
Take background to be Schwarzschild, consider 
vacuum perturbations:

Build Ricci perturbation from hαβ; break hαβ 
into scalar, vector, tensor pieces; 

characterize them by their parity properties.

Perturbing Schwarzschild
ds2 =

�
gB↵� + h↵�

�
dx↵dx�

<latexit sha1_base64="Gpw2cFWpW8oAqC/iE+UOHBHtub8="></latexit>

G↵� = 0 �! �R↵� = 0
<latexit sha1_base64="xrBIe0AkIs18AVJ4Z5KbAp06i+8=">AAACJ3icbVBNaxsxFNSmTZO6abNpjr2ImkJPZtcNJJcEkxzSYxriD/Aa81Z+tkW00iK9TTCL/00u+Su5BNJQ2mP/SeWPQ2t3QDDMzOPpTZor6SiKfgUbL15uvtrafl15s/P23W64977lTGEFNoVRxnZScKikxiZJUtjJLUKWKmyn12czv32D1kmjr2iSYy+DkZZDKYC81A9PzvtlAiofQ5IiwZQf84gnyuiRlaMxgbXmlicDVAT8cj3aD6tRLZqDr5N4SapsiYt++JQMjCgy1CQUONeNo5x6JViSQuG0khQOcxDXMMKupxoydL1yfueUf/LKgA+N9U8Tn6t/T5SQOTfJUp/MgMZu1ZuJ//O6BQ2PeqXUeUGoxWLRsFCcDJ+VxgfSoiA18QSElf6vXIzBgiBfbcWXEK+evE5a9Vr8pVb/dlBtnC7r2GYf2Ef2mcXskDXYV3bBmkywO/bAvrPn4D54DH4EPxfRjWA5s8/+QfD7D0REpYs=</latexit>



See Rezzolla, gr-qc/0302025 for details and the 
explicit form of the basis tensors (which 

include first and second derivatives of Ylm).

Can put m = 0 (axisymmetry); can set H2 = 0 
by choice of gauge.

Results for odd parity
h00 = 0

<latexit sha1_base64="TbdweOue9gGwja8KDj/l3ruRg+k=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lWwV9CIUvXisYD+wXUo2zbah2eySZIWy9F948aCIV/+NN/+NabsHbX0w8Hhvhpl5QSKFsYR8o5XVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8YYWVvJ1oTqNA8lYwup36rSeujYjVgx0n3I/oQIlQMGqd9DjsZYRM8DUmvVKZVMgMeJl4OSlDjnqv9NXtxyyNuLJMUmM6Hkmsn1FtBZN8UuymhieUjeiAdxxVNOLGz2YXT/CpU/o4jLUrZfFM/T2R0ciYcRS4zojaoVn0puJ/Xie14ZWfCZWklis2XxSmEtsYT9/HfaE5s3LsCGVauFsxG1JNmXUhFV0I3uLLy6RZrXjnler9Rbl2k8dRgGM4gTPw4BJqcAd1aAADBc/wCm/IoBf0jj7mrSsonzmCP0CfP8ppj64=</latexit>

h0i
.
= H0(t, r) [0,� csc ✓@�Y`m, sin ✓@✓Y`m]

<latexit sha1_base64="Z+FYHbpL7O2PQqRGtOhYskhvEuY="></latexit>

hij = H1(t, r)e
1
ij +H2(t, r)e

2
ij

<latexit sha1_base64="JIAMgzdvHlcCpUbBa1a/XQy7ndY=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWARKkpJoqAbpeimywr2Am0Nk+mkHTu5MDMRSsjbuPFV3AgqokvfxEmahbYeGPj5v3OYc34nZFRIw/jSCguLS8srxdXS2vrG5pa+vdMSQcQxaeKABbzjIEEY9UlTUslIJ+QEeQ4jbWd8nfL2A+GCBv6tnISk76GhT12KkVSWrV+O7JjeJ/AC1m2zIo/5Yc9DcuS4MUnuzCk7UsyaZVbGbL1sVI2s4Lwwc1EGeTVs/bU3CHDkEV9ihoTomkYo+zHikmJGklIvEiREeIyGpKukjzwi+nF2ZwIPlDOAbsDV8yXM3N8TMfKEmHiO6kwXFbMsNf9j3Ui65/2Y+mEkiY+nH7kRgzKAaWhwQDnBkk2UQJhTtSvEI8QRlirakgrBnD15XrSsqnlStW5Oy7WrPI4i2AP7oAJMcAZqoA4aoAkweATP4A28a0/ai/ahfU5bC1o+swv+lPb9A/vzpNU=</latexit>



As r ➞ ∞ and r ➞ 2GM, this simplifies:

