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Devwudfw

Wklv sdshu suhvhqwv dq lqwhjudwhg dssurdfk wr pdj0
qhwlf vxvshqvlrq ri d wxexodu ehdp iru qrq0frqwdfw
surfhvvlqj1 Zh ghvfuleh qrq0frqwdfw vhqvruv dqg df0
wxdwruv/ vwuxfwxuh prghoolqj2lghqwl�fdwlrq/ dqg frq0
wuro phwkrgv iru vxfk v|vwhpv1 Zh kdyh dovr ghvljqhg
dq h{shulphqw wkdw xvhv ; vhqvruv dqg ; dfwxdwruv wr
vxvshqg d 6 p orqj/ 9=68 pp gldphwhu vwhho wxeh1 Uh0
vxowv iurp wklv h{shulphqw duh suhvhqwhg khuhlq1 Wr
idflolwdwh wkh h{shulphqw/ zh ghvljqhg d qryho wzr0
glphqvlrqdo srvlwlrq vhqvru e| xwlol}lqj wkh frqfhsw
ri dq {0| yduldeoh gl�huhqwldo wudqviruphu1 Zh dovr
ghvljqhg wzr w|shv ri dfwxdwruv wkdw dsso| pdjqhwlf
irufh rq wkh wxeh lq wzr d{hv1 Wkh v|vwhp g|qdplfv
duh prghoohg wkhruhwlfdoo|/ dqg lghqwl�hg h{shulphq0
wdoo| iurp zlwklq wkh forvhg0orrs v|vwhp1 Lq rughu
wr frqwuro wkh v|vwhp xqghu ydu|lqj erxqgdu| frq0
glwlrqv/ zh sursrvh d vorz uroo0xs ohdg frpshqvdwru1
Zh dovr lqwurgxfh vhqvru lqwhusrodwlrq dqg vhqvru dy0
hudjlqj phwkrgv wr pdnh wkh frqwuro orrs pruh ur0
exvw1 Rxu sursrvhg lghdv duh yhul�hg lq wkh h{shul0
phqwdo uhvxowv1

41 Lqwurgxfwlrq

Pdq| lqgxvwuldo rshudwlrqv fhqwhu rq wkh surfhvvlqj
ri dq horqjdwhg hohphqw prylqj d{ldoo| wkurxjk vxf0
fhvvlyh ixqfwlrqdo vwdwlrqv1 H{dpsohv lqfoxgh vwhho
uroolqj/ sodvwlf �op surgxfwlrq/ sdshu surgxfwlrq/
frdwlqj/ dqg sdlqwlqj1 Lq wkhvh surfhvvhv lw pd| eh
dgydqwdjhrxv wr eh deoh wr kdqgoh wkh surgxfw zlwk0
rxw gluhfwo| wrxfklqj lw1 Wkh zrun ghvfulehg khuhlq
jurzv rxw ri wkh lghd ghyhorshg e| Gu1 Frqudg Vplwk
^4` iru wkh surgxfwlrq ri sdlqwhg phwdo kdqgohv iru
eurrpv dqg prsv1 Wkh lghd ghyhorshg e| Gu1 Vplwk
lv vkrzq vfkhpdwlfdoo| lq Iljxuh 41 Wkh �uvw dxwkru
vhuyhg dv d frqvxowdqw wr Gu1 Vplwk lq ghyhorslqj wklv
surfhvv/ zklfk kdv ehhq vxffhvvixoo| xvhg wr surgxfh

�qlvkhg kdqgohv1 Wklv sdshu exlogv rq wklv zrun e|
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Iljxuh 4= Qrq0frqwdfw frdwlqj surfhvv

suhvhqwlqj jhqhudo wkhru| iru pdjqhwlf vxvshqvlrq ri
wxexodu ehdpv iru qrq0frqwdfw surfhvvlqj1 Rxu zrun
exlogv rq wkh �hogv ri pdjqhwlf vxvshqvlrq ^5`^6` dqg
yleudwlrq frqwuro ^7`1 Zh lqwhjudwh wkhvh whfkqrorjlhv
dqg suhvhqw jhqhudo uhvxowv wr vxssruw qrq0frqwdfw
surfhvvlqj v|vwhpv1 Rxu h{shulphqwdo vhwxs lv vkrzq
lq Iljxuh 51 Zh xvh ; vhqvruv dqg ; dfwxdwruv wr
vxvshqg d 6 p orqj/ 9=68 pp gldphwhu vwhho wxeh1
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Iljxuh 5= H{shulphqwdo vhwxs



51 Edfnjurxqg

5141 Vwuxfwxudo G|qdplfv
Wkh vxvshqghg wxeh lv zhoo prghoohg dv d Hxohu0
Ehuqrxool Ehdp prylqj zlwk d{ldo yhorflw| Y 1 Dv0
vxplqj frqvwdqw ehqglqj vwl�qhvv HL dqg d{ldo whq0
vlrq irufh W / wkh jryhuqlqj htxdwlrq fdq eh ghulyhg
dv

