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STEEPEST DESCENT FOR OPTIMIZATION PROBLEMS
WITH NONDIFFERENTIABLE COST FUNCTIONALS*

pimitri P. Bertsekas and Sanjoy K. Mitter
Massachusetts Institute of Technology, Cambridge, Mass.

1. Introduction

The steepest descent method1 is a commonly
used algorithm for finding the minimum of a
differentiable cost functional. At each itera-
tion a descent is made at the direction of the
negative gradient according to some step size
gselection scheme. Convergence of the algorithm
to a point satisfying the necessary conditions for
a local minimum can be proved under quite general
assumptions. Cost functionals which are not
differentiable arise naturgl%y in some situations
including minimax problems® °. In addition some
constrained minimization problems can be converted
into unconstrained minimization problems with a
nondifferentiable cost functional. For example
the problem

2,8

min fo(x) subject to fi(x) <0, 1=1,2,...N (1)
is equivalent to the unconstrained problem
N
min {f (x) + K | max[0, £ (x)]} (2)
x ° i=1 %

whenever Kuhn-Tucker multipliers {Al.kz,...,XN}
for problem (1) exist and it is K > max(kl....,AN}.

However the cost functional in (2) 1s nondifferen-
tiable even if the functions fi are differentiable.

This paper has two objectives. First to
examine the natural extension of the steepest
descent algorithm for minimizing a directionally
differentiable function mapping R" (n-dimensional
Euclidean space) into the real line. For the case
where this function is convex we demonstrate a new
characterization of the direction.of steepest
descent of the cost fusction at a point in terms
of the subdifferential’ of the function at this
point. Using this characterization we generslize
some results recently obtained by Luenberger
which concern optimal control problems. We also
discuss the difficulties for proving convergence
of this method to a minimum which are due to the
nondifferentiability of the cost function. The
second objective of the paper is to propose a new
descent algorithm for minimizing an extended real
valued convex function. This algorithm is a large
step, double iterative algorithm and it is conver-
gent under the sole asgsumption that the cost
function is bounded below. The algorithm is based
on the ngtion of the £-subgradient of a convex
function” and contains as g special case the
algorithm of pshenischnyi”.

*This research was carried out at the Decision and
Control Sciences Group of the M.I.T. Electronic
Systems Laboratory with support extended by the
Air Force Office of Scientific Research under
grants AFOSR 70-1941 and by NASA NGL-22-009-124.
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2. Steepest Descent for a Directionally Differen-
tiable Cost Function

The problem that we consider in this section
is to find inf f(x) where f: R®" + R is a direction-
x
ally differentiable function. The function f is
called directionally differentiable 1if the one-
gided directional derivative with respect to any
vector y € R"

£ (ckAy) £ (x) 3)

£'(x;y) = lm X

ot

exists for all x eR™. The direction of steepest
descent of f at x is definedl0 by the vector y(x)
where

£'[x;y(x)] = min
_ [y]l<1
The steepest descent algorithm is specified by the
iteration

£'(x3y) (4)

*at1
where A > 0 is the step size of the iteration and
is chosén according to some scheme. Three prob-
lems of interest are: a) The characterization of
§(x). b) The specification of the method for
selecting the step size A,. c) the conditions
under which 1lim f(xn) = min £(x). We examine
n+ee X

iR + Xn ;(xn) (5)

these problems in turn in what follows.

We first consider the case where the function
f is convex, i.e. it is f[kxl+(1~k)x2] < kf(xl) +
(l-A)f(xz) for all 0 <A < 1, X 2%,y € R". Then £

is directionally differentiable? and the function
f'(x;y) is a convex positively homogeneous convex
function. The subdifferential of f at a point X
is defined” as the set

A (x) = {xx| £(z) > £(x) + <z-x,x*>,V zeR"}  (6)

and it is a convex and compact set. The support
function of 3f(x) is given by9
ofy|of(x)] = max <xk,y> = £'(x;y) €))

x*eof (x)

The subdifferential 3f(x) is a generalization of
the notion of the ordinary gradient. If f is dif-
ferentiable at x, then 9f (x) consists of a single
point, the gradient VE(x). At points where f is
not differentiable, the calculation of Bf(x; can
be facilitated by the following expressions

3(f1+f2+...+£N)(x) - afl(x)+...+3fN(x) (8)
where £1= R™R are convex functions for all i.