The Regge-Wheeler equation
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<latexit sha1_base64="3WFCmqcOaJ5oEunoZLw42HsWPIU="></latexit>

r⇤ = r + 2GM ln
⇣ r

2GM
� 1

⌘

<latexit sha1_base64="Fx/PmQYsF9m51NK9phXFaTsPUmc=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSBExbAbBb0IQQ96ESKYB2RDmJ3MJkNmZ5eZXiEs+Qsv/ooXD4p41Zt/4+Rx0MSChqKqm+4uPxZcg+N8W3PzC4tLy5mV7Ora+samvbVd1VGiKKvQSESq7hPNBJesAhwEq8eKkdAXrOb3roZ+7YEpzSN5D/2YNUPSkTzglICRWnZBtQ7xBVb4CBevbz0hPcECyHuBIjRVg9SIA3yMXU/xThcOWnbOKTgj4FniTkgOTVBu2V9eO6JJyCRQQbRuuE4MzZQo4FSwQdZLNIsJ7ZEOaxgqSch0Mx39NcD7RmnjIFKmJOCR+nsiJaHW/dA3nSGBrp72huJ/XiOB4LyZchknwCQdLwoSgSHCw5BwmytGQfQNIVRxcyumXWIiARNl1oTgTr88S6rFgntSKN6d5kqXkzgyaBftoTxy0RkqoRtURhVE0SN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP/9+nVw=</latexit>

Q ⌘ H1

r
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<latexit sha1_base64="GGnq1rHkCUYwsPLGbWsoTWiHEjM=">AAACHXicbZA9SwNBEIb3/Izx69TSZjEIsTDcxYCWooVphASMCrkQ9jZzyeLeh7tzQjjyR2z8KzYWiljYiP/GTbxCoy8svDwzw+y8fiKFRsf5tGZm5+YXFgtLxeWV1bV1e2PzUsep4tDisYzVtc80SBFBCwVKuE4UsNCXcOXfnI7rV3egtIijCxwm0AlZPxKB4AwN6tq1JvXgNhV31AsU41m9644yNfIkBFh26X6Oq2fnE6xEf4B7XbvkVJyJ6F/j5qZEcjW69rvXi3kaQoRcMq3brpNgJ2MKBZcwKnqphoTxG9aHtrERC0F3ssl1I7prSI8GsTIvQjqhPycyFmo9DH3TGTIc6OnaGP5Xa6cYHHUyESUpQsS/FwWppBjTcVS0JxRwlENjGFfC/JXyATNxoAm0aEJwp0/+ay6rFfegUm3WSscneRwFsk12SJm45JAckzppkBbh5J48kmfyYj1YT9ar9fbdOmPlM1vkl6yPL4DmoZA=</latexit>

@H0

@t
=

@

@r⇤
(r⇤Q)

<latexit sha1_base64="6IFjtg0jcYgAPjwL4yaQMW+Cuhk="></latexit>

@2Q

@t2
� @2Q

@r2⇤
= 0

<latexit sha1_base64="8tn0hLBsAPqRAAIgcVBZG6FCtQk=">AAACM3icbVDLSgMxFM3UV62vUZdugkUQwTIzCroRim7EVQv2AZ3pkEkzbWjmQZIRyjD/5MYfcSGIC0Xc+g9m2iK19UDg5Nxzb3KPFzMqpGG8aoWl5ZXVteJ6aWNza3tH391riijhmDRwxCLe9pAgjIakIalkpB1zggKPkZY3vMnrrQfCBY3CezmKiROgfkh9ipFUkqvf2T5HOLVjxCVFrGvBevZ7g7JrZfAUzntmLdw9yU1X0H D1slExxoCLxJySMpii5urPdi/CSUBCiRkSomMasXTSfDBmJCvZiSAxwkPUJx1FQxQQ4aTjnTN4pJQe9COuTijhWJ3tSFEgxCjwlDNAciDma7n4X62TSP/SSWkYJ5KEePKQn6gsIpgHCHuUEyzZSBGEOVV/hXiAVEBSxVxSIZjzKy+SplUxzypW/bxcvZ7GUQQH4BAcAxNcgCq4BTXQABg8ghfwDj60J+1N+9S+JtaCNu3ZB3+gff8AzraqUg==</latexit>

Q ⇠ ei!(t±r⇤)
<latexit sha1_base64="7QX+WmXscFBF6P0m2xZHvFDkUMQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQXZSkCrosunHZgn1AE8NketsOnUnCzEQooTs3/oobF4q49Rfc+TdOHwutHrhwOOde7r0nTDhT2nG+rNzS8srqWn69sLG5tb1j7+41VZxKCg0a81i2Q6KAswgammkO7UQCESGHVji8nvite5CKxdGtHiXgC9KPWI9Roo0U2Id17CkmMNxlzIsF9AkuaewlAsvg9GQc2EWn7EyB/xJ3Topojlpgf3rdmKYCIk05UarjOon2MyI1oxzGBS9VkBA6JH3oGBoRAcrPpn+M8bFRurgXS1ORxlP150RGhFIjEZpOQfRALXoT8T+vk+repZ+xKEk1RHS2qJdyrGM8CQV3mQSq+cgQQiUzt2I6IJJQbaIrmBDcxZf/kmal7J6VK/XzYvVqHkceHaAjVEIuukBVdINqqIEoekBP6AW9Wo/Ws/Vmvc9ac9Z8Zh/9gvXxDb9tl/M=</latexit>

so in this limit.