HL
C7x

C}7
� W

C5x

C}5
. �D

C5x

Cw5

.5�D
C5x

C}Cw
Y . �D

C5x

C}5
Y 5 @ i= +4,

Khuh } lv d{ldo d{lv/ x lv wudqvyhuvh ghirupdwlrq/ �
lv pdwhuldo ghqvlw|/ D lv furvv0vhfwlrqdo duhd/ dqg i
lv wudqvyhuvh irufh ghqvlw|1 Htxdwlrq+4, uhsuhvhqwv d
olqhdu j|urvfrslf v|vwhp> khuh wkh odvw 5 whupv uhsuh0
vhqw Frulrolv irufh dqg fhqwulshwdo irufh gxh wr d{ldo
prwlrq/ uhvshfwlyho|1 Lq wklv sdshu/ zh qhjohfw W dqg
Y dqg xvh wkh vlpsohu vwdwlrqdu| ehdp prgho

HL
C7x

C}7
. �D

C5x

Cw5
@ i= +5,

Wklv htxdwlrq fdq eh ixuwkhu ghfrxsohg dqg wuxqfdwhg
lqwr �qlwh qxpehu ri ghfrxsohg prgh htxdwlrqv1 Zh
dgg d frqvwdqw gdpslqj udwlr � @ 3=338 lqwr hdfk
prgh wr frpsohwh wkh prghoolqj1

Wr yhuli| li wkh yhorflw| Y lv qhjoljleoh/ zh frpsduh Y
zlwk wkh fulwlfdo vshhg Yf/ zklfk lv wkh orzhvw vshhg
dw zklfk glyhujhqfh lqvwdelolw| kdsshqv1 Iru d ehdp
zlwk ohqjwk O/ wkh fulwlfdo vshhg lv ^8`=+

Yf @
t

W
�D

. �5 HL
�DO5 vlpsoh vxssruwv

Yf @
t

W
�D

. 7�5 HL
�DO5 �{hg vxssruwv

+6,

Iru rxu v|vwhp zlwk vlpsoh vxssruwv/ jlyhq wkh wxeh
sdudphwhuv/ wkh fulwlfdo vshhg fdq eh rewdlqhg dv
Yf @ 43 p2v1 Li wkh remhfw lv prylqj dw vshhg forvh
wr ru kljkhu wkdq Yf/ +4, vkrxog eh xvhg wr prgho
wkh vwuxfwxuh1 Li ghvluhg/ d �qlwh hohphqw prgho fdq
eh ghulyhg gluhfwo| iurp wkh jryhuqlqj htxdwlrq> wkh
prgdo dqdo|vlv whfkqltxhv zh*yh xvhg fdq eh irxqg lq
uhihuhqfhv ^9`^:`1

5151 Hohfwurpdjqhwlf Wkhrulhv
Hohfwurpdjqhwlf dqdo|vlv suhvhqwhg lq ^;`^<` duh hvvhq0
wldo wr ghvljq wkh pdjqhwlf dfwxdwruv dqg vhqvruv1 Iru
vpdoo dlu jdsv/ d pdjqhwlf flufxlw prgho lv vxlwdeoh wr
suhglfw wkh v|vwhp shuirupdqfh1 Iru odujh dlu jdsv/
wkh uhvxow lv pruh dffxudwh e| vroylqj wkh pdjqhwlf
�hog iurp Odsodfh*v htxdwlrq +orz iuhtxhqf|, ru wkh
pdjqhwlf gl�xvlrq htxdwlrq +kljk iuhtxhqf|,1

51514 Dfwxdwruv= Gxh wr wkh orz edqg0
zlgwk/ wkh shuirupdqfh ri wkh dfwxdwruv fdq eh suh0
glfwhg e| d txdvl0vwdwlf orz0iuhtxhqf| �hog dqdo|vlv1

Dw �uvw/ wkh pdjqhwlf vfdodu srwhqwldo � fdq eh vroyhg
yld Odsodfh*v htxdwlrq

u5� @ 3 +7,

dorqj zlwk dssursuldwh erxqgdu| frqglwlrqv1 Vlqfh
vwhho kdv d shuphdelolw| ri derxw 437�r/ zh fdq frq0
vlghu � frqvwdqw rq wkh vwhho wxeh/ dqg wkh pdjqhwlf
�hog lv wkxv shushqglfxodu wr wkh wxeh vxuidfh1 Wkh
pdjqhwlf �hog lqwhqvlw| �K fdq eh rewdlqhg iurp � e|

