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Abstract This is an exploration of dynamic tides on elastic bodies. The body is thought of
as a dynamical system described by its modes of oscillation. The dynamics of these modes
are governed by differential equations that depend on the rheology. The modes are damped
by dissipation. Tidal friction occurs as exterior bodies excite the modes and the modes act
back on the tide raising body. The whole process is governed by a closed set of differential
equations. Standard results from tidal theory are recovered in a two-timescale approximation
to the solution of these differential equations.

Keywords Tides - Tidal evolution - Tidal friction - Lags - Orbital evolution - Wobble
damping - Dynamical astronomy

1 Introduction

Solar System studies of tides have, for the most part, been based directly or indirectly on the
works of Darwin (1908). In these works the tide raising potential is Fourier expanded, and
the response of the planet to each Fourier component is separately specified. The exterior
potential of the tidally distorted planet takes the form of the tide raising potential, but it
is phase delayed and given an amplitude proportional to the potential Love number, which
encapsulates the structure of the planet. The large number of parameters is made tractable by
choosing the phase delays to be proportional by a factor that has some particular frequency
dependence. This frequency dependence has been either chosen for convenience or motivated
by the behavior of materials at nontidal frequencies. For instance, if the tidal phase lags
are taken to be proportional to frequency then the various tidal components form a single
tidal bulge that is delayed in time from the tide raising potential (Mignard 1981; Hut 1981;
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Eggleton et al. 1998). If the phase lags are taken to be independent of the frequency then we
get the tidal models of Kaula (1966) and Goldreich (1963, 1966). There is scant knowledge
of the actual frequency dependence of tides on planetary bodies. Williams (2008) determined
the phase lags for the Moon at two frequencies. He reports a Q of approximately 30 for a
forcing frequency of one month and a Q of about 35 for one year. Note that Williams actually
measures the phase lag §, and converts the phase lag to Q using the relation 1/Q = tané
(Williams 2011, personal communication).

The method of Darwin (and those who follow him) is peculiar in that the process of raising
tides is not described by a simple set of differential equations. If we want to calculate the
tidal effect on an exterior body, we first let the body raise a set of tidal bulges (for each
Fourier component), we impose a phase delay in the response by a specified amount for each
component, then we calculate the effect of the phase delayed bulges on the exterior body. The
end result may be a set of differential equations that model tidal friction, but the derivation
of those equations is not through the solution of a closed set of differential equations.

We take a different approach, inspired by, but distinct from, the theory of dynamic tides
on stars (Zahn 1975). We think of the planet as a dynamical system described by its modes
of oscillation. The dynamics of the modes are determined by the internal distribution of
density and the rheology. Dissipation occurs entirely in the modal dynamics, which may
be more complicated than a simple second order differential equation modelling a damped
harmonic oscillator, but is nevertheless an ordinary differential equation. Time varying tidal
potentials excite the modes and the modes respond according to their own dynamics. In turn,
the exterior potential of the modally distorted planet affects the tide raising body. The whole
process is described by a closed set of differential equations. Multiple time scale analysis of
these differential equations allow us to recover Darwin-like approximate expressions for tidal
evolution and compare to standard results. Our framework is logically clean. The dynamics
of the modes determines all the phase lags in the approximate expressions, but we need not
go to these approximate expressions—we can directly integrate the full equations. Our goal
is to develop a framework into which it will be possible to incorporate different rheologies
in a logically clear and modular fashion. This paper describes the framework and works out
the details for one particular model of dissipation in the modes. For simplicity we assume
the body is homogeneous with uniform material properties.

The plan of the paper is as follows. In the next section we develop the expressions for the
distortion of a body subject to an external tidal potential. We then develop the expressions for
the tidal potential due to an exterior perturbing body. We then derive the free elastic modes
of our body. This is followed by a decomposition of the tidal distortion in terms of the free
elastic modes. We treat the modes as a dynamical system and next give the Lagrangian for the
motion of the free modes. The Lagrangian for the motion of the planet with tidal distortion is
developed in the following two sections. First, we develop expressions for the kinetic energy
of a planet with modal distortion, then we develop the potential energy. The full Lagrangian is
then formed and the equations of motion are developed. As a first application, we calculate the
effect of elasticity on the frequency of the Chandler wobble. This is followed by a section on
dissipation: we incorporate dissipation by modifying the differential equations governing the
dynamics of the modes. This is the point at which one would incorporate different rheologies.
We then calculate the rate of damping of the Chandler wobble. We come next to tidal friction.
We do this in stages. We first calculate the rate of change of semimajor axis and rotation rate
for a body in a circular orbit about a extended body with zero obliquity. We then extend these
results to an eccentric orbit. We consider both the case where the rotation of the body is in
spin-orbit resonance and where it is not. Then finally we extend the results to the general
case with eccentricity and obliquity. This is followed by our concluding remarks.
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Dynamic Elastic Tides 3

2 Static tidal distortion

In this section we develop expressions for the distortion of a body subject to an external tidal
potential. Our principal source for this section is Love (1944). We assume the body is elastic
and incompressible.

The external disturbing potential is

Ur(x.y.2) = > w"X!"(x/R.y/R.2/R). )

Im

where w;" are the coefficients of solid spherical harmonics X /" [see Eq. (303)], and R is the
radius of the body. The external disturbing potential leads to a distortion of the body: this
distortion contributes to the disturbing potential. The total potential can be written (Jefferys
1976) V.= >, V/" where

3g

V™(x,y,z) = w"X™(x/R,y/R,z/R
l(x}’Z) wy z(x/ y/R,z/ )+21+1

e,m)_(;"(x/R,y/R,Z/R)- ()

The second term arises from the potential of the distortion of the body. Given w}" we must
solve for €.

The displacement of a material particle in the body is u(z, x, y, z), where the coordi-
nates (x, y, z) refer to the position in the body of material particle before displacement. The
equations to be solved are

—Vp+uViu+pVV =0. 3)

Incompressibility implies
V-u=0. “

Taking the divergence of the first equation and using the second equation, we see that V2 p =
0. We then put

p(x,y,2) = pV(x,y,2) + px,,2), ©)
where B
P, y,2) =D p'X["(x/R, y/R, 2/R), ©)
Im

and where )_(l’” is a solid spherical harmonic. Let u; be
ui(x,y.2) = > (A'r*VX["(x/R.y/R.y/R) + B/'xX]"(x/R.y/R.y/R)). ()
Im

where X’lm is, again, a solid harmonic. Using Egs. (313-315), we find that u; of the form of
Eq. (7) satisfies Egs. (3) and (4) if the following two equations are satisfied:

pit/nw = (4l +2)A" + 2B 8)
0=2[A"+(1+3)B", )

respectively. For [ = 2, these have the solution

5 m
Ay =202 (10)
421
By = 02 (in
2 2

@ Springer



4 J. Wisdom, J. Meyer

To this solution we may add arbitrary solutions of the equation
VZu =0, (12)

with
V-u=0. (13)

It will be enough to add solutions of the form

w(x.y.2) = > f"VX]"(x/R.y/R.2/R). (14)

Im

The boundary conditions at the surface (see Love) require

0= (LAY + B/")R*p" +1f" — Re}" (15)
0= (A" + BMR*pI" +2(1 — 1) f" (16)
3

The solutions for [ = 2 are

Py = —Q21/2)(n/gRywy' /A (18)
£ =2(R/gwy' /A (19)
&' = (5/2)(wy'/g)/A, (20)
where
A=14+194/Q2pgR). 21

The displacement Love number is 1, = (5/2)/A. The total displacement u; + uy, for this
m, is
u(x,y,z) =ug (x,y, 2)haws' /(gR), (22)

defining the tidal shape function u?. For m = 0, the tidal shape function u?(O, 0, R) has
the components (0, 0, R), and the displacement at the surface along the z axis, the axis of
maximum tidal distortion, is hzwg /8.