Minus sign corresponds to outgoing wave 
packet; plus sign to ingoing.



As r ➞ ∞ and r ➞ 2GM, this simplifies:

The Regge-Wheeler equation
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<latexit sha1_base64="3WFCmqcOaJ5oEunoZLw42HsWPIU="></latexit>

r⇤ = r + 2GM ln
⇣ r

2GM
� 1

⌘

<latexit sha1_base64="Fx/PmQYsF9m51NK9phXFaTsPUmc=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSBExbAbBb0IQQ96ESKYB2RDmJ3MJkNmZ5eZXiEs+Qsv/ooXD4p41Zt/4+Rx0MSChqKqm+4uPxZcg+N8W3PzC4tLy5mV7Ora+samvbVd1VGiKKvQSESq7hPNBJesAhwEq8eKkdAXrOb3roZ+7YEpzSN5D/2YNUPSkTzglICRWnZBtQ7xBVb4CBevbz0hPcECyHuBIjRVg9SIA3yMXU/xThcOWnbOKTgj4FniTkgOTVBu2V9eO6JJyCRQQbRuuE4MzZQo4FSwQdZLNIsJ7ZEOaxgqSch0Mx39NcD7RmnjIFKmJOCR+nsiJaHW/dA3nSGBrp72huJ/XiOB4LyZchknwCQdLwoSgSHCw5BwmytGQfQNIVRxcyumXWIiARNl1oTgTr88S6rFgntSKN6d5kqXkzgyaBftoTxy0RkqoRtURhVE0SN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP/9+nVw=</latexit>
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<latexit sha1_base64="GGnq1rHkCUYwsPLGbWsoTWiHEjM=">AAACHXicbZA9SwNBEIb3/Izx69TSZjEIsTDcxYCWooVphASMCrkQ9jZzyeLeh7tzQjjyR2z8KzYWiljYiP/GTbxCoy8svDwzw+y8fiKFRsf5tGZm5+YXFgtLxeWV1bV1e2PzUsep4tDisYzVtc80SBFBCwVKuE4UsNCXcOXfnI7rV3egtIijCxwm0AlZPxKB4AwN6tq1JvXgNhV31AsU41m9644yNfIkBFh26X6Oq2fnE6xEf4B7XbvkVJyJ6F/j5qZEcjW69rvXi3kaQoRcMq3brpNgJ2MKBZcwKnqphoTxG9aHtrERC0F3ssl1I7prSI8GsTIvQjqhPycyFmo9DH3TGTIc6OnaGP5Xa6cYHHUyESUpQsS/FwWppBjTcVS0JxRwlENjGFfC/JXyATNxoAm0aEJwp0/+ay6rFfegUm3WSscneRwFsk12SJm45JAckzppkBbh5J48kmfyYj1YT9ar9fbdOmPlM1vkl6yPL4DmoZA=</latexit>
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<latexit sha1_base64="6IFjtg0jcYgAPjwL4yaQMW+Cuhk="></latexit>

@2Q

@t2
� @2Q

@r2⇤
= 0

<latexit sha1_base64="8tn0hLBsAPqRAAIgcVBZG6FCtQk=">AAACM3icbVDLSgMxFM3UV62vUZdugkUQwTIzCroRim7EVQv2AZ3pkEkzbWjmQZIRyjD/5MYfcSGIC0Xc+g9m2iK19UDg5Nxzb3KPFzMqpGG8aoWl5ZXVteJ6aWNza3tH391riijhmDRwxCLe9pAgjIakIalkpB1zggKPkZY3vMnrrQfCBY3CezmKiROgfkh9ipFUkqvf2T5HOLVjxCVFrGvBevZ7g7JrZfAUzntmLdw9yU1X0HD1slExxoCLxJySMpii5urPdi/CSUBCiRkSomMasXTSfDBmJCvZiSAxwkPUJx1FQxQQ4aTjnTN4pJQe9COuTijhWJ3tSFEgxCjwlDNAciDma7n4X62TSP/SSWkYJ5KEePKQn6gsIpgHCHuUEyzZSBGEOVV/hXiAVEBSxVxSIZjzKy+SplUxzypW/bxcvZ7GUQQH4BAcAxNcgCq4BTXQABg8ghfwDj60J+1N+9S+JtaCNu3ZB3+gff8AzraqUg==</latexit>