�K @ �u�= +8,

Rqfh �K lv fdofxodwhg +hlwkhu iurp d pdjqhwlf flufxlw

prgho ru Odsodfh*v htxdwlrq,/ wkh irufh ghqvlw| �i rq

wkh wxeh fdq eh fdofxodwhg iurp �K 1 Vlqfh wkh pdj0
qhwlf �hog kdv rqo| shushqglfxodu frpsrqhqw KB rq
wkh wxeh/ wkhuh lv rqo| d qrupdo irufh iB rq wkh wxeh
vxuidfh

giB @
4

5
�rK

5

BgD> +9,

zkhuh giB lv wkh irufh dfwlqj rq dq duhd hohphqw gD1

51515 Vhqvruv= Wr suhglfw wkh vhqvru shu0
irupdqfh/ vlqfh wkh vhqvru rshudwhv dw wkh uhodwlyho|
kljk iuhtxhqf| ri 9 nK}/ zh frqvlghu wkh df �hog h�hfw
e| lqwurgxflqj wkh pdjqhwlf gl�xvlrq htxdwlrq

u5 �K @ ��
C �K

Cw
= +:,

Zh fdq hlwkhu vroyh wkh pdjqhwlf gl�xvlrq htxdwlrq/
ru xvh d prgl�hg pdjqhwlf flufxlw prgho e| lqwurgxf0
lqj wkh frqfhsw ri vnlq ghswk1 Zkloh dsso|lqj dq df
pdjqhwlf �hog/ wkh wxeh dwwudfwv wkh pdjqhwlf �hog d
fhuwdlq vnlq ghswk � lqwr wkh pdwhuldo/ zkhuh

� @

u
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= +;,

Wkh wkuhh yduldeohv khuh duh shuphdelolw| �/ frqgxf0
wlylw| �/ dqg wkh df �hog iuhtxhqf| $1 Rqfh � lv
nqrzq/ zh fdq vroyh pdjqhwlf flufxlw prgho e| xv0
lqj � dv wkh htxlydohqw pdwhuldo wklfnqhvv1

61 H{shulphqwdo Vhwxs

Dv vkrzq lq Iljxuh 5/ zh xvh ; vhqvruv dqg ; dfwx0
dwruv wr vxvshqg wkh vwhho wxeh1 Erwk vhqvruv dqg
dfwxdwruv kdyh 45=: pp eruhv1 Wkh wxeh kdv ghq0
vlw| � @ :;33 Nj@p6/ \rxqj*v Prgxoxv H @ 533
JSd/ rxwvlgh gldphwhu ! @ 9=68 pp/ zdoo wklfnqhvv
z @ 3=;< pp/ furvv0vhfwlrqdo duhd D @ 48=6 pp5/
prphqw ri lqhuwld L @ 8;=7 pp7/ dqg ohqjwk O @ 6
p1 Wkh h{shulphqw frqwuroohu lv lpsohphqwhg rq d
gljlwdo vljqdo surfhvvlqj +GVS, erdug zlwk d vdpsolqj



wlph ri 833 �v1 Lq wkh iroorzlqj vhfwlrqv/ zh glvfxvv
ghwdlov ri wkh dvvrfldwhg vhqvru dqg dfwxdwru ghvljq/
dv zhoo dv wkh frqwuro v|vwhp ghvljqv dqg dvvrfldwhg
h{shulphqwdo uhvxowv1

71 Vhqvru Ghvljq

D vhqvru xvhg lq qrq0frqwdfw surfhvvlqj qhhgv wr eh
urexvw zlwk uhvshfw wr vxuidfh frdwlqjv dqg gxvw| hq0
ylurqphqwv1 Lw dovr qhhgv d odujh dlu jds wr doorz srv0
vleoh ehdp yleudwlrq/ dv zhoo dv kdylqj d vpdoo d{ldo
ohqjwk lq rughu wr eh sodfhg forvh wr wkh dfwxdwru lq
rughu wr dyrlg qrq0froorfdwlrq sureohpv1 Zh kdyh gh0
vljqhg d qrq0frqwdfw srvlwlrq vhqvru frpsdwleoh zlwk
wkh pdjqhwlf vxvshqvlrq surfhvv ^43`/ dv vkrzq lq Ilj0
xuh 61 Wklv vhqvru zrunv dv d wzr glphqvlrqdo yduldeoh
gl�huhqwldo wudqviruphu1

primary coil secondary coil

Iljxuh 6= A�L _�4i?t�L?@* �@h�@M*i _�gihi?|�@* |h@?t�
uLh4ih ti?tLh

Wkh vfkhpdwlf ghvljq lv vkrzq lq Iljxuh 71 Wkh wkuhh
sulpdu| frlov rq wkh vhqvru srohv duh wkh lqsxwv gulyhq
e| 9 nK} vlqxvrlgdo wkuhh0skdvh h{flwdwlrq fxuuhqwv1
Wkh wkuhh vhfrqgdu| frlov duh wkh rxwsxwv wkdw uhdg
wkh wlph ghulydwlyh ri pdjqhwlf �x{ olqndjh Y @ � b�1
Wkh { dqg | srvlwlrqv duh rewdlqhg e| v|qfkurqrxvo|
ghwhfwlqj wkh rxwsxw yrowdjhv Yd/ Ye dqg Yf dv