AE(x) = {xt| £*(x*) + £(x) -<x,x*> < 0} (9)
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where £*(x*) = sup{<x,x*> - £(x)} 1s the conjugate
x
convex function of f9.

The direction of steepest descent y(x) can be
convendently characterized in terms of the set of (x).

x*

Proposition 1: It is.y(x) = - where x* is

[15#] |
the vector of minimum (Euclidean) norm in the sub-
differential 3f(x).

min

£ (x3y) =
[yll<1

Proof: By (7)

min max <x*,y> and since the constraint
|lyl]<1 x*e3f (x)
sets are convex and compact11 we can interchange
max and min in the above relation

min f'(x;y) = max min <x*,y> =
Iyll<1 x*edf (x) ||y]]<1
max <xk, - TTEETT> = - min [1x*[] =
x*ef (x) x x*€ 3f (x)
- | |x*]]

and the minimum in (4) is attained for
x*
[13*] |

When the function f is not convex but instead
it is of the form f = g.h where g: R®"+R 1is a con-
vex function and h is a differentiable mapping
h: R*+R™ with the value of its (Frechet) deriva-
tive at a point x denoted as oh = Hx: R"+R®, f {g

X
directionally differentiable with directional
derivative given by the equation

F(x) = - Q.E.D.

£'(x;y) = g'[h(x); H y] (8)
The above equation is a generalization of the well
known chain rule and follows from Th. 3.2 and p. 48
in1? and Th. 10.4 in 7. From equation (8) it can
be proved similarly as in Proposition 1 that the
direction of steepest descent of the function 2
f = g-h at a point x 18 y(x) = - I—'I where x* 1is
x*
the vector of minimum norm in the set H_'3g[h(x)]}
(where prime denotes transposition of the matrix).
Since at an optimal pouint x it must be F(R) = 0 we
have the necessary condition for optimality
Ocll;ag[h(x)].

The characterization of the direction of steep-
est descent in terms of the subdifferential is
particularly useful for optimal control problems.
Consider the minimization of the functional

N
J(usugseenuy ) = kgx B (Xou )

where g, : R" xR™ +R are convex functions, subject
to the system equation constraints
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k=n,1,...,N-1

et = fi ey

where the initial state Xy is given and fk are dif-
ferentiable functions, f, : R"xR™ +R, with the val-
ues of their derivatives denoted as afklaxk - F ,
Xk

o /o = Fuk. Then by using arguments very sim-
ilar to the above we obtain that the direction of
steepest descent at a point {"o’"l""'“N-l} with

corresponding system trajectory (xo.xl,....xN) is
specified by

u

*
Hux] |

;(“o'ul""'"N—l) - -

where u*€ R'® {g the vector

ut = {(F' X, +q ), (F' X+ q.),...,(F' X +aq, .)}
u, 1 o u 2 1 Yol N “N-1

where XI'XZ""'XN’ ao'ai""’aN—l are vectors such
that
L 1k
F' X, ,.%q - min
Y5
k=0 %k (Pry 12 €84 (g o)
N-1 i
L]
kgo | 'Fuk"kﬂ *+aq.ll

subject to the adjoint equation

where the derivatives are evaluated along the
point {uo’ul""’"N—l) end the corresponding

trajectory (xo.xl.....xN}. A necessary condition

for optimality of the control sequence {50'51""

""GN-I} with corresponding trajectory (xo'ill"'

...,xn) is that there exist vectors XI’AZ""’AN

such that

r;kik+1+ik =0 k=0,1,...,N-1

N =FLX . +p k=1,2,...,N-1
X k+1 Fk

- Py

for some vectors 30'51'°"'5N-1' 51,52,...