Q ⇠ ei!(t±r⇤)
<latexit sha1_base64="7QX+WmXscFBF6P0m2xZHvFDkUMQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQXZSkCrosunHZgn1AE8NketsOnUnCzEQooTs3/oobF4q49Rfc+TdOHwutHrhwOOde7r0nTDhT2nG+rNzS8srqWn69sLG5tb1j7+41VZxKCg0a81i2Q6KAswgammkO7UQCESGHVji8nvite5CKxdGtHiXgC9KPWI9Roo0U2Id17CkmMNxlzIsF9AkuaewlAsvg9GQc2EWn7EyB/xJ3Topojlpgf3rdmKYCIk05UarjOon2MyI1oxzGBS9VkBA6JH3oGBoRAcrPpn+M8bFRurgXS1ORxlP150RGhFIjEZpOQfRALXoT8T+vk+repZ+xKEk1RHS2qJdyrGM8CQV3mQSq+cgQQiUzt2I6IJJQbaIrmBDcxZf/kmal7J6VK/XzYvVqHkceHaAjVEIuukBVdINqqIEoekBP6AW9Wo/Ws/Vmvc9ac9Z8Zh/9gvXxDb9tl/M=</latexit>

so in this limit.

Physics: Nothing can come out of the event 
horizon; nothing can come in from infinity.



The Regge-Wheeler equation
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<latexit sha1_base64="3WFCmqcOaJ5oEunoZLw42HsWPIU="></latexit>

r⇤ = r + 2GM ln
⇣ r

2GM
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⌘

<latexit sha1_base64="Fx/PmQYsF9m51NK9phXFaTsPUmc=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSBExbAbBb0IQQ96ESKYB2RDmJ3MJkNmZ5eZXiEs+Qsv/ooXD4p41Zt/4+Rx0MSChqKqm+4uPxZcg+N8W3PzC4tLy5mV7Ora+samvbVd1VGiKKvQSESq7hPNBJesAhwEq8eKkdAXrOb3roZ+7YEpzSN5D/2YNUPSkTzglICRWnZBtQ7xBVb4CBevbz0hPcECyHuBIjRVg9SIA3yMXU/xThcOWnbOKTgj4FniTkgOTVBu2V9eO6JJyCRQQbRuuE4MzZQo4FSwQdZLNIsJ7ZEOaxgqSch0Mx39NcD7RmnjIFKmJOCR+nsiJaHW/dA3nSGBrp72huJ/XiOB4LyZchknwCQdLwoSgSHCw5BwmytGQfQNIVRxcyumXWIiARNl1oTgTr88S6rFgntSKN6d5kqXkzgyaBftoTxy0RkqoRtURhVE0SN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP/9+nVw=</latexit>
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<latexit sha1_base64="GGnq1rHkCUYwsPLGbWsoTWiHEjM=">AAACHXicbZA9SwNBEIb3/Izx69TSZjEIsTDcxYCWooVphASMCrkQ9jZzyeLeh7tzQjjyR2z8KzYWiljYiP/GTbxCoy8svDwzw+y8fiKFRsf5tGZm5+YXFgtLxeWV1bV1e2PzUsep4tDisYzVtc80SBFBCwVKuE4UsNCXcOXfnI7rV3egtIijCxwm0AlZPxKB4AwN6tq1JvXgNhV31AsU41m9644yNfIkBFh26X6Oq2fnE6xEf4B7XbvkVJyJ6F/j5qZEcjW69rvXi3kaQoRcMq3brpNgJ2MKBZcwKnqphoTxG9aHtrERC0F3ssl1I7prSI8GsTIvQjqhPycyFmo9DH3TGTIc6OnaGP5Xa6cYHHUyESUpQsS/FwWppBjTcVS0JxRwlENjGFfC/JXyATNxoAm0aEJwp0/+ay6rFfegUm3WSscneRwFsk12SJm45JAckzppkBbh5J48kmfyYj1YT9ar9fbdOmPlM1vkl6yPL4DmoZA=</latexit>

@H0
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=

@

@r⇤
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<latexit sha1_base64="6IFjtg0jcYgAPjwL4yaQMW+Cuhk="></latexit>

