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LECTURE 3
SPACETIME AND GEOMETRY PART III
3.1 Wrapping up the geometric nature of 1-forms

The notion of the gradient as a 1-form gives us a very nice alternative way of writing down the
basis 1-forms. Recall that basis 1-forms are subject to the condition that

(I)O‘(é'g) = 504/3 . (3.1)

We also know that dgz® = §*g. This tells us that basis 1-form components can be “generated” by
computing the gradient of our coordinate system. Since the gradient is a 1-form, we recognize the
basis 1-forms as what we get by taking the gradient of the coordinates:

&% = da® (3.2)

This is all well and good, but what mental picture should we carry in our heads as we think
about the 1-forms? We have a mental picture of basis vectors as indicating a magnitude and a
direction, with the basis vectors picking out the principle directions associated with our coordinate
system — i.e., a spacetime trajectory that is everywhere parallel to éy is one on which all of the
coordinates except ¥ are constant, and z° steadily changes. The basis vector &, defines a trajectory
parallel to the 2 axis, and likewise for a trajectory along any of the other basis vectors.

To try to develop a similar kind of picture about the geometry of 1-forms, imagine a 2-
dimensional space and some scalar field that fills this space. For instance, suppose that our scalar
field is height h as a function of coordinate location (z,y):
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Figure 1: Level surfaces of a scalar function (“height” h) that depends on z and y, with two
displacement vectors Axj o that pierce several of the function’s contours.

You are presumably familiar with the idea that the gradient of a function illustrates where the
function is most rapidly changing. In a figure like Fig. 3.1, we would say that the gradient is largest
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where the level surfaces of h are closest together. This tells us that the 1-form dh is, in some
meaningful sense, “largest” in the top left of the nested ovals shown in Fig. 3.1, and “smallest” in
the bottom right of these ovals.

Consider some displacement vector Ax in this 2-dimensional plane. What do get if we contract
the gradient of h with this displacement vector?

dh(Ax) = 9;h Az’ = Ah(along Ax) . (3.3)

Contracting the gradient 1-form along a displacement vector tells us how much the function h
changes along that vector!. Figure 3.1 illustrates this with two examples: Ax; is in a place where
the level surfaces are far apart, so the total Ah along this displacement vector is small. This means
that the 1-form’s magnitude is small here. By constrast, Axs is located where the surfaces are quite
close together, and Ah along this vector is much larger. The 1-form’s magnitude must be much
larger there. In both cases, you can think of the “net AA” found by the contraction as something
like the number of h contours that are pierced by these vectors.

To tie together all these pieces, the geometric picture that has been developed to “visualize”
1-forms is that the 1-form basically is the set of level surfaces of the function. When those level
surfaces are packed very densely, the 1-form is “large”; when the level surfaces are spread far out,
the 1-form is “small.”

In this way of thinking about 1-forms, the basis 1-forms are essentially level surfaces of constant
coordinate. Whereas the basis vector &, points along a line with only z° changing, the basis 1-form
dz® is the set of 3-dimensional surfaces (“3-surfaces”) in which 2° is constant; they fill all of the
rest of space. This is a way in which the 1-forms can be regarded as dual to vectors: the basis
vector €, points along x® and only z¢; the basis 1-form dz® doesn’t “point” along a direction in
spacetime, but instead spans the 3-surface normal to that direction. This is a geometric notion
that will prove particularly useful when we start to examine fluxes.

The textbook by Misner, Thorne, and Wheeler has some nice illustrations of 1-forms and basis
1-forms. Scans of these figures are posted to the 8.962 canvas page along with these lecture notes.

3.2 From vectors to 1-forms and back; tensors in generality

So far, we have only discussed in detail one tensor, the metric: a (§) tensor that maps a pair of
vectors to a Lorentz scalar:

n(A,B)=A-B. (3.4)
What happens if we apply the metric to just a single vector?
n(/_f, —-) = something that maps a single vector to a Lorentz scalar
= a l-form (3.5)

We therefore define the 1-form that is dual to A as

Let’s get its components in the usual way:

1

Ay = A(E)

= 77(‘47 5@)
= n(APey,e,) (3.7)

1Strictly speaking, we should only use a differential displacement, and integrate up the change in h along the full
vector. This does not affect the point we are emphasizing here.
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Sorting through the various definitions and using the fact that ng, = 1,3, we see that

Ay = naﬁAﬁ (38)

We see that the metric converts the vector to a 1-form by “lowering” its components. We can
make this an invertible procedure by defining the “metric inverse”: we seek the tensor ! whose
components 77 are related to the components Nag SO that

1"y = 0% . (3.9)

(Hopefully it is simple to see the components 7*? have exactly the same matrix representation as
Nap; this will not be the case for the metric and its inverse in general, but holds in special relativity
in “inertial” coordinates.) Using this, it is a straightforward exercise to show that given the 1-form
components A, the vector components A® are simply

A =P Ag . (3.10)

Using these notions, we now have a plethora of ways of writing the invariant scalar product
between two vectors:

JIE = 77( ag)
A(

= A°B,. (3.11)

These are all completely equivalent ways of writing the invariant scalar product. The distinction
between “vectors” and “l-forms” is becoming nugatory: both mathematical objects really encode
the same information, just packaged a bit differently.