(Psy_y) € 38, (o8 1)y k=1,2,...,N.

,SN with

The above equations generalize to a larger
class of problems the results obtained by Luenber-
ger®. For related necessary conditions see alsol3.
In the case where in the above problem there are
state and control constraints a reformulation of
the problem to an unconstrained problem is possi-
ble, whenever Kuhn-Tucker multipliers exist, as in
equation (2).
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We now turn our attention to various methods
for selecting the step size A_ in equation (5).
The natural method would be to choose An from

f[xu+xn y(xn)] - :ig f[xn4-ly(xn)] agsuming that
such a Xn exigts. Despite the fact that the value
of the cost function decreases at each iteration
this method of selection of A_ may not lead to
convergence to the optimun even when the function
f is convex. As reported for some minimax pro-
blems”, this is due to the fact that the direc-
tional derivative f'(x;y) is not in general a con-
tinuous function of x for any fixed y, and the
algorithm may "jam" at points where f is not
diffetentiablz. For this reason in the minimax
algorithms of 13,6 antijamming techniques are
used to make the corresponding algorithms conver-
gent. A different method of selection of the
step size is to select a priori a sequence {An)

@

vhere A > 0, {xn}*-o, nzl A, = ©. With this
selection of A it can be proved that if f is con-
vex and if thenpoints {x_} generated by equation
(5) are in some bounded set or if the function f
is Lipschitz continuous, then for every €>0 there
exists an N such that |f(X)-f(x,)| < € where
f(®) = min f(x). The resulting algorithm is an

x

adaptation of an algorithm reported by Ermolev7
and attributed to Shor. The cogvergence proof
follows similar arguments as in’. The drawback
of this algorithm is that a decrease of the value
of the cost function is not generally observed at
each iteration, possibly resulting to slow con-
vergence, and that there is no good criterion for
terminating the iterations. These drawbacks are
avoided in the algorithm we describe in the next
section.

3. A Descent Algorithm for Minimizing Convex Cost
Functionals

; In this section we present a new descent
algorithm for minimizing an extended real valued
convex function. We will consider a convex func-
tion f: R™(-=,»] yhich is lower semicontinuous
and such that f(x)<® for at least one Xt R", {.e.
f 18 a closed proper convex function according to?.
The problem is to find inf f(x) and a vector ® (if

X
it exists) such that £(R) = min f(x). The only
x
assumption that we will need is that -o<inf f(x).

It should be noted that the use of the ex:ended
real line permits the incorporation of constraints
into the cost functional. Thus the problem of
finding the minimum of a function f over a set X
is equivalent to finding the unconstrained minimum
of the function £(x) + §(x|X) where 6(+|X) is the
indicator function of X, i.e. 6(x|X) = 0 for x€ X,
6(x|X) = = for x¢X. A basic concept for the
algorithm that we present is the notion of the
e-subgradient?.

Let x be a point such that f(x&<¢ and €>0
any positive number. A vector x*€R 1is called an

E-subgradient of f at x if

£(z) > f(x)-€ + <z-x,x*>, V zeR®

The set 3.f(x) of all g-subgradients at x will be
called the €-subdifferential at x. The set
3-f(x) 18 a nonempty closed convex set and is
characterized by the equation

éef(x) = {xx| fx(x*) + f(x) - <x,x*> <€} (9)

where f*(x*) = gup{<x,x*> -f(x)} is the conjugate

x
convex function of f. It is evident that for
0<e <eg, it 18 9_ f(x) < 0_ f(x). The support
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function of acf(x) is given by9

o[y|8€f(x)] - sup <x*,y> = inf Erx i-f(x)+e

x*eaef(x) A>0
(10)

The set 3cf(x) has some interesting properties from
the algorithmic point of view as shown by the fol-
lowing two propositions.