3 Tidal disturbing potential

In this section we develop expressions for the tidal potential due to an external perturber. The
tidal disturbing potential is the second harmonic contribution to the gravitational potential
energy per unit mass

, Gm (3 A 1
U2(X,R)=—W (E(X~R)2—§(x«x)), (23)

where x has components (x, y, z), m is the mass of the perturbing, tide-raising body, and
the R’ is the vector from center of mass of the body to the tide raising body. The distance
between the bodies is R’, and the direction to the disturbing body is R'. Let «, 8, and y
be the direction cosines of R’ = af 4+ B3 + yZ. Then, let N be the rotation that takes
the direction R’ to the ? direction: 2 = NR'. Let N(0, ) = M, (9)M.(¥), where M; are
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Dynamic Elastic Tides 5

rotations about the indicated axes. Then, §# = acos(y) and ¥ = atan(w, 8).! Using the
property (Nx) - (Ny) =X -y, we see
Ux(x,R') = Up(Nx, z) (24)
= > wy(e B.¥)X5'(x/R.y/R.2/R). (25)
m

We find w3 (o, B, y) = W)_(?(oz, B.y), where W = —(Gm/R’)(R/R’)?. The correspond-
ing tidal shape function can be obtained with an appropriate rotation of ug. We have

(N(@, B, y) ' up(N (@, B, y)x) = mem B, y)uf (x). (26)

4 Elastic free modes

Next we develop expressions for the free modes of oscillation. Our principal source for this
section is Lamb (1882). In his terminology modes corresponding to tidal distortions are
vibrations in the second class. We will assume the material is incompressible. Our notation
differs slightly from his.

The displacement is described as a sum over modes. The displacement is

u(t, x,y,2) = ) RAPGI(x, y,2) cos(a]t +€fr), 27)
Imn
where A} and €]} are the amplitude and phase of each mode. The modes of interest in the
tidal problem are / = 2, m runs from —/ to/, and n = 1, 2, .. .. The amplitude Am and the
function ¢, are dimensionless.
Let
G (x, ¥, 2)/R (28)
~ I Klz 2043 )_(m
= (7 " VX — 1 v 29
(Y + Y2 (k1)) V X I+1Q+ D@+3) Vi1 (kint) AT (29)
where
Yn (@) = (=1)"2n + D! Ld )" (sin6 (30)
AR 0.do 0o )

where «j, and 77, are explained below. The functions v, are related to the spherical Bessel
functions.
The modal frequencies are determined by the condition

ajd; — bjc; = 0, 3D
where, in the incompressible case,
(Kin R)

—1 32

= 2(0-1) (32)

b =1 (33)

1 We use the two argument arctangent with the property ¥ = atan(sin(y), cos(y)), rather than the one
argument arctangent with the property ¢ = atan(tan v), in order to retain quadrant information.
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6 J. Wisdom, J. Meyer

(ln)

c =2l —DY—1(kmR) — 1//1(K1nR) (34)

(l+)

1
d = 1 (wl(Kan) + =Yk an)) (35)

where ¥ (x) = dr(x)/dx. Note that k7, occurs only in the combination ;, R, determined
by Eq. (31). The frequencies wy, of the modes satisfy

Kiy = WP/ 1, (36)

where p is the density and p is the rigidity. Numerically, we find the lowest frequency
tidal mode has k21 R/ = 0.8484938956, the next lowest frequency mode has k2o R/m =
1.7421226796, and then k23 R/ = 2.8257142846. Finally,

(k1 R)* 1 (k1n R) — 21 = 1)L + i1 (k12 R)

Y = 37
fn kmR)? — 20— 1)QI+1) 37
S Representation of tidal distortion by elastic modes
Define the overlap integral
1
o) = 4 [ wundv (38)
Vv

where V = (4/3)7 R3, the volume of the body. The elastic modes have zero overlap. Let

(Bon)* = (3, #). (39)

Note that ,, is independent of m. We find: f1 = 0.5325432017, B, = 0.2145631038,
and B3 = 0.0826504258. Define the / = 2 normalized elastic modes:

u =R ¢/ Bon. (40)

The tidal shape function u? can be expanded in terms of the normalized elastic modes with
m = 0. Let

ul(x, y,2) = Y gauno(x, . 2), (41)
n

then
gn =0l u,). 42)

We find g; = 0.5608256130, g = —0.0381757369, and g3 = 0.0039974227. The tidal
shape function and its representation in terms of the elastic modes is shown in Fig. 1.

If the tidal distortion is rotated, then the representing modes rotate accordingly. For a
disturbing body with direction cosines («, 8, y) the tidal distortion is

h W

w2 = : ZX’"(a By (x.y.2) (43)
ha W

=20 g X8 (e B U (x, v, 2). (44)
gR

mn
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Dynamic Elastic Tides 7

Fig. 1 The solid line shows the z
component of the tidal shape
function u. The dashed line
shows the representation of the
tidal shape function using the

n = 1 elastic mode. The dotted
line shows the representation
using the n = 1 and n = 2 modes.
The three mode representation is
indistinguishable from the solid
line on this scale

(u?(0,0,2))-/R

1.0 05 0.0 05 1.0
z/R

6 Lagrangian for elastic modes

We treat each mode as a degree of freedom. We assume here that the configuration of the
body is given as a sum of modal distortions (with / = 2). We write the displacement as

u(t, x,,2) = > My (uh, (x, y,2) (45)

mn

where I1,,,(t) is the dimensionless modal coordinate at time 7.
The kinetic energy in each mode is

. 1 .
Toum (¢, T, Tum) = EMR2”3m' (46)

with M = pV, the mass of the body. Recall that the modes are normalized. We know the
frequency of each mode, so we can write the elastic potential energy for each mode:

. 1
Voam (¢, My Tyy) = EMRZ(U%”H'%M (47)
The Lagrangian for the free elastic modes is then

. 1 .
L@, 1T 1) = SMR 3 (M1, — 03,11, (48)

mn

This gives the equation of motion
MRz(ﬁnm + w%nnnm) =0, (49)

confirming a free oscillation with frequency w;,. The modes will be forced when the full
potential energy is developed.
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8 J. Wisdom, J. Meyer

7 Kinetic energy

The next task is to develop the kinetic energy of the rotating body, taking into account the
fact that the shape is changing. We assume the undistorted starting configuration of the body
is a sphere of radius R and densityp, with moment of inertia (2/5)MR?. The configuration
of the body at time ¢ is obtained by distorting and rotating this reference body. We give the
body a distortion uy4 that gives the principal moments of inertia and a time-dependent modal
tidal distortion ur (¢), followed by a time-dependent rotation M (¢) in space. The position of
each constituent is

Xo (1) = M) (X0 + ug +ur(r)). (50)

The velocity of the constituent is

o (1) = M(1) (X0 + ua +ur () + M) (ir (1)) (51
= MOM@®) ™' M(t)(xo + ug +ur () + M) (0r (1)) (52)
= () x (M(1)(Xo +uy +ur))) + M@)(ar (1)) (53)
= M(0)(@'(t) x (X0 +ua +ur () +ur (1)) (54)