Y{ @
s
6+Ydvjq+L6,� Yfvjq+L5,,KO+v, +<,

Y| @ +5Yevjq+L4,� Ydvjq+L6,� Yfvjq+L5,,KO+v,= +43,

Khuh vjq+x, lv wkh vljqxp ixqfwlrq htxdo wr 	4
ghshqglqj rq wkh vljq ri x / dqg KO+v, lv d 7wk

rughu orz0sdvv �owhu zlwk 4 nK} edqgzlgwk1 Wkh
h{shulphqwdoo|0phdvxuhg vhqvru rxwsxw lv vkrzq lq
Iljxuh 8/ frpsduhg zlwk rxu wkhruhwlfdo uhvxow1 Lw
vkrzv wkh vhqvru rxwsxw Y{ dqg Y| zkhq wkh wxeh lv
prylqj lq d 4 pp julg1
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Iljxuh 8= Vhqvru rxwsxw julg

81 Dfwxdwru Ghvljq

Zh kdyh ghvljqhg wzr w|shv ri dfwxdwruv/ d glsroh0
txdguxsroh dfwxdwru dqg d txdg0X0fruh dfwxdwru/ dqg
kdyh frpsduhg wkhlu shuirupdqfhv wkhruhwlfdoo| dqg
h{shulphqwdoo|1 Erwk wkhlu irufh fdsdflwlhv duh olp0
lwhg e| khdw wudqvihu dqg e| pdjqhwlf vdwxudwlrq1

8141 Glsroh0Txdguxsroh Dfwxdwru
Wkh glsroh0txdguxsroh dfwxdwru lv vkrzq lq Iljxuh 91
Slfwxuh +d, vkrzv 45 srohv ri wkh dfwxdwru dqg wkh
wrs kdoi ri wkh glsroh frlo/ dqg slfwxuh +e, vkrzv wkh
frpsohwhg dfwxdwru1 Wkh glsroh0txdguxsroh �hog wkh0
ru| lv looxvwudwhg lq Iljxuh :1 Wkh dfwxdwru xvhv 45
srohv wr vlpxodwh d vlqxvrlgdo fxuuhqw glvwulexwlrq1 Lw
jhqhudwhv d glsroh �hog/ dq { txdguxsroh �hog/ dqg dq
| txdguxsroh �hog1 Wkh glsroh jhqhudwhv d xqlirup
�hog dqg wkhuhe| pdjqhwl}hv wkh wxeh zlwk d pdjqh0
wl}dwlrq yhfwru �p1 Wkh txdguxsrohv jhqhudwh judglhqw



(a) (b)
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gradient field

current density
-Jy sin(2 )

current density
-Jx cos(2 )

gradient fielduniform field

current density
-Jdipole cos( )

dipole x quadrupole y quadrupole

R
Fxm

Fy

mm

Iljxuh := Wkhru| ri glsroh0txdguxsroh dfwxdwru

�hogv zklfk lqwhudfw zlwk �p dqg wkhuhe| jhqhudwh qhw
irufh rq wkh pdjqhwl}hg wxeh1 Wkh �hog lqwhqvlwlhv duh

�Kglsroh @ Mglsroh ah{ +44,

�Ktxdg>{ @ M{
|

U
ah{ . M{

{

U
ah| +45,

�Ktxdg>| @ M|
{

U
ah{ . M|

|

U
ah|= +46,

Wkh uhvxowlqj irufh fdq eh suhglfwhg e| wkh Nhoylq
pdjqhwl}dwlrq irufh ghqvlw| dv

�i @ �r �p � u �K= +47,

Khqfh e| nhhslqj wkh glsroh �hog frqvwdqw/ lghdoo|/
wklv dfwxdwru zloo kdyh irufh dv d olqhdu ixqfwlrq ri
lqsxw fxuuhqw dqg lqghshqghqw ri wkh wxeh srvlwlrq=

i{ @ �rp
M{
U

+48,

i| @ �rp
M|
U

+49,

E| vroylqj iru wkh pdjqhwlf �hog +xvlqj Odsodfh*v
htxdwlrq,/ zh fdq suhglfw wkh dfwxdwru shuirupdqfh1
Wkh uhvxow lv vkrzq lq Iljxuh ; frpsduhg zlwk wkh
h{shulphqwdo uhvxow1 Wkh glvdjuhhphqw lv eholhyhg wr
eh pdlqo| gxh wr wkh vdwxudwlrq ri wkh dfwxdwru srohv1
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x quadrupole current Ix (A)

