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Going beyond symmetry:
Wrap-up of post-Newtonian
theory, survey of “strong-field”

perturbation theory

Post-Newtonian spin precession due to
“gravitomagnetic’ effects in a binary system
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Recap: Foundation for iterating from weak to strong field begins
by defining a spacetime variable

el evE ) s

(This variable is typically written as a “gothic” lower case g iIn much
of the literature; the LaleX interface | am using doesn’t have that
font.) In terms of this variable, the field equation takes the form

aﬂayHaﬂﬁv = 167G :(_g)Ta,B] L Aaﬁ
where HWPv = gtbgiv _ gavgly

Jo Iintroduce the expansion, we define
haﬁ i gaﬁ o naﬂ

This 1s not necessarily small
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Requiring this field to satisfy the gauge condition
aah“ﬂ —(§)
the field equation takes the form
ne

162G
This Is the flat spacetime wave operator, so the solution is

hf = 16xGt* , where 1% = (—g)T“ﬂ |

(x| X
( | |)d3x,

hP(x,t) = — 4G
: | X — x|

At least formally, an exact solution for any kind of spacetime given
any kind of source.
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A tad misleading: the quantity A% which appears here is a

complicated nonlinear mess:

o o 1
A = —hOp WP + O, WV O, R + 2977 g, O3hHT O R

— 9" g ONRPT O — gPF gL ONRYT DR N + 91 g ONRH O BPY
1

g (zgapgﬁu — gaﬁg;u/) (29)\7'9671' — greg,\ﬂ)a,ih)‘”a,,h“ .

This can be reorganized into a form that makes it clear how
SliliERERtiterms couple to one another:

AP = N¥(h, h) + M*P(h, h, h) + L (h,h,h, h) + ...

Very well set up for an rterative solution:

By i G"he?

n=1
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Wl ey G
n=1
With this form, terms with m < n act as sources at order n.
Consider what the field equation looks like in a region with

e = ()

aff __
h =0
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Wl ey G
n=1
With this form, terms with m < n act as sources at order n.
Consider what the field equation looks like in a region with

e = ()

h* =0
h = N*P(hy, by)
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Wl ey G

n=1

With this form, terms with m < n act as sources at order n.
Consider what the field equation looks like in a region with

e = ()

h* =0
h = N*P(hy, by)
h¥ = M®P(hy, hy, hy) + NP(hy, hy) + N(hy, by)




g0, LECTURE 28

Wl ey G
n=1
With this form, terms with m < n act as sources at order n.
Consider what the field equation looks like In a region with

e = ()

h* =0
h = N*P(hy, by)
h¥ = M®P(hy, hy, hy) + NP(hy, hy) + N(hy, by)

h? = L*(hy, hy, by, hy) + M (hy, by, hy) + M (hy, by, hy)
+M%(h,, hy, b)) + N*(h,, hy) + N*P(hy, hy) + N*P(hy, o)




Motion in the spacetime we find

Examine the motion of “body 1” in spacetime
we find. (Similar result describes “body 2,”
so binary is fully understood.

i Gmant, Leading term: Newtonian
: r?, gravity.
1 [ [5G2mims  4G2m3  Gmy (3 . N\ .
‘|‘C—2<k 7“;132 1 7“'%2 | 7“%2 (5(72/12?)2) — Uy -+ 4(?}1?)2) — 2’02>} L9
G | \ .
O (Y ggon) — Bae)) vl Correct?ons due
12 to leading non-

A

linear term.
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Details in the reference by Blanchet.



Effect on things we measure

On an earlier pset, we derived the flux of
energy carried by GWs from a circular binary:

32G* 2 M3 p=mimo/M , M =m;+ms

5 R° R = separation of masses

Rewrite in terms of an observable:

M
Q:\/C;—S r=(GMV)Y3, v=u/M
Leading order form we derived becomes
32 1
J = Vi

b G



Effect on things we measure

Let’s look at how this is changed by all those
terms we calculate:

32 1
J = : Gu2x5




Effect on things we measure

Let’s look at how this is changed by all those
terms we calculate:
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New stuff: gravitomagnetism