Require Q ⇠ ei!(t�r⇤) r ! 1
<latexit sha1_base64="G+ZLASOU6r5vyavLCdPZIVtFPmU=">AAACF3icbVDLSgMxFM34tr6qLt0Ei6CCZaYKuiy6calgW6FTSya9U4NJZprcEcrQv3Djr7hxoYhb3fk3prULXwcCh3Pu5eacKJXCou9/eBOTU9Mzs3PzhYXFpeWV4upa3SaZ4VDjiUzMZcQsSKGhhgIlXKYGmIokNKKbk6HfuAVjRaIvsJ9CS7GuFrHgDJ3ULpbPaWiFonCVizBR0GXbSPeoae/uDMJeL2MdamiICQ2FjrHfLpb8sj8C/UuCMSmRMc7axfewk/BMgUYumbXNwE+xlTODgksYFMLMQsr4DetC01HNFNhWPso1oFtO6dA4Me5ppCP1+0bOlLV9FblJxfDa/vaG4n9eM8P4qJULnWYImn8dijNJXc5hSbQjDHCUfUcYN8L9lfJrZhhHV2XBlRD8jvyX1CvlYL9cOT8oVY/HdcyRDbJJtklADkmVnJIzUiOc3JEH8kSevXvv0XvxXr9GJ7zxzjr5Ae/tE8vOnnY=</latexit>

Q ⇠ ei!(t+r⇤) r ! 2GM
<latexit sha1_base64="gTJa7u5cWpYnst1aKo+CoTalj2s=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUC2WmCrosutCN0IJ9QKeWTHrbhiYz0yQjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM65l5tzvJAzpW3720osLa+sriXXUxubW9s76d29qgoiSaFCAx7IukcUcOZDRTPNoR5KIMLjUPP6V2O/9gBSscC/08MQmoJ0fdZhlGgjtdK5MnYVExjuY+YGArokq3EOy9bJ8cgdDCLSxhK7OsCF69tWOmPn7QnwInFmJINmKLXSX247oJEAX1NOlGo4dqibMZGaUQ6jlBspCAntky40DPWJANWMJ6FG+MgobdwJpHm+xhP190ZMhFJD4ZlJQXRPzXtj8T+vEenORTNmfhhp8On0UCfi2IQcN4TbTALVfGgIoZKZv2LaI5JQbXpMmRKc+ciLpFrIO6f5QvksU7yc1ZFEB+gQZZGDzlER3aASqiCKHtEzekVv1pP1Yr1bH9PRhDXb2Ud/YH3+AIO0nJY=</latexit>
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<latexit sha1_base64="3WFCmqcOaJ5oEunoZLw42HsWPIU="></latexit>

r⇤ = r + 2GM ln
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<latexit sha1_base64="Fx/PmQYsF9m51NK9phXFaTsPUmc=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSBExbAbBb0IQQ96ESKYB2RDmJ3MJkNmZ5eZXiEs+Qsv/ooXD4p41Zt/4+Rx0MSChqKqm+4uPxZcg+N8W3PzC4tLy5mV7Ora+samvbVd1VGiKKvQSESq7hPNBJesAhwEq8eKkdAXrOb3roZ+7YEpzSN5D/2YNUPSkTzglICRWnZBtQ7xBVb4CBevbz0hPcECyHuBIjRVg9SIA3yMXU/xThcOWnbOKTgj4FniTkgOTVBu2V9eO6JJyCRQQbRuuE4MzZQo4FSwQdZLNIsJ7ZEOaxgqSch0Mx39NcD7RmnjIFKmJOCR+nsiJaHW/dA3nSGBrp72huJ/XiOB4LyZchknwCQdLwoSgSHCw5BwmytGQfQNIVRxcyumXWIiARNl1oTgTr88S6rFgntSKN6d5kqXkzgyaBftoTxy0RkqoRtURhVE0SN6Rq/ozXqyXqx362PcOmdNZnbQH1ifP/9+nVw=</latexit>
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<latexit sha1_base64="GGnq1rHkCUYwsPLGbWsoTWiHEjM=">AAACHXicbZA9SwNBEIb3/Izx69TSZjEIsTDcxYCWooVphASMCrkQ9jZzyeLeh7tzQjjyR2z8KzYWiljYiP/GTbxCoy8svDwzw+y8fiKFRsf5tGZm5+YXFgtLxeWV1bV1e2PzUsep4tDisYzVtc80SBFBCwVKuE4UsNCXcOXfnI7rV3egtIijCxwm0AlZPxKB4AwN6tq1JvXgNhV31AsU41m9644yNfIkBFh26X6Oq2fnE6xEf4B7XbvkVJyJ6F/j5qZEcjW69rvXi3kaQoRcMq3brpNgJ2MKBZcwKnqphoTxG9aHtrERC0F3ssl1I7prSI8GsTIvQjqhPycyFmo9DH3TGTIc6OnaGP5Xa6cYHHUyESUpQsS/FwWppBjTcVS0JxRwlENjGFfC/JXyATNxoAm0aEJwp0/+ay6rFfegUm3WSscneRwFsk12SJm45JAckzppkBbh5J48kmfyYj1YT9ar9fbdOmPlM1vkl6yPL4DmoZA=</latexit>