Iljxuh ;= 6LhUi �iht�t U�hhi?| Lu |�i _�TL*i�^�@_h�TL*i
@U|�@|Lh ��|� |�i |�Mi Ui?|ihi_

Wklv dfwxdwru kdv wkh dgydqwdjh wkdw I{ dqg I| duh
ghfrxsohg1 Krzhyhu/ zkloh wkh gdwd lv qrw vkrzq
khuh/ wkh irufh lv ghshqghqw rq wkh wxeh srvlwlrq1
Wkh pdlq glvdgydqwdjh ri wklv dfwxdwru lv wkdw/ vlqfh
wkh glsroh lv qrw shuihfw/ wkh wxeh whqgv wr vwlfn wr
wkh sroh slhfhv li doorzhg wr pryh wrr idu iurp wkh
fhqwhuhg srvlwlrq1 D sudfwlfdo sureohp lv wkdw wkh df0
wxdwru lv gl�fxow wr exlog/ vlqfh wkh frlov qhhg wr eh
zrxqg e| kdqg lq d exlow0xs idvklrq1

8151 Txdg0X0Fruh Dfwxdwru
Wkh gl�fxowlhv phqwlrqhg deryh ohg xv wr ghvljq dq0
rwkhu w|sh ri dfwxdwru dv vkrzq lq Iljxuh <+d,1 Wklv
dfwxdwru frqvlvwv ri 7 X0fruh hohfwurpdjqhwv wr frq0
wuro wkh 	{ dqg 	| gluhfwlrq irufhv1 Iljxuh <+e,
vkrzv d vlqjoh X0fruh hohfwurpdjqhw1

(a) (b)

I

U-shaped

laminations
coil

current source

Iljxuh <= E@�"�@_�N�ULhi @U|�@|Lhc EM�tU�i4@|�U _it�}?
Lu @ t�?}*i N�ULhi i*iU|hL4@}?i|

Lw kdv wkh dgydqwdjh wkdw lw lv hdv| wr exlog1 D glvdg0
ydqwdjh lv wkdw I{ dqg I| duh frxsohg lq wkh zd|



wkdw wkh| duh ixqfwlrqv ri erwk fxuuhqw lqsxwv/ lq
rwkhu zrugv/ I{ @ I{+l{> l|, dqg I| @ I|+l{> l|,1
Dqrwkhu glvdgydqwdjh lv wkdw wkh irufh0fxuuhqw uhod0
wlrq lv qrqolqhdu1 Wkh fxuuhqw0irufh ixqfwlrq lq hdfk
X0fruh hohfwurpdjqhw lv phdvxuhg wr eh

I +Q, @ 63
L5

j5
= +4:,

Khuh L lv wkh frlo fxuuhqw lqsxw lq D/ dqg j lv wkh
dlu jds lq pp1 Wkh wkhruhwlfdo uhvxow djuhhv zlwk
wklv uhvxow zlwklq 53( huuru1 Zh fdq olqhdul}h wkh
irufh0fxuuhqw uhodwlrq e| hlwkhu sxwwlqj eldv fxuuhqw
rq hdfk X0fruh/ ru xvlqj ihhgedfn olqhdul}dwlrq1 Xvlqj
eldv fxuuhqw lv vlplodu wr dgglqj d shupdqhqw pdjqhw/
zklfk pdnhv wkh frqwuroohu ghvljq pruh gl�fxow vlqfh
lw ghfuhdvhv wkh vxvshqvlrq xqvwdeoh wlph frqvwdqw
^44`1 Lq wklv sdshu/ zh xvh wkh ihhgedfn olqhdul}dwlrq
phwkrg1

91 V|vwhp Prghoolqj dqg Lghqwl�fdwlrq

9141 V|vwhp Prghoolqj
Zh ghyhors d prgho ri wkh v|vwhp e| lqfoxglqj vhqvru/
dfwxdwru/ wlph ghod|/ dqg vwuxfwxuh g|qdplfv1 Wkh
vhqvru g|qdplfv uhvxow iurp lwv orz0sdvv �owhu zlwk
4 nK} edqgzlgwk1 Wkh dfwxdwru g|qdplfv duh grp0
lqdwhg e| orz0sdvv �owhu lq wkh fxuuhqw vrxufh frq0
wuroohu1 D wlph ghod| uhvxowv iurp wkh frpsxwdwlrq
wlph Wv ri wkh frqwuroohu1 Vlqfh wkh frqwuro fdofxod0
wlrqv devrue doprvw d zkroh vdpsolqj lqwhuydo/ d ghod|
ri 4=8Wv lv lqfoxghg lq wkh prgho wr uhsuhvhqw wklv gh0
od| soxv wkh }hur0rughu0krog1 Wkh vwuxfwxuh g|qdplfv
fdq eh rewdlqhg e| hlwkhu dq dqdo|wlfdo prgho ru d �0
qlwh hohphqw prgho1 Lq wkh zrun uhsruwhg khuhlq/ zh
xvh 433 vwdwhv wr uhsuhvhqw wkh v|vwhp/ dqg dvvxph d
gdpslqj udwlr � @ 3=3381