The square of the velocity is

(e (1) = (@' (1) x (X0 +ua)) - (@' (1) X (X0 +4)) (55)
+2(' (1) x (x0 +ua)) - (@' (1) x ur(t) +ur (1) (56)
+ (@' (1) x ur (1) +ur (1) - (@' (1) x ur (1) +r (1)) (57)

The distortion u4 that gives the principal moments is volume preserving; it can be repre-
sented as a gradient

ua(x,y,2) =aR*VX)(x/R, y/R,z/R) + bR?VX5(x/R, y/R,z/R), (58)

where
a:w (59)
A+B+C
b:w. (60)
A+B+C

The sum of the principal moments is 37 where I = (2/5)MR?, the moment of inertia of a
homogeneous sphere. In these expressions we are ignoring second order contributions to the
moments in a and b; we are assuming a and b are small. Note that we can write

RVXY = (—=X],—X; ', 2X9). (61)
and
RVX] = (V3X],-v3X',0). (62)
For convenience, introduce
w(x,y,2) = (x,,2) (63)
ul(x,y,2) = R*VXI(x/R. y/R.2/R) (64)
wl(x,y,2) = R*VX3(x/R,y/R, z/R). (65)
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Dynamic Elastic Tides 9

The first term in the kinetic energy integral is, by design,

1
3 /v p((@'(t) x (X0 +u4)) - (@' (1) X (X0 +ua))dV (66)

- % (A(a)“)2 + B + C(w")z) , 67)

where the components of @’ are (w9, o, w° ).
Introduce the integrals

1
Ik(iznij = V/V(ei x uk) - (ej x uM)Hav, (68)
1
Tomi = 5 /V (e x uy) - wyl,dV., (69)
3) 1 M M
Inmn’m’ij = V V(ei X unm) ' (ej X un/m,)dV, (70)
@ 1 My M
L = V/V(Ei X W) Wy, dV. (71)

In terms of these integrals, the complete kinetic energy is

.1 .
T(:g. M3/ 1) = 3 (A" + B@"? + C")?) (72)
+MRE D" gl (@) (@) My, (73)
knmij
2 . .
+ MR apl) (@) Mo (74)
knmi
1 3 . .
+ MRS Lot @) (@) Ty Ty (75)
nmn'm'ij
+MR* D1 (@) Dy Iy (76)
nmn'm’i
1 .o
+ EMRZZ (ITym)~ (77)
nm

where ap = 1, a; = a, and ap = b, and ¢ are the coordinates that specify the orientation of
the body in space. For k = 0, the nonzero coefficients are:

I 0,00 = Tom0.1,1 = Cn (78)
Iomo22=~2Cn (79)
1(%,1;2,1,0,2 = 1(5,13,2,0,0 = 1(5,1,2,71,1,2 = 1(5,13,72,0,1 = -3¢, (80)
Ignan1 = 3Cn. (81)
with C; = 0.1747793752, C, = —0.0501544874, and C3 = 0.0138166088, and with
Iérlgmj = I(grllinﬁ. These have a simple representation Ié,l,im-j = —C,0;0; )_(5” (0%, &, 0°).
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10 J. Wisdom, J. Meyer

8 Potential energy
The gravitational potential energy is the integral of Eq. (23) over the mass of the body:
Vo(tiq, IT; o, IT) =/ pUx(x, R)dV (82)
14

It is convenient to introduce a number of integrals, and then write the potential energy in
terms of them. Let

1
Tom = / ok ulav, (83)
Jrfiz)n m 7/ W 'uy{l’/lm’dv = 8nn’amm’ (84)
7 = — [ @ -u)E; -uMyav (85)
knmij Vv v i A J nm ’
4 1 . R
Jrfm)n,m,ij = V/V(ei ~u,%1)(ej -u,ff’m,)dv. (86)
In terms of these the gravitational potential energy is
Ve (t:q. IT: o', IT) (87)
_Gm ((1=3@P)A+1=36))B+(1-30))C 55)
(R)3 2
GmM 2 (1)
Jk”makﬂnm (89)
knm
+ 5 R (?) z Jnmn 'm! Hann’m’ (90)
nmn m
GmM [ R
-3 ( ) > I et ak T 1)
ijknm
3GmM R 4)
2 R/ (R/) Z Jnmn 'm’ Ual/a/ H Hn 'm’ s (92)
ijnmn'm’

where o) = o', o) = p’, a5 = y’, and («’, B’, y’) are the direction cosines of the perturbing
body with respect to the body axes:

@, B, 7)=M@) " (@B ), (93)

and (o, B, y) are the direction cosines of the perturbing body with respect to a spatially fixed
rectangular basis, and M (g) is the rotation that carries the body in its reference orientation
(with principal axes aligned with the spatial axes) to the actual orientation specified by the
coordinates q.

The coefficients JO o are all zero, but there are some nonzero k = 0 terms among the

3
Jk(m)m. i Specifically,
3) (3)
J0.2,0,0,0 = Jon01,1 = —Cn 94
(3)
Jon02.2 = 2Cn (95)
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Dynamic Elastic Tides 11

3) T E)) _ B _ 0 _

JO,n,Z,O,O - ‘IO,n,72,O,l - ‘IO,n.l,O,2 - JO,n,fl,l,Z - ﬁcn (96)
3

I 211 =—3C, 97)

with C,, as before, and J. G = 7% These have the simple representation J, U

2 ijOnm JjiOnm* Onmij —
Cnd;0; X5 (', B, ).
Recall that the elastic potential energy, following Eq. (47), is

. 1 2 2 2
Vi(t:q. IT: o IT) = SMR %}wznﬂm (98)

The total potential energy is V = Vg + VE.

9 Lagrangian and equations of motion

The Lagrangian for the system is the difference of the kinetic energy 7 and the potential
energy V. Note that the kinetic energy does not depend on ¢ and the potential energy does
not depend on «’. Further, the potential energy depends on ¢ only through (o', 8/, y').

It will be convenient to use Euler-like angles to specify the orientation of the body with
respect to its reference orientation with the principal axes (a, b, ¢) aligned with the rectangular
spatial axes (X, y, z). (These are the principal axes of the body without tidal distortion.) We
choose the rotation that carries the body to its actual orientation as

M©, ¢, ) = M (Q)M(O)My(Y). 99)

Note that these are not the usual Euler angles.

The equations of motion for the angular velocities (w?, @%, »“) and the coordinates
(6, ¢, V) are Poincaré’s equations (Poincaré 1901). The equations of motion for the veloci-
ties I7T and the coordinates 7 are the Lagrange equations. In the derivation of the Poincaré
equations, we use the vector field basis corresponding to infinitesimal rotations about the
body axes (a, E, ¢). In the chosen coordinates, the basis vector fields are

a siny 9 siny sinf 9

— — 100
€ =SV G T os00¢ T cosd By (100
a
= — 101
& =7 v (101)
. a cosy 0 cosysinf 9
e =siny— + — = — (102)
a0  cosf d¢ cosf oY
The commutators of these basis fields satisfy
lei e/1(f) = D chiex(f). (103)
ijk
with structure constants
¢l = €ijis (104)

where €; i is 1 for (i, j, k) equal to a cyclic permutation of (0, 1, 2), —1 for a cyclic permu-
tation of (2, 1, 0), and 0 otherwise. Concretely,

lea, ep] = ec (105)
[ev, ec] = eq (106)
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[eCs

eq] = ep. (107)

The Lagrangian depends on the coordinates (6, ¢, ¥) only through (¢, 8/, y’). In the
Poincaré equations we need ¢; (L), where L is the Lagrangian written in terms of the angular
velocities, and the vector field takes the derivative of the coordinate slot of the Lagrangian.