@H0

@t
=

@

@r⇤
(r⇤Q)

<latexit sha1_base64="6IFjtg0jcYgAPjwL4yaQMW+Cuhk="></latexit>

Require Q ⇠ ei!(t�r⇤) r ! 1
<latexit sha1_base64="G+ZLASOU6r5vyavLCdPZIVtFPmU=">AAACF3icbVDLSgMxFM34tr6qLt0Ei6CCZaYKuiy6calgW6FTSya9U4NJZprcEcrQv3Djr7hxoYhb3fk3prULXwcCh3Pu5eacKJXCou9/eBOTU9Mzs3PzhYXFpeWV4upa3SaZ4VDjiUzMZcQsSKGhhgIlXKYGmIokNKKbk6HfuAVjRaIvsJ9CS7GuFrHgDJ3ULpbPaWiFonCVizBR0GXbSPeoae/uDMJeL2MdamiICQ2FjrHfLpb8sj8C/UuCMSmRMc7axfewk/BMgUYumbXNwE+xlTODgksYFMLMQsr4DetC01HNFNhWPso1oFtO6dA4Me5ppCP1+0bOlLV9FblJxfDa/vaG4n9eM8P4qJULnWYImn8dijNJXc5hSbQjDHCUfUcYN8L9lfJrZhhHV2XBlRD8jvyX1CvlYL9cOT8oVY/HdcyRDbJJtklADkmVnJIzUiOc3JEH8kSevXvv0XvxXr9GJ7zxzjr5Ae/tE8vOnnY=</latexit>

Q ⇠ ei!(t+r⇤) r ! 2GM
<latexit sha1_base64="gTJa7u5cWpYnst1aKo+CoTalj2s=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUC2WmCrosutCN0IJ9QKeWTHrbhiYz0yQjlKEf4cZfceNCEbcu3Pk3po+Fth4IHM65l5tzvJAzpW3720osLa+sriXXUxubW9s76d29qgoiSaFCAx7IukcUcOZDRTPNoR5KIMLjUPP6V2O/9gBSscC/08MQmoJ0fdZhlGgjtdK5MnYVExjuY+YGArokq3EOy9bJ8cgdDCLSxhK7OsCF69tWOmPn7QnwInFmJINmKLXSX247oJEAX1NOlGo4dqibMZGaUQ6jlBspCAntky40DPWJANWMJ6FG+MgobdwJpHm+xhP190ZMhFJD4ZlJQXRPzXtj8T+vEenORTNmfhhp8On0UCfi2IQcN4TbTALVfGgIoZKZv2LaI5JQbXpMmRKc+ciLpFrIO6f5QvksU7yc1ZFEB+gQZZGDzlER3aASqiCKHtEzekVv1pP1Yr1bH9PRhDXb2Ud/YH3+AIO0nJY=</latexit>

Turns into an eigenvalue problem: There exist 
special frequencies such that Q is purely ingoing 

on the horizon, purely outgoing at infinity.



Frequencies which do this depend on the angular 
index l, and have real and imaginary parts:

Quasi-normal modes

Outgoing waves then have the form

! = !r + i!i
<latexit sha1_base64="mN6u1aqXXnSqjkFasWsxuQtIfac=">AAACB3icbZDLSgMxFIYzXmu9jboUJFgEQSgzVdCNUHTjsoK9QDsMmTTThuYyJBmhDN258VXcuFDEra/gzrcxbUfQ1h8CX/5zDsn5o4RRbTzvy1lYXFpeWS2sFdc3Nre23Z3dhpapwqSOJZOqFSFNGBWkbqhhpJUognjESDMaXI/rzXuiNJXizgwTEnDUEzSmGBlrhe5BR3LSQ/ASTiFU8ATSnwsN3ZJX9iaC8+DnUAK5aqH72elKnHIiDGZI67bvJSbIkDIUMzIqdlJNEoQHqEfaFgXiRAfZZI8RPLJOF8ZS2SMMnLi/JzLEtR7yyHZyZPp6tjY2/6u1UxNfBBkVSWqIwNOH4pRBI+E4FNilimDDhhYQVtT+FeI+UggbG13RhuDPrjwPjUrZPy1Xbs9K1as8jgLYB4fgGPjgHFTBDaiBOsDgATyBF/DqPDrPzpvzPm1dcPKZPfBHzsc3702YFA==</latexit>

Q ⇠ e�t/⌧ei!r(t�r⇤) , ⌧ = 1/!i
<latexit sha1_base64="xCBGAIxQZdRrvqFL7I+gSOS4JnM="></latexit>