When we introduced 1-forms, we treated them as (9) tensors — geometric objects in the manifold
which take a single vector as input and yield a Lorentz scalar as output. But we could just as well
have said that the wvectors are tensors — geometric objects which take a single 1-form as input,
yielding a Lorentz scalar as output:

B(A) = paA® = p* A, = H(A) = A(p) = A(p) . (3.12)

All of the forms in the above line are totally equivalent ways of writing a particular Lorentz invariant
scalar. By now, the distinction between the function which enacts the linear map (originally the
1-form, now extended to include the vector) and the object which that function acted upon has
become rather irrelevant. The index notation really highlights the fundamental equivalence of these
various “species” of geometric objects; thanks to the fact that we can raise and lower indices with
the metric, the distinction is not so important.

This motivates us to redefine and expand our definition of a tensor:

A tensor of type (1‘]\/{) is a geometric object which enacts a functional mapping of N vectors and M
1-forms into a Lorentz-invariant scalar, and which is linear in each of its (M, N) arguments.

Such an object is represented in a specified IRF by an object with M “upstairs” and N “downstairs”
indices. One can easily adjust this, however, using the metric:

M M -1
. — 7
<N> lower <N + 1) Example:  Ragys = Naplt gys (3.13)
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M M+1 N N
<N> e <N B 1> Example: 8%, =n*"S,3, . (3.14)

When we discussed vectors and 1-forms, we introduced basis objects which attached to the
components and allowed us to write down frame-invariant expressions for these objects in terms of
components that hold only in a particular frame. Do we need to do the same thing for tensors?
For example, do we need objects w®® and €, such that

1

n="napw® and ' =n"e,s ? (3.15)

Let’s assume that the answer to this question is yes, and examine the consequences of this assump-
tion. We know that

U(gm gu) = Nuv - (3.16)

According to our assumption that we need a basis tensor, we can further write this

M = Nap W (E4,6) . (3.17)
For this equality to hold, we must have

w(&,,&,) =5%,0", . (3.18)

However, we already know that these Kronecker deltas are exactly what we get when we contract
the basis 1-forms with basis vectors:

5%, =w%E,), 8, =aPE). (3.19)

This tells that we don’t need a new category of objects to make the tensor basis object w®?, we can
simply make it by attaching a pair of basis 1-forms to the tensor components. We often denote the
tensor produced by combining together vectors and 1-forms using the symbol ®, meaning “outer
product” or “tensor product”:

N =1Nap® 0" . (3.20)

Likewise, can write
nl=n"e, e, (3.21)

We can generalize this to any rank of tensor:
R=R%E.00° @0 @a°. (3.22)

It’s worth noting that carrying around all these basis objects is a lot of baggage. When we
actually work with equations that have lots of tensors and indices, we will generally just work with
expressions involving the components, with the understanding that for the equation to hold in all
reference frames, basis objects must be attached and are (essentially) coming along for the ride?.
There are two places where bearing in mind the accompanying basis objects becomes particularly
useful. The first is in thinking about transformations. IRF O writes tensor R as

R=RY%sé, 0020 @a°. 3.23
By

IRF O writes this tensor as ) ) i )
R=R'ypep@0" @0 @7 . (3.24)

2An alternate notation, introduced in Wald’s textbook (Sec. 2.4), is particularly elegant and compact. Wald’s
notation looks like the index notation we use for components, but in fact with careful definitions and by carefully
using a subset of lower-case Latin letters, he essentially “hides” the basis objects in a way that allows them to “come
along for the ride” much more compactly than the notation I have introduced.
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How do we relate the components RF;;5 to the components R%g,s7 We already know how to
transform the basis objects:

&n=A%e,, @' =A"30°,  etc (3.25)

By using these rules for transforming the basis objects, using the fact that A®;AFz = §%g, and
finally using the fact that the tensor R is a geometric object which must be the same in all frames,
with a little algebra we can show that

Rﬂl—,p(—y = Rab’»ﬂ;A’aaAﬁpA/ya-A(sa- . (326)

At the end of the day, the mantra “line up the indices” holds as usual.

The second place where it is useful to remember that basis objects are coming along for the
ride is in defining the derivatives of tensors. Imagine that some observer follows a trajectory z%(7)
through spacetime,

ta

x%(1)

y

and that a tensor field T =T%g €, ® &P fills this region. How does this tensor field vary along this
trajectory? The logic of basic calculus holds:

ar lim T(r+ A7) —T(7)
dr  Ar50 AT
dT®
= — b e, @t (for now!) (3.27)
-

This is quite simple for now because our basis objects are constant — they do not vary as func-
tions of spacetime coordinate. This will not always be true. You have presumably seen in other
contexts basis vectors which are non-constant, such as the unit vectors used in polar coordinate
systems. When we begin to include such cases, we’ll need to take into account how the basis objects
themselves change in spacetime. For now, with the basis objects constant, then we simply need to
compute the derivative of the tensor’s components:

dT° s
.