We have
i =y 2k oL (108)
e — = gl
a y aﬂ/
8L 8L
Ly=d— —y— 109
ep(L) =o' oy ' 5o (109)
. 8L o aL
ec(L) = ;3 o (110)
The Poincaré equations are, in this case,
d (oL aL aL oL aL
£ =y =B — — (111)
dt \ dw* 8,3’ 3a)b dw°
d (oL oL ai oL oL
- — )= -y — 4 —w° (112)
dt \ dw® ay’ da’ ot dw?
d (oL 0L L, 0L, 0L
— = —d—+ow — o' — (113)
dt \ dow° da’ ap’ dw dwb
For our Lagrangian, including the 7, k(nzm terms in the kinetic energy with k = 0, but ignoring

the other I contributions, we find

aL ;
— = Ao = 2MR* )" C,d0 X5 (0", &, &) Ty (114)
dw —
ai‘ b 2 vin  a b c
— = B’ —2MR* > C,01 X5 (0", 0", ) T (115)
w —
81: c 2 ving a b c
so: = Co’ —2MR > Cuth X5 (0, o, &) Ty (116)

Similarly, keeping the k =

nm

= 0 terms in kam i but ignoring the other J) terms, we find

L

90’ = (R )3 3A +MRZZ]:anmaOX2 @, B'.y) 117)
nm

L Gm .

3 = " wy B MR D Fallmdi X5 By (118)
nm

oL Gm

3y = "Ry CY MR D Fallm X5 @ By, (119)
nm

where
Gm Gm [ Rw3 hagn
Tn= R (6Cy) » (13/)3(};7 : (120)
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Dynamic Elastic Tides 13

where the last form of F,, is valid for large rigidity. The Poincaré equations are constructed
from these components.
Keeping the same terms as before, the Lagrange equations governing the motion of IT,,,,
are
Mm + @3, Tym = =2C, X5 (@, 0, ) + Fu X5 @', B/, ). (121)

Note that if we ignore the terms involving T Poincaré’s equations become

do* . 3Gm

A== (B~ Ol — ®Y (B—C)B'y' (122)
do? u o 3Gm .

B? =(C—-Ao"0" — (R} (C—-Ad'y (123)

4 A~ Bt — 29" A By'p (124)
dr (R"3 ’

which are just Euler’s equations for the motion of a rigid body subject to a gravity-gradient
torque.

10 Chandler wobble

Elasticity affects the period of the Eulerian wobble of the Earth (Chandler 1891; Newcomb
1882). As an illustration of the formalism we have developed we will calculate the elastic
correction to the frequency of the Eulerian wobble. We assume the body is rotating very
nearly with its spin axis aligned with the ¢ principal axis, and that the body is axisymmetric
A = B. We assume there is no external perturbing body. For simplicity we take into account
only the gravest elastic modes (those with n = 1). We assume here that the elastic modes are
in equilibrium, so, from Eq. (121), we have

Hlm = —2C1)-(§n(a)a, a)b, Cl)c)/(,()%l. (125)

We will assume w” and w? are much smaller than »°; we will systematically ignore terms
that are second and higher order in @® and w?. With this assumption

c\2
Iy = =2C; 7(0)2) (126)
@21
wuwc
My = —23/3C— (127)
W3]
oo’
My = =23/3C1—; (128)
w3
Mi>=0 (129)
M_> = 0. (130)
We have, in this case,
31: a 2 a 2 c
0 = A’ + 2CIMRA T o0 —2V3CIMR* [ w (131)
oL b 2 b 2 c
305 = B’ +2CIMR* Ty g0 — 2V/3CIMR T o (132)
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14 J. Wisdom, J. Meyer

aL

dw®
The Poincaré equations, with these assumptions, show that w° is constant, so [T o is also
constant. We define

= Cw® — 4C\MR* I yo°. (133)

c 2
A’ = A+ 2CIMR* Mo = A — 4C2MR? (c%l) (134)
)
B' = B +2C\MR*Tyo = B — 4C2MR> (‘”—) (135)
w21
c 2
C' = C —4C\MR* T}y = C + 8C2MR? (;‘)—2]) , (136)

and assume that (A’, B’, C’) are the observed principal moments of inertia. The Poincaré
equations are then

MR [ o° \2 . “\? .
Al (1 + 1207 —— (‘”—) ) = 0’0" (B' — ') + 12C3 ( @ ) MR b ot

@21 w21
(137)
B'a’ (1 + 12C%M—R2 ( o )2) = w0’ (C"' — A) — 123 (wc)zMRQa)“a)C
B w21 w2]
(138)
Taking the time derivative of the first equation and using the second, we find
O = —wiot, (139)

where the Chandler frequency is

C/ _ A/ MR2 Cl)C 2
= of —12C? . 140
wcC w ( A 1 A (w21) ) ( )

and we have ignored a quantity of second order. We see that the Eulerian frequency, w°(C’ —
A’)/A’,is reduced by elasticity. As so far developed, our theory does not apply to a body such
as the Earth where the body has significant radial variation in density. Nevertheless, we can see
what effective rigidity a homogeneous Earth must have to get the observed Chandler period of
434 days. Using a density of 5500kg/m® and a radius of 6,371,000m, C’/(MR?) = 0.3307,
and A//(MRZ) = 0.3296, we find © = 1.8 x 101 N/m?, which is actually comparable to
modern estimates of the rigidity of the Earth at a depth of about 1000km (Stacey 1992).

11 Dissipation

The Q of an oscillator is defined as

1 1 dE
—=— ¢ —dt, (141)
Q 2E*) dt
where d E /dt is the rate at which work is done on the oscillator, E* is the energy stored in the
oscillator, and the integral is over one cycle of the oscillation. Consider the damped driven
oscillator
m(E + di + wjx) = Acos(wr). (142)
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Dynamic Elastic Tides 15

The forced response is

x(t) = Bcos(wt — §), (143)
where
B* = (A)z ! (144)
\m/) (@} — o)+ (0d)?
Let
8o = arctan(wd, wj — w?), (145)

then for w < wy the phase shift § = § is positive, meaning that the response of the oscillator
lags the forcing, and B is positive. For w > @y, the phase shift §¢ is greater than /2. We
could take 6§ = §¢ for all w and always keep B positive. Alternatively, we can bring § into
the range of —m /2 to 7 /2 (the range of the one argument arctan) by subtracting 7 from J¢
making § = 6o — 7 negative. Then we flip the sign of B to be negative, so that the solution
remains valid. So for v < wg, both § and B are positive, and for ® > wg both § and B are
negative. This reflects more clearly that the response is out of phase with the forcing.
The energy dissipated per cycle is

AE =t ABsing, (146)
which is positive. For now, we take the peak energy stored in the oscillator to be

E* = mwiB*/2, (147)
and return to this definition later. The Q is then given by

1 (@ — o) + (0d)?)!/? g

E 5 in g (148)
@
22212
~ M sin 8 (149)
@
A siné, (150)

where the first approximation is for small dissipation (small ), and the second approximation
additionally assumes small forcing frequency (@ < wp). In the same limit

tan § ~ wd /w3, (151)
So for large Q
1 d
~~ 2 (152)
Q0

Note that in this model, with these definitions, and in these limits the Q is inversely propor-
tional to w.