Proposition 2: Let x be such that f(x) < ®, Then

0 < £(x) - inf £(x) <€ <> 0€3_£(x)
X

Proof: Let 0 < f(x) - inf £(x) < €. Then for any
X f(x+Ay)-f (x f€
A

A>0 and any y€ R" it 1s

inf £f(x)-f(x)+c
> 0. Taking the infimum over A>0

we have inf S(XX i—f XIE 5 0 for all yer™, or
A>0

using (10) o[y|3c£f(x)] > 0 for all yeR® which

implies 0€dcf(x). Conversely let 0e3.f(x) from

which inf Leath );f xpe 2 0 for all y. Then

A>0
£ (xty)-f(x)+€> 0 for all y and taking the infimum
over y we obtain inf f(x)-f(x)+e > 0. Q.E.D.
x
Proposition 3: Let x be point such that f(x) < «
and 0 § 9cf(x). Let y be any vector such that
sup <y,x*><0. Then
x*¢3_f(x)
€
f(x) - inf f(x+ly) > €
A>0
Proof: Assume the contrary, i.e. inf f (x+Ay) -

A>0
£(x)+€ > 0. Then for any A>0 it will be

f(x+Xz!;f§x)+e >0 or tnf fgx+Xx!;f(x2+€ >0 or

A>Q
or using (10) sup <x*,y> > 0 a contradiction.
x*saef(x) Q.E.D.
It should be noted that if 0 ¢ 9cf(x) a vector
y such that sup <y,x*> < 0 is the vector
x*cacf(x)

y=-x* where X* 15 the (unique) vector of minimum

Euclidean norm of Bef(x), since it is <x* x*> >

[1%*][2>0 for all x*e3_f(x) from which -
sup - <x*,x%> < -|x*|]|4 < 0.

x*€ 3£ (x) '
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The Prop. 1 provides a termination criterion
for any iterative minimization algorithm. The
Prop. 2 states that if the value f(x) exceeds the
optimal value by more than €, then by a descent
along the negative vector of minimum norm in the
e-subdifferential 3.f(x) we can decrease the value
of the cost by at least €. This fact provides the
basis for the following algorithm.

1) Select initially a scalar c°>0. a vector x
such that f(xo) <o  and a number a, O<a<l.

2) Given en>0 and x_, if 0¢ Ben(xn) set € ., =€
If 0e3_ (x ) implying f(x )-inf £(x) < € multiply
cn n n x n
k
cn consecutively by a and set €41 ™ 2 €, for the
smallest integer k>0 for which o¢aE f(x ). If
S

f(xn) ¢ min f(x) there exists such a k. Then set
x .

- xn+Anyn vhere ¥ is a vector such that

f(xn)) <0 (-y_ can be the

*atl

sup{< y_,x*>| x*ed

n €+l

vector of minimum norm in 9 f(x)), and A_ > 0
€41 P n

is such that f(xn)—f(xn+knyn) > €

that 04 3

o+l By the fact

f(xn) and Proposition 3 such a scalar
o+l
A exists and can be found by a one-dimensional
séarch. Another possible method is to select A
such that f(xn+lnyn) - ;ig f(xn+Ayn) provided

the minimum is attained. It can be easily proved
that this can be guaranteed wherever the set of
optimal points M = {X| £(X) = min £(x)} is non-
empty and bounded. X

The following proposition gives the conver-
gence properties of the algorithm:

Proposition 4: Consider the vectors x‘z generated
by the above algorithm. Then either f(xy) =
min f£(x) for some N > 0, or the following state-
x
ments hold: a) lim f(x ) = inf f(x) b) fx,) -
o a %

-1 L
£(x41) > €410 ©) (a =De 2f(x) 12f £(x) >e |

for all n such that cn.<t%. If in addition the
set M = (%] £(®) = min £(x)} 1s nonempty and

1

bounded then: d) Every convergent subsequence of
{x_} has its limit in M, and at least one such
subsequence exists. e) For every €>0 there
exists an N>0 such that x EMrEB for all n>N where
B = {x| ||x[| <1} 1s the"unit ball in R". f£) If
the minimum of f is attained at a single point X
then (xn) + X.