Values of ωr and τ in general need to be found 
numerically … l = 2 yields the longest lived modes:

!r ' 0.37

GM
! fr ⌘ !r

2⇡
= 240Hz

✓
50M�
M

◆

<latexit sha1_base64="gYvMKpdLikTUR+wILko2ouh0sr0="></latexit>

⌧!r ' 4
<latexit sha1_base64="bMhjnnaRy/4zEoVHZpuS1kwX7cs=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5LUgh6LXjxWsB/QhLDZTtqlu0nc3QglFPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5ulrfL2zu7evn1w2FZJJim0aMIT2Q2JAs5iaGmmOXRTCUSEHDrh6Gbqdx5BKpbE93qcgi/IIGYRo0QbKbCPPU0yLxEwIIHEnmICHnA9sCtO1ZkBLxO3IBVUoBnYX14/oZmAWFNOlOq5Tqr9nEjNKIdJ2csUpISOyAB6hsZEgPLz2fkTfGaUPo4SaSrWeKb+nsiJUGosQtMpiB6qRW8q/uf1Mh1d+TmL00xDTOeLooxjneBpFrjPJFDNx4YQKpm5FdMhkYRqk1jZhOAuvrxM2rWqe1Gt3dUrjesijhI6QafoHLnoEjXQLWqiFqIoR8/oFb1ZT9aL9W59zFtXrGLmCP2B9fkDsImVTA==</latexit>



Metric expansion doesn’t work as well for Kerr 
since we no longer have spherical symmetry.

Kerr

However, a minor miracle occurs if you perturb the 
curvature: Recall pset exercise in which you used 

Bianchi to make a wave equation for Riemann:

The first term is a wave operator; applying identities 
becomes a wave equation with “Riemann squared” 

acting as a source term.  Split Riemann:

r� [r�R↵��✏ +r↵R���✏ +r�R�↵�✏] = 0
<latexit sha1_base64="4BZsr8peQ4WUI78Gj8GRH7irnIc="></latexit>

R↵��� = RB
↵��� + �R↵���

<latexit sha1_base64="ILIIKtGVvaabTbyoMctCIfylbS0="></latexit>



In vacuum, Ricci curvature vanishes; Riemann is 
equivalent to Weyl: Rαβγδ ➞ Cαβγδ.

Vacuum; pick components

Can also organize the components by projecting them 
onto a special set of basis vectors:

(Tangent to outgoing null geodesics)l↵
.
=

1

�

⇥
(r2 + a2),�, 0, a

⇤

n↵ .
=

1

2(r2 + a2 cos2 ✓)

⇥
(r2 + a2),��, 0, a

⇤

m↵ .
=

1p
2(r + ia cos ✓)

[ia sin ✓, 0, 1, i csc ✓]
<latexit sha1_base64="pc0UYt20vTdFqdmGuzCTpu2l07Q="></latexit>

(Tangent to ingoing null)

(This plus complex conjugate cover the 
angular degrees of freedom)



10 degrees of freedom in the Weyl curvature are 
given by the following 5 complex numbers:

Complex Weyl scalars

Introduce perturbative expansion for these quantities:

 0 = �C↵���l
↵m�l�m�

<latexit sha1_base64="zx3Iu7BtjnwTHGjpa6lR31cXGfM="></latexit>

 4 = �C↵���n
↵m̄�n�m̄�

<latexit sha1_base64="tbxCimG31jikJckoL22bRI7sHNc="></latexit>

 1 = �C↵���l
↵n�l�m�

<latexit sha1_base64="s3bUERFxlzWjZqla+DumuTyrS9Y="></latexit>

 3 = �C↵���l
↵n�m̄�n�

<latexit sha1_base64="iZdWeskIBeXUBz8alseQsgiE3ZA="></latexit>

 2 = �C↵���l
↵m�m̄�n�

<latexit sha1_base64="KZm7ZJtOzRXe32+rRD2wKuflHB8="></latexit>

 n =  B
n + � n

<latexit sha1_base64="E5HPndYy6LmuZFw97qRX60hHXt8=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRBKEkVdCNUOrGZQV7gSaGyWTSDp1MwsxEKKFv4MZXceNCEbdu3fk2TpsstPWHgY//nMOZ8/sJo1JZ1rdRWlpeWV0rr1c2Nre2d8zdvY6MU4FJG8csFj0fScIoJ21FFSO9RBAU+Yx0/dH1tN59IELSmN+pcULcCA04DSlGSlueeey0JPU4vII53GeOiGBzAk+hExCmUG57ZtWqWTPBRbALqIJCLc/8coIYpxHhCjMkZd+2EuVmSCiKGZlUnFSSBOERGpC+Ro4iIt1sds8EHmkngGEs9OMKztzfExmKpBxHvu6MkBrK+drU/K/WT1V46WaUJ6kiHOeLwpRBFcNpODCggmDFxhoQFlT/FeIhEggrHWFFh2DPn7wInXrNPqvVb8+rjWYRRxkcgENwAmxwARrgBrRAG2DwCJ7BK3gznowX4934yFtLRjGzD/7I+PwBDUWbaw==</latexit>

Remake the Riemann wave equation in terms of 
Done by Teukolsky in 1973. 