The definition of the energy stored is somewhat problematic. In Eq. (147) we took the
energy stored to be the maximum potential energy of the spring, the potential energy of the
spring at its maximum extension. Goldreich (1963) took a different definition: he defined
E* to be the integral over the first quarter cycle of the rate at which work is done on the
oscillator:

T/4
E* = / Fudt (153)
0

T /4
—/ (A cos(wt)wB sin(wt — 8))dt (154)
0
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16 J. Wisdom, J. Meyer

cos(Qwt — 8)  tsinéd T/4
= ABw - (155)
AB
== (005(8) - %siné) (156)
Ignoring the second term term in E* for small §, we find that
! tan § (157)
— =tan
0

More exactly, there is a second term, which Goldreich ignores as an approximation. Peale
(2011, personal communication) argues that the second term should be excluded in general
because the energy stored in the oscillator should be the integral of the conservative rate of
work and the second term corresponds to dissipative work. Thus Eq. (157) should be regarded
as exact. We may compare this to the result we derived above, Eq. (149), in which 1/Q is
approximately sin § and then only for small d and w < wyp. For this model, to distinguish
these is splitting hairs because the phase lags are not known well enough to distinguish
between tan § and sin §. But in other models of dissipation, different definitions of the energy
stored lead to more qualitatively different results.

We incorporate tidal dissipation into our modal model by adding an ad hoc dissipative
term to the modal equations, Eq. (121),

[lum + dyTTum + @03, Ty = —2C, X5 (0%, 0”, 0°) + Fu X5 @ B/ y)).  (158)
We assume d,, is independent of m. We have

L ~ w—(j’l (159)
Qn wy,
where o is the forcing frequency, assumed to be much less than the modal frequency.

The fact that this model gives phase lags proportional to frequency makes it equivalent to
popularly used sets of tidal evolution equations (Mignard 1981; Hut 1981). The disadvantage
is that real materials and planets do not behave this way. The frequency dependence of
the phase lags for the Moon are different (Williams 2008). In a subsequent paper we will
incorporate different rheologies into our model.

12 Wobble damping

Here we consider the decay of the Eulerian wobble due to dissipation in the elastic modes.
We again assume that the spin axis is nearly aligned with the ¢ axis. The damped modal
equations (keeping only n = 1 modes) are

o+ di T o+ w3, T o = —2C (°)? (160)
M +dih + w3 M = —2v/3C 10 0" (161)
Iy +di Ty 4 3 T = —23/3C100”. (162)

As o€ is constant, we can assume

Mo = —2C (e /w1)?, (163)
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Dynamic Elastic Tides 17

is constant. To construct the Poincaré equations we need

aL

9or = Aw® +2C\MR*IT} g0 — 2+/3CIMR* I 1 ¢ (164)
()

ai‘ b 2 b 2 c

5 = B’ + 2CIMR2 Ty 00 —2V3CIMR* T} 0 (165)
[)

ignoring second order quantities. Define (A’, B/, C’) as before, and assume these are the
observed values of the principal moments. Then the left hand sides of the Poincaré equations
are

%aacfa = Ao — 2v/3CMR*o I} (166)
%;ﬁi — Bab — 2V3C MR Ty _ (167)
and the right hand sides are
wc% — o ;ifc = 0°w”(B' — C') — 2v/3CIMR*(0°)* 1T, _; (168)
WL _ coL _ W@ (C' — A) + 2v/3CMR* (°)* 1T, 1. (169)

() [
dw® dw?

Collecting the equations, the wobble damping is governed by the constant coefficient linear
differential equations:

0=TI111+d I + 3 |+ E‘w” (170)
0=TIT 1 +d I+ T + £’ (171)
0=A'0" — Eo"MR*IT} | — ‘&’ (B’ — C') + E°MR*& Ty _, (172)
0= B'&" — £ MR 1| _| — ‘0" (C' — A') — E0MR*&°IT | (173)

where & = 2+/3C}. We find the solution decays exponentially, proportional to e/, with

1 o f ©° 4 MR? a)c)

—= — — ) d;. 174

- =% (am) (A/ (%) a (174)
Using Eq. (152), we define the effective Q for an oscillation at the Chandler frequency to
satisfy

1 wcdj

— = , (175)
Oc o3
then
1 5 ()3 (MR? 1
S o (2R (). (176)
T (w21 \ A Oc
The wobble damping timescale is approximately
A
£~ 1938 4 MQc (177

MR2 ,ORZ(C()C)B :

This agrees with Peale (1973), though the method of calculation is very different.
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18 J. Wisdom, J. Meyer

13 Tidal friction

Consider a perturbing body in orbit about a dissipative elastic body. We assume the spin
axis of the body is perpendicular to the orbit plane (' = 0) and that there is no wobble
(0® = w? = 0). We will use the same coordinates (6, ¢, /) to specify the orientation as
before. Let n be the mean motion of the perturbing body, with true longitude A. We assume
that A” = B’. We will consider only the gravest elastic modes (those with n = 1). With these
assumptions the equations of motion are

C'o° = V3MR*Fy (I 224/ B’ — Iy 5 (&) — (B)?)) (178)
o=’ =0 (179)
with
o+ dis + o3 Mo = Fi=- (@) = (6)7) (180)
. : V3
Mo+ di T 5 + w3 Ty > =-7:1720/ﬁ/ (181)
My, =1 =0, (182)
and with
M~ —Q2C () + F1/2)/w3;. (183)
The average polar moment is
C 2
_’F‘
C' = C +8CIMR> (‘”—) +20MR> =L (184)
@21 w7

For this geometry o’ = cos(A — ¢) and 8’ = sin(A — ¢), with 0° = ¢. Define ¢’ = ¢ — A,
then the equations of motion are

C'o° = N3MR*Fy (=111 2 5in(2¢)) — [Ty, cos(2¢)) (185)
. . 3
o+ dilTia+od M= F g c0s(2¢) (186)
. . 3
o +diI, 2+ w3 M -2 = _flg sin(2¢") (187)

Let’s assume that the rotation is not near synchronous, and that ¢ moves approximately
uniformly

¢ ~ (0 —n)t. (188)

(We are taking the orbital eccentricity to be zero.) Then the IT equations are periodically
forced damped harmonic oscillators, with solutions (assuming ws; > |0¢ — n|)

3 F
M= L IL cosaof = npt = 2020 (189)
2wy
3 F
M2 = =B I G0 = it — 2020 (190)
2wy
where
2(w¢ — n)dy 1
N 8 2 A oyt = (191)
@7 Or
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defining Q7 as the effective Q at the frequency 2(w® —n). Substituting these into the equation
for ¢ we find
3 MR? (F)?

- 2
2.0 wy

o =

Sin 82¢,c _2p. (192)

This gives the rate of deceleration of rotation for a perturber of mass m in a circular orbit. It
can apply to either the case of the deceleration of a planet by a satellite or of the rotation of
a satellite by the primary. This expression is easily generalized using Eqs. (144—148).

To reduce this expression to the usual expression we have to make an additional assump-
tion. For one of the factors of F7, we use the approximate form for large rigidity in Eq. (120).
We also use k» = (3/5)h,. We find then

i 3k (R\>[(Gm\ [ m\MR?
if=——(=) (=) )—=x (193)
2071 \R a M) C

x =10C;1g1 ~ 0.98. (194)

where

In each case m is the tidal perturber, and M is the perturbed solid body. Except for the x
factor Eq. (193) gives the expression in Goldreich and Peale (1966). Note that the expression
given by Peale (1973) is too big by a factor of 2, as mentioned by Dobrovolskis (2007). Also
note if we include more modes then the factor of x is closer to 1: > oo 10C;g; = 1.

