quantum science to develop for more profound understanding to the

quantum dynamics, characteristic properties of quantum matters and the precision

sensing in the material and biological systems. For the era of quantum information

science, it can be safely said that the active research activities in quantum system

identification are fundamentally and practically important.
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