Recall problem set #7 exercises: in linearized
theory, found components of the spacetime
arise from the flow of mass and energy:

ds® = —(1 4 2®)dt* + B*(dz*dt + dtdz") 4+ (1 — 2®)(dz® + dy” + dz°)
gi = 0;®, H; = €;10; Bk
0i9; = —4nGp Gijkajgk =0
5’@H@ — 0 ] Gijkaij = —167TG(,02)Z>



New stuff: gravitomagnetism

Recall problem set #7 exercises: in linearized
theory, found components of the spacetime
arise from the flow of mass and energy:
ds® = —(1 4 2®)dt* + ' (dx'dt + dtdx") + (1 — 2®)(dx?* + dy* + dz?)
g =0®,  H; = €108

Showed on pset that this leads to magnetic-
like force law in these coordinates: Geodesic
(free-fall) motion obeys
d?
dt?

= g; + €KV Hy



New stuff: gravitomagnetism

Recall problem set #7 exercises: in linearized
theory, found components of the spacetime
arise from the flow of mass and energy:
ds® = —(1 4 2®)dt* + ' (dx'dt + dtdx") + (1 — 2®)(dx?* + dy* + dz?)
g =0®,  H; = €108

Not difficult to show that a spinning body
precesses very similarly to how a magnetic
dipole precesses in an external B field:

ds; 1
a ~ pCuntion




dS,
dt
dSo

dt

New stuff: gravitomagnetism

Magnetic-like contribution to the spacetime
drives magnetic-like precession of
binary members’ spms

_ 1 '(2 + é&) ,u\/]\/[er

_ 1 (2 43 1) u\/]\/[rL

Orbital motion
contribution.

XSl—I—T

XSQ‘F%

S, — 3(S, - L)L| x 8,

~ ~

181 - 3(S:-L)L| xS

N\

Contribution from
other body’s spin

Leads to new forces, modifying the
orbital acceleration felt by each body.



New stuff: gravitomagnetism

Magnetic-like contribution to the spacetime

ds,
dt
dS>
dt

(24 2m2) /DL
I 2 M1 ]
s (24 32 ) VAL,

binary members’ spins.

><S1-|—,%3

XSQ"‘T%

drives magnetic-like precession of

-><Sl

XSQ

Angular momentum is globally conserved:
J=L+S1+ 952 =constant
Orbital plane precesses to compensate for

precession of the individual spins.



Impact on binary dynamics

Each body’s spin enters dynamics ... consistent
with idea that all forms of energy gravitate.

0.24
0 / /
-0.2- 53
,_--f“#’—_fg\\
N Bl
i s E
02 S 0 0.2 e



Dynamics directly imprint GWs

Post-Newtonian descriptions directly “flavor”
models that are used to measure GWs today.

: : Example 1:
| | Two non-spinning
i black holes.




Dynamics directly imprint GWs

Post-Newtonian descriptions directly “flavor”
models that are used to measure GWs today.

_ : Example 2:
: 1 Two rapidly spinning
| _ black holes.

—




Results for odd parity
hoo = 0

hoi = Ho(t,r) [0, —csc 00y Y, sin 00g Yo,

hij = Hi(t,r)e;; + Ha(t,r)es;

See Rezzolla (gr-qc/0302025) for details and the

explicit form of the basis tensors (which include
first and second derivatives of Yimn).

Can put m = 0 (axisymmetry); can set H, = 0
by choice of gauge.



The Regge-Wheeler equation

0°Q  0°Q (4 2GM\ [L(4+1) 6GM 0—0
Ot? Or? | r r? rs B
s 2G M
r*:T—I—QGMln( " 1) :7<1_ r )
2GM OH, - 9 (T Q)
ot 8r

As r = ~ and r = 2GM, this simplifies:

0°Q  0°Q o . o
—0 s0 O ~ (ET) in this limit.
Ot? Or? @~

Minus sign corresponds to outgoing wave packet;
plus sign to ingoing.



The Regge-Wheeler equation

0°Q  0°Q (4 2GM N\ [£({+1) 6GM 0—0
Ot? Or? | r r? rs B
s 2G M
r*:T—I—QGMln( " 1) :7(1_ r )
2GM o _ 0 o
ot Or,

As r = < and r = 2GM, this simplifies:
0°Q  9°Q
ot? or?