This formula can be applied to get the tidal decay of rotation for a non-synchronous
satellite, but also for the tidal evolution of semimajor axis. Assuming the angular momentum
of the system is conserved, the angular momentum lost by the rotating body goes into the
orbit. We find, using Eq. (193), that the rate of tidal evolution of the semimajor axis a of a
circular orbit is

B A
a dt Ora’ M
which agrees with Peale (1986).

1d kr R®
a EREA (195)

14 Tidal friction with eccentricity

Consider a perturbing body in an elliptic orbit about a dissipative elastic body. To start, we
will assume the spin axis of the body is perpendicular to the orbit plane (' = 0) and that
there is no wobble (0? = w? = 0). Let n be the mean motion of the perturbing body, a
the semimajor axis, e the orbital eccentricity, @ the longitude of pericenter, and X the true
longitude. Following, Eqs. (185-187), the equations of motion are

C'&" = V3MR*Fy (—IT 2 sin(2(¢ — 1)) — [Ty, 2 cos(2(¢ — 1)) (196)
. . V3
Mo+ diTo+ w3 Mo = Fi - cos2(¢ — 1) (197)
. . ) V3
Iy, o +d I, + w5 11,2 = —f17 sin(2(¢p — 1)), (198)
o+ d T+ 03 Mo = —(2C1 (@°)* + F1/2), (199)

where both F; and X vary nonuniformly because of the Keplerian orbital motion. Recall that
Fi « (a/R'(1))? (see Eq. 120).
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20 J. Wisdom, J. Meyer

To solve these equations we Fourier expand the periodic forcing. We use

3 00
(Rf“(t)) cos(kf (1)) = j;oo Xj_3’k(e) cos(jnt), (200)

and 5 o
(Rf"(t)) sin(kf (1)) = j;oo X ey sinjnt), (201)

where f is the true anomaly and X ;3’/‘(@) are Hansen functions.
Substituting these into the IT equations of motion gives

. ) V3 =
2+ diy+ w%lm,z = 917 Z Xj 3’z(e) cos(2¢p — 2w — jnr) (202)

j=—00
ﬁ 00
I +diIT 5+ w3 I 2 = —G1~- > X 2 (e)sinp — 2w — jnt)  (203)
Jj=—00
1 oo
[T+ d o+ w3 [T o = —2C1 (0°)* — Giy > X7 %e)cosint),  (204)
J=—00

where ¢ = ¢g + w°t (with ¢ giving the orientation of the planet at time ¢ = 0) and

3
a
= 7. 205
g (R’(t)) 1 (205)
These linear equations have the approximate solutions
V3G w— o .
Ma="7" > X7 (e) cos2p — 2 — jnt — S jn) (206)
@31 j=—00
3 — o .
M= _i%} X72(e)sin¢p — 2w — jnt — 830 jn) (207)
2 w5 £ J
J=—00
c\2 1
M =—-2C (“’2) = gz‘ X%y cos(jnt — 8;u) (208)
wy 2oy j=—00
where
2w¢ — jn)d,
tan 8o —jn X ——————, (209)
@71
ind
tansj, ~ L (210)
@71

In writing these expressions we have used the approximation that |20 — jn| << wz1. These
expressions are easily generalized.

Substituting these expressions into the equation for @ and averaging over the orbital
period, we find

. 3MR? (G1)? ~ (- 2
o =3 D (x/. 3'Z(e)) Sin 820 . @211)
21 j=—c0
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where we have ignored the small time variation in C’ which exists because 7| (see Eq. 184)
is now time dependent. Note that X, 3'2(6) = 0. This expression looks more familiar if we
assume large rigidity:

3 (R\’(Gm\ /m\MR* & 32, \2
-Cc -3, . )
© —‘ib(EJ (Z?)(M)YT’EZ(Xi ©) sindzrpr, @1

Jj=—00

where we have ignored the factor of x.

Next we compute the total energy dissipation. For the simple driven oscillator the rate of
dissipation is given by Eq. (146). Generalizing this to our case, where there are many forcing
terms, and integrating over an orbit period, we find the average rate of energy dissipation to
be

dE  3MR*G} & aa 2 o
dr 4 (‘)%1 Z (Xj ' (6)) Q" — jn) sin 8p¢— jn (213)
j=—00
1 MR*G? & )
2 Ly (X;7*°@) Gmsins. 214)
1203 S

For the special case of synchronous rotation we set w® = n.
To derive the usual expression for tidal heating in synchronous rotation at low eccentricity,
we select the lowest order terms in eccentricity:

E 21 MR%*G?
dE _ 2L MRGi » sin 8, (215)
dt 2 a)%l

where 6, = —6_, = 820c—n = —820c—3,. To get the familiar formula, we make a large p
approximation (as before) and find

dE 21k, Gm>nR®
w20 @ ¢ @16

where we have again ignored a factor of x = 0.98 and approximated sin §,, by 1/Q. This
agrees with Peale and Cassen (1978) and Peale et al. (1979).

For the case of phase lags proportional to frequency we use 82— jn = (2 — j)d, and
8jn = jd,. Making the large u approximation again, we derive

dE 21k, Gm*nR’

2
s , 217
TR R ) (217)
where the tidal heating enhancement factor is
3329 55551
=1+18% + ———e* + b ... . 218
n(e) +€+28€+112€+ (218)

This agrees with Peale and Cassen (1978) and Wisdom (2008). Wisdom (2008) gave an
expression valid at arbitrary eccentricity:

2 fole) 4 fi(e) 2 fa(e)

;@=¥ma=7w5 712 T

(219)
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where

312 255 4 185 o 25

=14+ = =68, 220
Jo(e) + + — 3 + T +64 (220)
f()—1+152+454+56 (221)
1e 2 8¢ T16°"

3
fale) = 1+ 36> + e, (222)

8
with B = (1 — e?)V/2,
14.1 Orbital evolution not in spin-orbit resonance

Next, we can use conservation of energy and angular momentum with the above results to
compute the rates of change of semimajor axis and eccentricity for the case in which there
is no spin-orbit resonance. Based on conservation of energy,

da 2a? e.o  dE
—=- Cofel + —= ). (223)

dt GMm
Substituting in Eqgs. (211) and (214) yields

lda _« - - . - .
S =2 D> T (30 @) sin b — (X5 () sing ) (224)

Jj=—00

where 5 s
konR
@ g2 91 kenRom (225)

K =
GMm a)%l a M

where the approximation is for large rigidity. Conservation of angular momentum gives

lde 1—6 -3,0
ZE:Z = —V1—¢2 Z (X; (e))?)sind;y, (226)
j=—00
— (. ) =32, \\2 ,
+3 D> (V1= =2) (X)) sin a0 ju | - (227)
j=—00

Note that the leading term in (1/e) de/dt as a polynomial in e is proportional to a constant—
the 1/e? factor is cancelled by a leading factor of e? in the subsequent expression.
If we keep only the lowest order terms in eccentricity, the expressions reduce to

