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⇢2 = r2 + a2 cos2 ✓ , � = r2 � 2GMr + a2
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Notice: independent of t and φ.



Constants of the motion

Kerr geodesics also possess a “3rd constant” 
that was discovered by Brandon Carter using a 
relativistic Hamilton-Jacobi formalism; turns 

out to be related to a Killing tensor:
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Conserved constants allows 
separation of equations of motion
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Pick E, Lz, Q; determines motion.

Useful subset: Q = 0 means that θ = π/2 for 
all time (“equatorial orbits”)



Conserved constants allows 
separation of equations of motion
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If we further have R = 0, dR/dr = 0 then we 
have defined circular equatorial orbits.



Characteristics of circular 
equatorial orbits

Top sign: Orbit is parallel to BH spin. 
Bottom: Orbit is antiparallel to spin.
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GM/r , q ⌘ a/M
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Circular, equatorial orbit stability
Stable orbits have d2R/dr2 < 0 … metastable 

ones have R = 0, dR/dr = 0, d2R/dr2 = 0.

Apply this, find that it holds at radius

Do exercise for zero mass particle:

rISCO/GM = 3 + Z2 ⌥ [(3� Z1)(3 + Z1 + 2Z2)]
1/2
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�
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1

�1/2
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(Reference: Bardeen, Press, Teukolsky, Astrophys. J. 178, 347 (1972).



Circular, equatorial orbit stability
Stable orbits have d2R/dr2 < 0 … metastable 

ones have R = 0, dR/dr = 0, d2R/dr2 = 0.

rISCO 
(prograde)

rISCO 
(retrograde)

rphot 
(retrograde)

rphot 
(prograde)



Frame dragging
Consider non-geodesic motion.  Suppose I want 

to use a rocket or some other agent to hold 
myself fixed at a location, or to orbit with

⌦NG = u�/ut ; ur = 0 u✓ = 0
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Quantity in [] must be negative!  Find ΩNG 
by solving quadratic.



Frame dragging
Solve quadratic:

There is a radius at which gtt goes to zero: 

Coincides with event horizon at poles; is 
outside the horizon at all other θ.

⌦min/max
NG =

�gt� ±
q
g2t� � gttg��

g��
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No stationary observers exist for r < rE.  
They are dragged along by the spacetime, 

parallel to sense of the the hole’s spin.



Frame dragging
Solve quadratic:

There is a radius at which gtt goes to zero: 

Coincides with event horizon at poles; is 
outside the horizon at all other θ.
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<latexit sha1_base64="yCCQ9YZU0igPpPbJDHsG01K8i8o="></latexit>

rE/GM = 1 +
p
1� q2 cos2 ✓

<latexit sha1_base64="KSMA25AeSDOlmhCMlsCzOFijzbM=">AAACFnicbVDLSgMxFM3UV62vqks3wSII0jpTBd0IRRHdCBXsAzpjyaRpG5p5NLkjlKFf4cZfceNCEbfizr8xbWehrQfu5XDOvST3uKHgCkzz20jNzS8sLqWXMyura+sb2c2tqgoiSVmFBiKQdZcoJrjPKsBBsHooGfFcwWpu72Lk1x6YVDzw72AQMscjHZ+3OSWgpWY2L5uxLT18OTy8usFn2MIH2FZ9CbGF87h/X7RpoHSHLgMybGZzZsEcA88SKyE5lKDczH7ZrYBGHvOBCqJUwzJDcGIigVPBhhk7UiwktEc6rKGpTzymnHh81hDvaaWF24HU5QMeq783YuIpNfBcPekR6KppbyT+5zUiaJ86MffDCJhPJw+1I4EhwKOMcItLRkEMNCFUcv1XTLtEEgo6yYwOwZo+eZZUiwXrqFC8Pc6VzpM40mgH7aJ9ZKETVELXqIwqiKJH9Ixe0ZvxZLwY78bHZDRlJDvb6A+Mzx90IJ0W</latexit>

No stationary observers exist for r < rE.  
Region called the “ergosphere”: can use it to 

extract energy from BH spin (“Penrose process”).