9151 V|vwhp Lghqwl�fdwlrq
Wr phdvxuh wkh sodqw g|qdplfv/ zh ghvljqhg d vwdel0
ol}lqj frqwuroohu K+v, dqg forvhg wkh orrs dv vkrzq lq
Iljxuh 431 Zlwk wkh vzhsw vlqh lqsxw/ zh fdq phdvxuh
Y4 dqg Y5 h{shulphqwdoo|1
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Iljxuh 43= Phdvxuh orrs wudqvihu ixqfwlrq

Y4 dqg Y5 duh=

Y4+v, @
4

4 .K+v,J+v,
Yvlqh+v, +4;,

Y5+v, @
�K+v,J+v,

4 .K+v,J+v,
Yvlqh+v,= +4<,

Khqfh wkh orrs wudqvihu ixqfwlrq K+v,J+v, fdq eh
rewdlqhg dv

K+v,J+v, @ �Y5+v,

Y4+v,
= +53,

:1 Frqwuro

Wkh fkdoohqjhv ri frqwuroolqj wklv v|vwhp uhvxow iurp
wkh iroorzlqj idfwv=

41 Wkh vwuxfwxuh kdv d orz gdpslqj udwlr � �
3=338/ dqg wkxv wkh prghv fuhdwh odujh shdnv
lq wkh wudqvihu ixqfwlrq1

51 Ehfdxvh ri wkh vhqvru orz0sdvv �owhu/ dfwxdwru
orz0sdvv �owhu/ dqg wlph ghod|/ wklv v|vwhp kdv
vljql�fdqw skdvh odj zlwklq wkh frqwuro edqg0
zlgwk1

61 Wkh ghuhyhuehudwhg edfnerqh ri wkh sodqw
wudqvihu ixqfwlrq idoov r� rqo| dv $�4=8/ Wkxv
lw lv kdug wr dgg ohdg frpshqvdwlrq zlwkrxw lq0
wurgxflqj lqvwdelolw| lq wkh kljkhu prghv1

Lq wklv sdshu/ zh sursrvh wkuhh lghdv iru vroylqj wklv
pdjqhwlf vxvshqvlrq frqwuro sureohp1

:141 Vorz Uroo0Xs Ohdg Frpshqvdwru
Wr ghdo zlwk wkh oljkwo|0gdpshg yleudwlrq prghv/ zh
ghvljq d VLVR pxowlsoh0ohdg frpshqvdwru1 Wklv frp0
shqvdwru kdv wkh iroorzlqj vwuxfwxuh=

K+v, @ Ns

+v.p,+v. 7p,+v. 49p, � � �
+v. 5p,+v. ;p,+v. 65p, � � � +54,

Wklv frqwuroohu zloo surylgh skdvh pdujlq ri derxw
63 ghjuhhv iru wkh iuhtxhqflhv ri lqwhuhvw1 Lw kdv jdlq
uroolqj xs dw dq dyhudjh vorsh ri 43gE@ghfdgh wr dyrlg
ryhu0dpsoli|lqj uhvrqdqfh shdnv dw kljk iuhtxhqflhv1

:151 Vhqvru Lqwhusrodwlrq
Zh xvh 5 vhqvruv dqg 5 dfwxdwruv dv d sdfndjh/ dv
vkrzq lq Iljxuh 441 Zh sxw vhqvruv dqg dfwxdwruv
forvh wrjhwkhu/ dqg lqwhusrodwh vhqvru rxwsxwv wr re0
wdlq wkh uhdo srvlwlrqv dw wkh dfwxdwruv1 E| grlqj
vr/ zh fdq dyrlg wkh vhqvru2dfwxdwru qrq0froorfdwlrq
sureohp1



actuatorssensor sensor

Iljxuh 44= Vhqvru lqwhusrodwlrq

:161 Vhqvru Dyhudjlqj
Zh sodfh 5 vhqvruv dsduw wr suhglfw wkh srvlwlrq lq wkh
plggoh1 Lq wklv frq�jxudwlrq/ zh dvvxph wkh ehdp lv
yleudwlqj dv d vwdwlrqdu| vlqxvrlgdo zdyh +qhjohfw wkh
hydqhvfhqw whupv h	�},

x+}> w, @ frv+$w,frv+�},= +55,

Khuh $ lv wkh qdwxudo iuhtxhqf|/ dqg � @ 5�@o lv wkh
vsdwldo zdyhqxpehu1 Lq wkh ehdp dqdo|vlv/ qhjohfwlqj
W dqg Y / zh kdyh