� n
<latexit sha1_base64="zZGdFBa+G7Q38xrtpERRZJCVFU8=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM1m0i7dbMLuRiilf8OLB0W8+me8+W/ctjlo64OBx3szzMwLM8G1cd1vZ219Y3Nru7RT3t3bPzisHB23dZorhi2WilR1Q6pRcIktw43AbqaQJqHATji6m/mdJ1Sap/LRjDMMEjqQPOaMGiv5foTCUL+peV/2K1W35s5BVolXkCoUaPYrX36UsjxBaZigWvc8NzPBhCrDmcBp2c81ZpSN6AB7lkqaoA4m85un5NwqEYlTZUsaMld/T0xoovU4CW1nQs1QL3sz8T+vl5v4JphwmeUGJVssinNBTEpmAZCIK2RGjC2hTHF7K2FDqigzNqayDcFbfnmVtOs177JWf7iqNm6LOEpwCmdwAR5cQwPuoQktYJDBM7zCm5M7L86787FoXXOKmRP4A+fzBw2lkbE=</latexit>



Focus on Ψ4.  The resulting equation describes 
radiation far from the perturbed black hole.  The 

equation that results turns out to separate:

Result 1: Ringing modes with spin

Fairly simple equations govern the behavior of R and S.

Again find special frequencies for which Ψ4 is purely 
ingoing boundary at horizon, outgoing at infinity:

 4 =
1

(r � ia cos ✓)4

Z
d!

X

`m

R`m!(r)S`m!(✓)e
im�e�i!t

<latexit sha1_base64="YGcm8JbCgPz79X2H1df3a27hkRY="></latexit>

 4(r ! 1) ⇠ e�t/⌧`mei!`mt
<latexit sha1_base64="u0LTk14x7+RAUd7awtw9NxXNOfg="></latexit>

!22 ⇡ 1

GM

⇥
1� 0.63(1� a)0.7

⇤
<latexit sha1_base64="DNijgmFoTrfWZlhCYq7+PdcWQWQ="></latexit>

⌧22!22 ⇡ 4(1� a)�0.45
<latexit sha1_base64="xlA9COPOGALv5Qht4KV3pW3F8Gg=">AAACF3icbZDLTgIxFIY7XhFvqEs3jcQEF0xmRowuiW5cYiKXBJCcKQUaOtNJ2zGSCW/hxldx40Jj3OrOt7HALBT8kyZf/nNOTs/vR5wp7Tjf1tLyyuraemYju7m1vbOb29uvKRFLQqtEcCEbPijKWUirmmlOG5GkEPic1v3h1aRev6dSMRHe6lFE2wH0Q9ZjBLSxOjm7pSHuJJ43xi0R0D6kDFEkxQMuFVxcxHBylxQdu3Q27uTyju1MhRfBTSGPUlU6ua9WV5A4oKEmHJRquk6k2wlIzQin42wrVjQCMoQ+bRoMIaCqnUzvGuNj43RxT0jzQo2n7u+JBAKlRoFvOgPQAzVfm5j/1Zqx7l20ExZGsaYhmS3qxRxrgSch4S6TlGg+MgBEMvNXTAYggWgTZdaE4M6fvAg1z3ZPbe+mlC9fpnFk0CE6QgXkonNURteogqqIoEf0jF7Rm/VkvVjv1sesdclKZw7QH1mfP8odnSA=</latexit>



Example for a black hole with spin a = 0.8M

Frequency and 
damping time 

determined by — 
and thus encode — 

the mass and spin of 
the final black hole.

Example of ringdown



First event shows some of the 
best evidence of this structure

Last few cycles of 
GW150914 are 
consistent with 

this structure, for 
a final black hole 
with a/M = 0.7



More events will more fully 
explore parameter space

Example: Recent 
work from my group 
(arXiv:1901.05900; 

S.A. Hughes, A. Apte, 
G. Khanna, H. Lim), 

showing how the 
spectrum of mode 

excitation depending 
on the geometry of 
the final plunge.



More events will more fully 
explore parameter space

Advertisement: 
Halston Lim’s PhD 
defense tomorrow 

at 9 am in the Marlar 
Lounge of the 

McNair building!



Can also include source … lets 
us study binaries with one 

member much larger than other.