1da
—— = 3k 8in dppe_op (228)
a dt
and
Lde 38 (3 Ginoy + 2 sindage_n + sin B ins (229)
= sin Sin 8pyc — SiN 87gc—2; — — SIN ogye— ,
edt 4 2 4 2w¢—n 2w¢—2n 4 2w¢—3n

which confirms Equation 7 of Goldreich (1963). (Goldreich’s €3 is actually §,, which is
associated with frequency 7, not %n, as stated.)
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For Mignard tides, where phase lags are proportional to frequency,

1 da K o8 2 [ 27 of 4 573 o°
—— =60=({——-1)+e{=———-23)+e"{ —— — 180
a dt 0 n 2 n 8 n

o (3961 ¢ 6765
te ( e 2 )+} (230)
lde 33 k ¢ 18 s (13w 369
25275[(7_ﬁ)+e (77‘5)
Lot (Eﬁ_3645)+...], (231)
8§ n 44

14.2 Orbital evolution in spin-orbit resonance

Similar calculations yield the rates of change of semimajor axis and eccentricity in spin-orbit
resonance, where w“ = kn and therefore

e 3 nda
& = ——k——. (232)
2 adt
For the case of a tide-raising perturber orbiting around an extended body,
1da 2a —1dE
-— = 30, — 1) —, 233
a dt GMm( n=1) dt (233)
with I, = C/(ma®). Substituting in Eq. (214) yields
lda « , , -1
-——==—0Bk-1) 7 234
adt 2 (k50 = 1) (234)
where
o0
r=> (3(Xj_3’2(e))2(2k — J)sinuejn + (X;%(e))%) sin ajn). (235)
j=—00
Conservation of angular momentum gives
l@_ E«/l—ez V1 —e2—3kl, (236)
edt 4 ¢? 1 — 3Kk2T,

Note that the first parenthesized factor in Eq. (236) is approximately one for small eccentricity
in synchronous rotation, in both the limit that I}, = C/(ma?) is large and small compared
to one. Both these limits occur in the Solar System: for the satellites of the giant planets
I, > 1, whereas for the Moon [, < 1.
For the case of an extended body orbiting around a perturbing central mass,
Tda _ € gep, 1)y (237)
adr 2 M ’

with Iy = C/(Ma?), and

lde k1 —ez(«/l —e2—3kFM)T

- 2
1—3k2Ty, (238)

e dt 4 o2

Note that I'y; = C/(Ma?) is typically small compared to one.
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For Mignard tides we can expand 7" as a power series in e
T = 12(k — 1)> + ¢*(90k> — 324k + 276) + ¢*(315k> — 1719k +2160)  (239)
1
+566(1575k2 — 11883k +20295) + - - - (240)

Notice that for synchronous rotation the leading term in 7" is order e2, but for other spin-orbit
commensurabilities the leading term is a constant. Thus a satellite would not be expected to
be in nonsynchronous spin-orbit resonance at low eccentricity. The eccentricity would decay
rapidly to zero in finite time and then the resonance lock would be lost.

If we specialize to synchronous rotation (k=1) and keep only the lowest order terms in
eccentricity, the expressions reduce to

lda 3k _ . 1. 49 .

I = 762 @B, —1 ! (3 sin 6, + 3 SN 8p¢c—p — 5 sin Sgwa,3n) (241)
for a perturber with mass m orbiting around a synchronous extended body with mass M and

lda 3k _ . 1. 49 |

I = Tez GBIy —1) ! (3 sin §, + 3 SN 8p¢c—p — 5 sin Sgwc,3n) (242)

for an extended body with mass M orbiting around a central body with mass m. For Mignard
tides, where the phase lags are proportional to frequency, the common factor in parentheses
is 286, The rate of change of eccentricity is the same in both cases:

lde 3k ) 1, 49 |

S = -y 3siné, + 3 Sin §oge—pn — X Sin 82c—3, | » (243)
which again confirms Equation 8 of Goldreich (1963), if his 2e3 is actually the lag for
frequency n, not %n For Mignard tides, where the phase lags are proportional to frequency,

lde 21 «

i~ 20 (24

15 Tidal friction with eccentricity and obliquity

Next we consider a perturbing body in an elliptic orbit about a dissipative body with obliquity.
We continue to assume that there is no wobble (0 = w? = 0).
The equations of motion are

C'of = 3MR*Fy (I 1By + M2/ B — I _1oy' + T 2((B) — (@)%) (245)

with
.. . 2(v’ 2 _ o 2 N2
I+ d T+ 03 Mo = —2C1 () + Fy ) (2) ) (246)
[y +di I 4 o3 T = Fiv/3a’y (247)
[To+diTT o+ w3 M2 = FiV3(@)? = (892 (248)
I +diI _ + 3T = Fi3B'y (249)
I, +diITy 5 + 03 T 5 = Fi/3d B (250)

We have again ignored a small periodic time dependence in C’.
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The direction cosines are, in this approximation, o - s where
=R (2)R,(HR,(1)(1,0,0), (251)
with A = f + w, the sum of the true anomaly and the argument of pericenter, and
= R ()R (DR (AR (IR ($)s0, (252)

and sy is either (1, 0, 0), (0, 1, 0), or (0,0, 1), for «’, B/, and y’, respectively. Here [ is the
obliquity of the body to the orbit, and A is the longitude of the equator minus the longitude
of the ascending node of the orbit, and ¢ = w°r. We find

o' = gocos(\' — @) + g1 cos(A + @) (253)
B = gosin(’ — @) — g1 sin(h" + ¢) (254)
y' = gsin(d), (255)
with A’ = A — A, and
8o = (1+cosl)/2 (256)
g1=({—cosl)/2 257)
g» = —sinl. (258)
In terms of these, we can write down terms that enter the equations of motion
2
o = g2° Sin(22 — 2¢) — 5L i3 +29) — gog1 sin2¢)  (259)
o'y’ = gozgz Sin(2) — @) + % sin(2)' + @)
n gz(goz— g1) sin(@) (260)
By = _7g02g2 cos(2A" — ¢) + 7g12g2 cos(2A + ¢)
+gz(goz— g1) cos(@®) 261)
N2 _ (pN2 2 2
w — %0 cos(2) — 2¢) + ‘%1 cos(2)’ + 26)
+ 8081 cos(2¢) (262)
2(1)2 "2 2 2_ 2 .2 249
(V. 2) B) _ & s;) 81 8 128081 cos(2). (263)

Proceeding as before, we Fourier expand the right-hand sides using the Hansen functions,
and find the solutions of the I7 equations under the assumption that the orbital period is much
longer than the modal periods:

V3 gl ~ 30 . .
M= 2 | =X @g0gasin(@ — jnt =20 — 4) = br—jn)
21 j=—00

+X; 2 (e)g1g2sin(g + jnt +2(@ — A) = Sur ju)

1__ . .
+ EX.,' 3’0(3)82(80 —g1)sin(¢p + jnt — Spey jn)

| . .
+ 5 X7 @g2(g0 — g1)sin(@ — jnt — Se m) (264)
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+X 772 (e)gf cos(2¢ + jnt +2(w — A) = S0 4 jn)

1__ .
+ 5 X7 0(©)28081 €052 + jnt — 2051 n)

1__ .
+ 5 X770 ()28081 cos(2p — jnt - azwv_,,n>) (265)
V36 — _ .
m = 7@—; > (X7 @082 c0s(@ — jnt = 2(@ = A) = Sur—jn)
Jj=—00

+ X (@)g18208( + it + 2@ — A) = Suesjn)

1__ .
+ 5 X770 @)82(80 — 81) €05 + jnt = Sursjn)