— w0, T . (3.28)
The terms 0,7%3 define the components of a new tensor, the gradient of T:

dT = 0, T & @ €y @ &P | (3.29)
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4 Characterizing matter in spacetime

Let’s go back to thinking about how we describe things that, as physicists, we will want to un-
derstand. So far, we have introduced two important vectors which tell us about the kinematics of
particles:
The 4-velocity: = (y,yv) w-u=-—1, (4.30)
The 4-momentum: p=miu=(E,p) p-p=-m?. (4.31)
As we discussed previously, the 4-momentum works perfectly well for a zero-mass “particle.” In this
case, it is often convenient to write p'= (E, Fey), where e describes the direction of propagation.
This is fine for single particles, but much of what we want to describe in physics is more
complicated. How do we describe more interesting bunches of matter? We begin with the simplest
continuum form of matter, “dust.” We define dust as a collection of non-interacting particles
(meaning that the collection does not generate any pressure), for which there exists a rest frame
for each infinitesimal element?.
Let’s begin by going into such a rest frame. The simplest question we can ask is: How many
dust particles do we have per unit of volume? Let us define

no = Number density of dust in rest frame of an element. (4.32)

Let’s now move into a new IRF. What is the number density of dust in this frame? The total
number of dust particles in the volume must be the same; we cannot create or destroy matter
simply by changing frames of reference. But, the volume of the element is smaller in this frame due
to the length contraction that goes with the change of frame, so the density (number per volume)
is concomitantly larger:

n = Number density of rest in some other frame

As usual, v = 1/4/1 — |v|?, where v is the velocity of the dust particles in this IRF. In addition to
this non-rest density, there is a current of dust flowing through spacetime thanks to the fact that
it is not at rest in this frame. We define a “number current” by

n=nv="yngyv, (4.34)

where v is the velocity of each dust particle in this IRF. Notice the dimensions of this quantity: n
is number per unit volume, so n is number per unit area per unit time?.
If you stare at the number density n and the number current n for a few moments, you can see

that they very naturally combine to form a 4-vector. Let us define the number flux 4-vector:

N = (n,n)
= noil . (4.35)

The 4-velocity @ that enters this relation is the 4-velocity that a particular element of the dust

distribution follows through spacetime. Notice that ng = V/ —N-N: the rest density determines
the “magnitude” or normalization of this timelike 4-vector.

3Perhaps a large collection of dust shares a rest frame. If not, you can imagine picking out some fiducial small
volume dV and going to the rest frame of that element.
*In units with ¢ = 1, per unit area per unit time has the same dimensions as per unit volume.
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We can use our basis 1-forms to pick out how much dust flows across a particular surface: going
back to the notation in which we treat 1-forms as linear functional operators on vectors, we have

dz®(N) = The flux of N along the z® direction
= N©. (4.36)

Choosing the o = 0 component, we see that the number density is just the flux of N in the time
direction! A pile of dust on your desk, apparently doing nothing, is zipping through spacetime in
the timelike direction at all moments. The number density characterizes motion through time.
Because the number of dust particles can be neither created nor destroyed, it is subject to a
conservation law. In a particular reference frame, we can look at a fiducial volume element, count
the change of particles in this volume from ¢ to ¢ + At, and count how the particles cross over
the boundaries of the element. The result (which hopefully looks very familiar) is that the rate of
change of the volume in the element is closely related to the divergence of the number current in
that volume:
on  on® OnY On®

ot oxr y 0z
(This calculation is identical to the analysis of charge conservation in electrodynamics: you just
replace electric charge — which is also Lorentz invariant, as it is also a quantity that cannot be
created or destroyed by changing frames — with number of dust particles.) It is hopefully now
clear that this equation can be rewritten in the manifestly Lorentz invariant form

=-V-.n. (4.37)

N =0 (4.38)

When we have encountered differential conservation laws like this in previous physics courses, we
have found that they can be converted into an integral form. To remind ourselves of how this
works, let’s choose some particular IRF. In this IRF, conservation of number is governed by the
equation

8/ ndV:—/ n-da, (4.39)
ot Jys V3
where
V3 = some 3-volume at moment ¢
OV? = the boundary of V3, with
da = an outward-directed area element on that boundary. (4.40)

Such an equation can be quite useful, but note that it is entirely frame-dependent — it relies on a
particular observer’s notion of the time direction, and of the space coordinates that this observer
uses. Is it possible to formulate an integral conservation law in language that is frame-independent?
In other words, is there a covariant way to put together something akin to Eq. (4.39)?
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