HL�7 @ �D$5= +56,

Zlwk vhqvruv orfdwhg dw }4 @ +}r�g, dqg }5 @ +}r.g,/
wkh dyhudjh rxwsxw lv wkxv jlyhq e|

xdyh+}r> w, @
4

5
+x+}4> w, . x+}5> w,,

@ frv+$w,frv+�}r,frv+�g,

@ x+}r> w,frv+�g, +57,

Wkh frvlqh h�hfw frv+�g, lv vkrzq lq Iljxuh 451 Wkh
uhvxow lv rewdlqhg zkhq }r @ 4=45p dqg g @ 3=48p1
Wkh frv+�g, whup fuhdwhv dq lghdo orz0sdvv zlwklq d
fhuwdlq iuhtxhqf| udqjh zlwkrxw orvlqj skdvh1 Li zh
sxw wkh frvlqh qrwfk dw d wurxeolqj iuhtxhqf| uhjlrq
+ jdlq A 3gE/ skdvh ? �4;3r,/ zh fdq uhgxfh wkh
orrs jdlq lq wklv uhjlrq zlwkrxw dgyhuvho| d�hfwlqj
wkh skdvh/ dqg wkhuhe| pdnh wkh v|vwhp vwdeoh ru
lqfuhdvh wkh jdlq pdujlq1

;1 H{shulphqwdo Uhvxow

Lq wklv vhfwlrq/ zh vkrz h{shulphqwdo uhvxowv wdnhq
zlwk orfdo frqwuro ri wkh dfwxdwru sdlu vkrzq lq Ilj0
xuh 441 Lq wklv zrun/ wkh wzr dfwxdwruv duh gulyhq dv
d vlqjoh vrxufh ri irufh1
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Iljxuh 45= Frvlqh h�hfw iurp vhqvru dyhudjlqj

;141 Frqwuro zlwk Vhqvru Lqwhusrodwlrq
Zh fodps wkh ehdp dw erwk hqgv/ sodfh vhqvruv dqg
dfwxdwruv lq forvh sur{lplw| +vhqvru lqwhusrodwlrq,1
Zh fdq wkxv uhjdug d vhqvru dqg dq dfwxdwru dv erwk
dw } @ 4=45p1 Xvlqj wkh frqwuroohu

K+v, @ 7
+v. 63,+v. 453,+v. 733,5

+v. 93,+v. 573,+v. ;33,5
+58,

zh duh deoh wr vwdelol}h wkh v|vwhp orfdoo|/ h{fhsw
wkhuh lv d olplw f|foh yleudwlrq dw 4433 udg2v1 Wkh
phdvxuhg orrs g|qdplfv duh vkrzq lq Iljxuh 46 frp0
sduhg zlwk rxu wkhruhwlfdo prgho1
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experiment shows
unstable limit cycle here

Iljxuh 46= �L_i T*L|t Lu *LLT |h@?tuih u�?U|�L?c |�iL�
hi|�U@* @?_ i Tih�4i?|@* uLh ti?tLh �?|ihTL�
*@|�L?

Wkh orrs kdv 63r skdvh pdujlq iru doo yleudwlrq prghv



ehorz 833 udg2v1 Wkh dowhuqdwlqj sroh0}hur sdwwhuq
vkrzv wkdw wkh prgdo frqwuroodelolw| dqg prgdo re0
vhuydelolw| kdyh wkh vdph vljq ^45`/ zklfk lpsolhv
wkhuh lv qr qrq0froorfdwlrq sureohp1 Krzhyhu/ wkhuh
lv dq xqvwdeoh olplw f|foh yleudwlrq dw iuhtxhqf| ri
4433 udg2v/ dqg zh fdq vhh wkh skdvh dw wkdw iuh0
txhqf| gursv ehorz �4;3r1

;151 Frqwuro zlwk Vhqvru Dyhudjlqj
Lq wklv vhfwlrq/ zh sxoo wkh vhqvruv dsduw wr lpsohphqw
vhqvru dyhudjlqj1 Vshfl�fdoo|/ wkh vhqvruv duh vsdfhg
	3=48p iurp wkh dfwxdwru dw } @ 4=45p1 Zh xvh wkh
vdph frqwuroohu dv lq wkh suhylrxv vhfwlrq1 Iljxuh 47
vkrzv wkh orrs wudqvihu ixqfwlrq frpsduhg ehwzhhq
vhqvru lqwhusrodwlrq dqg vhqvru dyhudjlqj1 Wkh vhq0
vru dyhudjlqj vkrzv wkh lpsuryhphqw ri jdlq pdujlq
zlwklq iuhtxhqf| udqjh iurp :33 udg2v wr 4833 udg2v
zkloh wkh skdvh lv ehorz �4;3r1 Wkxv zh duh deoh wr
vwdelol}h wkh v|vwhp dqg dyrlg wkh olplw f|foh vkrzq
lq wkh vhqvru lqwhusrodwlrq h{shulphqw1
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Iljxuh 47= �L_i T*L|t Lu *LLT |h@?tuih u�?U|�L?c ti?tLh
�?|ihTL*@|�L? @?_ ti?tLh @�ih@}�?}