1__ .
+ 5 X7 (@)82(g0 — 81) cos(§ — jnt — Sye m) (266)
V3G < - . .
;= 767511 > (—Xj 32(0)g2 sin2¢ — jnt — 2w — A) — Sr0—jn)
j=—00

— X; ()8} sin(2¢ + jnt +2(0 = A) = 82ur-jn)

| - . .
=5 X @2081 SN2 + jint = S2ur-yjn)

| . .
-3%; *0(e)2g0g1 sin(2¢ — jnt — 8300 jn>) (267)
@) 10 ~ (- .
Mo = =201+ 2= > (X;e) (83 — g8 — g} cosCjnt — 8;0)
w7 2wy !
Jj=—00
X720 (6} + 28081) cos(jnt + 2w — A) — 8,)) (268)

Generalizing Eq. (146), we find the rate of energy dissipation to be

dE _ MRG} < -32 -3.0

w = at 1 jzz_;w [Fo0X; @) + Fi (x>0 (269)
+ F2Xj_3‘2(e)Xj_3’0(e) cos(2(w — A)) (270)
+ F3X;3’2(6)X:;’2(e) cos(4(w — A))] @271)

with

3 . . . .
Fo = 1 [(3082)* (@ — jn) sin8ue—ju + (8182)* (@ + jn) sin Suetjn
+ (gogO)Z(zwc — jn)sin e jn + (glgl)z(ZwC + jn)sin 82w0+jn]

1
+§<g% +28081) jnd jn (272)

@ Springer



Dynamic Elastic Tides 27

3 . Ly
Fr =2 [(82(80 = £0)* (@ = jm) sin S ju + (@ + jn) sin Sue-y jn)
+ (28081)* (20" — jn) sin 8aee—jn + (20 + jn) sin 82004 jn) ]
1 .
+ (82 = 86 — gD indjn 273)
3 L L
= [3(g1 — 80)(g0(@" — jn)sinSue_jy — g1(@° + jn)sinSuesjn)
+2g381(20° — jn) sin 8 _ju + 28087 20 + jn) sin 830e 4 jn
_1(2_ 2 _ o (g?+2 insingd; 274
5 (8 — 8 — 818y + gog1)jnsindjy, (274)
3 S .
Fs = 671g‘z‘ [—4((0 — jn) sindue_ju + (@ + jn) sin8uejn)
+ ((26‘)6 - Jn) sin 82w“7jn + (zwc + ./n) sin 82wf+jn)]
9 4. .
+3 gyjnsinéd;,. (275)
For the special case of synchronous rotation we set v = n. To derive the familiar case, we

setdxwe— jn = (k—j)8, and then approximate sin § by 1/ Q. Making the large 1 approximation

as before, we derive
dE 21k, Gm*nR®

z - 76 (16 ;(67 I)s (276)
where
2 - 4 1 2
¢(e 1) = 7fo(e) - 7f1(e) cos! + 7fz(e)(1 + (cos I)7) (277)
3 _
+ %ez f3(e)(sin 1)? cos2(w — A)). (278)
with
- 6765
fole) =1+ 23¢* 4+ 180e* + Te6+"' (279)
— 27 573 3961
f1(€)=1+?€2+?€4+ﬁe6+~~ (280)
_ 15 105 525
fale) = 1+7e2+7e4+?66+--~ (281)
_ 14 105 231
fale) =1+ —e*+ —e* + =S 4. (282)
3 8 8
This agrees with Wisdom [2008], where these series are given a finite representation:
= (e)
fole) = —fgls : (283)
_ e)
file) = f/;% (284)
~ e
fe =L ;(9), (285)
- e
file) = f;$3), (286)
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where

11 2 1
frle)=1- gez + §e4 + 8eﬁ‘. (287)

16 Conclusion

In this paper we have presented a new framework for understanding and calculating the
effects of tidal friction on solid bodies. Our approach is to consider the body as a dynamical
system described by its modes of oscillation. The dynamics of the modes are determined by
the internal distribution of matter and the rheology. Dissipation occurs in the dynamics of the
modes. Here we consider only a simple model for dissipation: we assume the modal dynamics
is governed by a damped harmonic oscillator-like equation of motion. We derive closed
differential equations that govern the tidal process. This is to be contrasted with the usual
Darwinian approach in which tides are first raised, then given a phase lag before considering
their effects on other bodies. We are able to rederive the Darwin result as an approximate
solution to our differential equations. Note that we need not make this approximation—we
can directly integrate the differential equations governing the tidal process. We rederive many
of the standard results of tidal theory directly in our new framework. We plan to extend these
results to different rheologies in a future work.

Appendix: Surface and solid spherical harmonics

We will use the terms “solid spherical harmonic” and “surface spherical harmonic.” The
normalized surface spherical harmonics are

C' (0, ¢) = P/"(cos0) cos(me) (288)
SO, ¢) = P/"(cos ) sin(me), (289)
where the normalized associated Legendre polynomials satisfy
P (x) = NJ" Py (x), (290)
with "
(I —m)!
N'=|2-3§ 21+ 1 , 291
f [( m,0) (2L + )(l+m)! (291)
and
! 2ym/2 d"m 2 I
Pun () = 5 (1= )" 2 [(x - 1)]. (292)
A few of the Py, are
3 , 1
Pyo(cos0) = E(COS 0)" — 3 (293)
Py1(cosf) = 3sinf cosb (294)
Pyy(cos0) = 3(sin ). (295)
For convenience we introduce
X/"0,9) =C/"©0,¢) m=0 (296)
=S5"@0,¢) m<0 297)
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The X;" (C}" and S;") are orthonormal in that

1 T 2w ,
81t Sy = — / / X0, §)X} (6, ¢) sin 6d0dp (298)
4 0 0
The solid spherical harmonics are
gm (52 2N (5 xm
0 (%% %) = (%) xre.o. (299)

where r2 = x2 + y2 + 22, cosh = z/r, ¢ = atan(y, x). The solid harmonics satisfy the
orthogonality relations

YT -
3t (300)
1 a prmoop2m _
=5 R3/ / / X" (%%,%) X (%%,%)rzsinedrdedqs 301)
4 o Jo Jo
1 .~y
= imad |, XX dv. 302
471(13/‘/ L2 (302)

where the V is the sphere of radius R, and the last line introduces an abbreviated notation. Note
that whenever we write a X;" without arguments, they are assumed to be (x/R, y/R, z/R).
It is convenient to introduce

X" = ! X (303)
V2I+1
The first few X J!are

X0y, =1 (304)
X0x,y.2) =z (305)
Xi(x,y,2) =x (306)
Xy, 2=y (307)
XY, y,2) = @22 —x2—yH))2 (308)
X3 (x, y,2) = /3xz (309)
X3(x.y.2) = V32— yH)/2 (310)
X5 x, y,2) = V3yz (311)
)_(z_z(x, y,2) = ﬁxy. (312)

Let X ;" be a solid spherical harmonic. It is a homogeneous function of degree / in the
coordinates (x/R, y/R, z/R). Euler’s theorem tells us that

(x-V) X" (x/R,y/R,z/R) =1X/"(x/R, y/R, z/R). (313)
A little calculation shows that
V2(xX/"(x/R, y/R,z/R)) =2VX/"(x/R, y/R, z/R), (314)
and
V2(r* X" (x/R, y/R, z/R)) = k(k + 21 + 1)r* 72X (x /R, y/R, z/R). (315)
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