Proof: b) and c¢) follow directly from the con-
struction of the scalars €_ and Prop. 2 and 3.
To prove a) in view of ¢) 1t is sufficient to
prove {e } + 0. We havee >e€ ., >0 for all n.

Therefore {€ } + € where €20 is some scalar and
€ > for all n. From b) we have f(x )~f(xi) >

€] 2 €, £(x))-£(x,) 2 €, > €,...,E(xy_)-£1x.) >

€y 2 € and by adding these relations f(xo) -
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f(xN) > Ne or f(xo)—Nc > f(xN) > igf f(x) for all

N>0. If it were €>0 then the left hand side of
the last inequality would decrease without bound.
Therefore €=0 and a) is proved. To prove d)
notice that x €F where F_ = {x]| £(x) < £(x )} and

since M is nonempty and bounded, F_ is compact

(see? Cor. 8.7.1). Therefore the’sequence {x } has

at least one convergent subsequence. The fact that

the limits of all convergent subsequences belong

to M follows from a) and Cor. 27.2.1 in?. Part e)

follows from a) and Th. 27.2 in°.

from a) and Cor. 27.2.2 ir.
Q.E.D.

It can be seen that at each step of the above
algorithm a double iteration must be done. The
first iteration is to determine €l and 28 from

€, and X - The vector of minimum norm on the sets
ae f(xn), Bae f(xn), ] 2
n n a’e

and for the first k for which 2 K f(xn) does not

act
n

= a¥e_ and take y
n n

f(xn),... is determined

contain the origin we set en+1

to be the negative vector of minimum norm on

3. f£(x ). This can be done by using standard
ol "

techniques provided that set BC f(xn) can be

characterized. The second iteration is a one
dimensional search along the direction of y . A"
each iteration the cost is decreasid by at Yeast
€ntl and if in fact the scalar (a- "-1) is selected

to be sufficiently small, it can be seen from c)
in Prop. 4 that we can get arbitrarily close to
the optimal value in a single step. This would
of course result in a large number of iterations
to find Ent1® The condition c) can serve as a

termination criterion of the algorithm.

A question which requires extensive discus-
sion and cannot be examined within the space
limit of this paper ie the convenient characteri-
zation of the set 3-f(x). The characterization
of 9.£(x), or some suitable approximation of 1it,
is possible for a large class of functions. We
will only mention here that, if necessary, the
algorithm can be modified so that it {is not
necessary to calculate exactly the set ac f(x )

but instead it is possible to find the di?:étion
of des;ent Yo from the vector of minimum norm in
a set S where 35n+1f(xn)<35n c am€n+1f(x")
wvhere m>1 is some scalar. Convergence of the
algorithm will still be maintained. An important
application of this modification of the algorithm
is when f is of the form f = £ +f +...+f . Then,
under some inessential assumptiong, it can be
proved that 3_f(x) A E,(x) + .ol + I fy(x) C

aN f£(x). In this case if the sets 9cf (x) can be
moge easily characterized, the algoritém may be
easier to apply in its modified form.

As-an example consider now the minimization
of the function f(x) = 0(x|X) + 6(x|A) where

Part f) follows

% o ——



0(+[X) 1s the support function of a given set X
and §(-|A) 1s the indicator function of a given
hyperplane A. This is the problem considered by
Pghenichnyi’. It can be proved that qf(x) =
{x*|x*eX, 0(x|X) - <x,x*> < €} + A" where A" is
the one-dimenaiogal subspace orthogonal to A.
The algorithm in” then becomes identical to the
algorithm of this section as applied to this
particular problem.
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