<1 Frqfoxvlrqv

Wklv sdshu suhvhqwv dq dssurdfk wr dfwxdwru/ vhq0
vru/ dqg frqwuroohu ghvljq iru pdjqhwlf vxvshqvlrq
ri wxexodu ehdpv iru qrq0frqwdfw surfhvvlqj1 Dw
wkh suhvhqw wlph/ zh kdyh irfxvhg rq xvlqj d or0
fdo frqwuro phwkrg1 Zh zloo frqwlqxh wkh zrun rq
vhqvru2dfwxdwru srvlwlrqlqj dqg frqwuro dojrulwkp wr
uhdfk ehwwhu shuirupdqfh1 Zh zloo ixuwkhu h{soruh
vxvshqvlrq frqwuro zlwk pxowlsoh vhqvruv dqg dfwx0
dwruv1 Zh h{shfw wklv uhvhdufk wr ohdg wr qhz ds0
surdfkhv iru pdjqhwlf vxvshqvlrq iru qrq0frqwdfw sur0

fhvvlqj1 Lq wkh ixwxuh/ zh dovr sodq wr lqyhvwljdwh wkh
gxdo sureohp ri hohfwurvwdwlf ohylwdwlrq1

431 Dfnqrzohgjphqwv

Wklv uhvhdufk lv vsrqvruhg e| wkh Qdwlrqdo Vfl0
hqfh Irxqgdwlrq xqghu Judqw Dzdug Qxpehu GPL0
<:33<:61

Uhihuhqfhv
^4` Dphulfdq Phwdo Kdqgoh/ Yxofdq Gu1/ Eluplqj0
kdp/ DO/ XVD1

^5` _Irxuwk Lqwhuqdwlrqdo V|psrvlxp rq Pdjqhwlf
Vxvshqvlrq Whfkqrorj|/% QDVD/ 4<<;1

^6` _Vl{wk Lqwhuqdwlrqdo V|psrvlxp rq Pdjqhwlf
Ehdulqjv/% PLW/ 4<<;

^7` _Dfwlyh Frqwuro ri Yleudwlrq dqg
Qrlvh/% DVPH Lqwhuqdwlrqdo Phfkdqlfdo Hqjlqhhulqj
Frqjuhvv dqg H{srvlwlrq/ 4<<91

^8` M1D1 Zlfnhuw/ hw do1/ _Fodvvlfdo Yleudwlrq Dqdo0
|vlv ri D{ldoo| Prylqj Frqwlqxd/% Mrxuqdo ri Ds0
solhg Phfkdqlfv/ Wudqvdfwlrqv ri wkh DVPH/ Yro1 8:/
ss1:6;0:77/ Vhswhpehu 4<<3

^9` O1 Phlurylwfk/ _Hohphqwv ri Yleudwlrq Dqdo|0
vlv/% PfJudz0Kloo/ 5qg hglwlrq/ 4<;91

^:` O1 Phlurylwfk/ _D Prgdo Dqdo|vlv iru wkh Uh0
vsrqvh ri Olqhdu J|urvfrslf V|vwhpv/% Mrxuqdo ri Ds0
solhg Phfkdqlfv/ Wudqvdfwlrqv ri wkh DVPH/ ss17790
783/ Mxqh 4<:8

^;` K1D1 Kdxv/ hw do1/ _Hohfwurpdjqhwlf Ilhogv dqg
Hqhuj|/% Suhqwlfh Kdoo 4<;<

^<` K1K1 Zrrgvrq/ hw do1/ _Hohfwurphfkdqlfdo G|0
qdplfv/ Sduw LL= Ilhogv/ Irufhv/ dqg Prwlrq/% Urehuw
H1 Nulhjhu Sxeolvklqj 4<9;

^43` U1M1 Ulwwhu/ _Dqdo|vlv dqg Ghvljq ri d Wzr0
D{lv Qrqfrqwdfw Srvlwlrq Vhqvru/% Pdvwhu*v Wkhvlv/
PLW Ghsw1 ri Phfkdqlfdo Hqjlqhhulqj/ Ihe1 4<<<1

^44` G1O1 Wuxpshu/ _Pdjqhwlf Vxvshqvlrq Whfk0
qltxhv iru Suhflvlrq Prwlrq Frqwuro/% Sk1G1 Wkhvlv/
PLW Ghsw1 ri Hohfwulfdo Hqjlqhhulqj dqg Frpsxwhu
Vflhqfh/ Vhs1 4<<31

^45` H1H1 Fudzoh|/ %491576 G|qdplfv ri Frqwuroohg
Vwuxfwxuhv/% PLW frxuvh kdqgrxw/ Fkdswhu 9/ 4<<:1