Physics: Nothing can come out of the event
horizon; nothing can come in from infinity.

=0 so Q~ e“UtE™) in this limit.



The Regge-Wheeler equation

0°Q  0°Q (4 2GM N\ [£({+1) 6GM 0—0
Ot? Or? | r r? rs N
Hq 2G M
= — | 1-—
re« =7+ 2GM In " 1 r ( r )
) 0
o " ol (7:Q)

Require @~ eI o

Q ~ et r— 2GM



The Regge-Wheeler equation

0°Q  0°Q e 2GM\ [L(4+1) 6GM 0—0
Ot? Or? | r r? rs B
H, GM
r*:T—I—QGMln( d 1) 57<1_2’f )
2GM 8H0 9
ot - Or, (@)
Require @~ eI o

() ~ W (t+Ts) r — 2GM

Turns into an eigenvalue problem: There exist
special frequencies such that Q is purely ingoing on
the horizon, purely outgoing at infinity.



Quasi-normal modes

Frequencies which do this depend on the angular
index [, and have real and imaginary parts:

W = W, + 1w;
Outgoing waves then have the form

Q ~ ot/ T piwr (=) | T — 1/%

Values of wr and tin general need to be found
numerically ... [ = 2 yields the longest lived modes:

0.37 W, 50 M
Y ——— = — 240 H
“ GM - 2 U Hz ( M >

Tw, ~ 4



Vacuum; pick components

In vacuum, Ricci curvature vanishes; Riemann is
equivalent to Weyl: Rasgys = Casys.

Can also organize the components by projecting them
onto a special set of basis vectors:

1
[ = A [(7"2 + &2), A0, a} (Tangent to outgoing null geodesics)
1 2 2
n® = (r“+a%),—A,0,a
2(r? + a? cos? 0) [ ] (Tangent to ingoing null)
a - 1 L . -
me = . iasin®,0,1,icscH
V2(r + iacos ) |

(This plus complex conjugate cover the
angular degrees of freedom)




Complex Weyl scalars

10 degrees of freedom in the Weyl curvature are
given by the following 5 complex numbers:

\IJQ — — amglo‘mﬁlvmé \If4 = — am(gno‘mﬁnVﬁzé
U, = — aﬁvglo‘nﬁlvmé Uy = — amglanﬁﬁ”ﬂné
Uy = — amglo‘mﬁﬁﬂn(s

Introduce perturbative expansion for these quantities:
U, =U° + 57,

Remake the Riemann wave equation in terms of oV,
Done by Teukolsky in 1973.



Result 1: Ringing modes with spin
Focus on W4. The resulting equation describes
radiation far from the perturbed black hole. The
equation that results turns out to separate:

: 1 / dw Y R (1) Seme (0)e e
im

WV, =
! (r — ia cos 0)

Rather simple equations govern the behavior of R and S.

Again find special frequencies for which W4 is purely
ingoing boundary at horizon, outgoing at infinity:

Wy(r — o0) ~ et/ Tem glwemt

1
Wo2 ~ G—M [1 — 063(1 — a)o'q TooW9og = 4(1 — a)_0°45



Example of ringdown
Example for a black hole with spin a = 0.8M

| Frequency and

‘ - damping time
| \/vw determined by —
- : and thus encode —

the mass and spin of
| | . the final black hole.




First event shows some of the
best evidence of this structure

Hanford, Washington (H1) Livingston, Louisiana (L1)
_ | | Last few cycles of
MM”’W\/J\/\/\/\AAWW”MMWMW GW150914 are
B [ ot e, maren | consistent with this

structure, for a
final black hole

with a/M = 0.7




More events will more fully
explore parameter space

Example: work
(arxXiv:1901.05900;
S.A. Hughes, A. Apte,
G. Khanna, H. Lim),
showing how the
spectrum of mode

. excitation depends
y B — on the geometry of

31 A2m | 3] .

N i : the final plunge.

1 o] : 11 ’ i o

0 .. ... ® j A N — j

o 10 1 2 2 -1 0 1 2



With source: model binaries in
which smaller body perturbs the
spacetime of the larger one

365 days before merger, axis units AU, current average speed 0.164 ¢

.




