The Central Theorems of Kripke's Theory of Truth

We start with an interpreted language £, and we add anew predicate “Tr,” whichis
supposed to represent the set of true sentences of the enlarged language. We need to determine
how the new predicateisto behave. | n classica semantics, without truth-vaue gaps, this means
assigning a st E as the extenson of “Tr,” 0 that, if the closed term t denotes something in E,
Tr(z) will betrue, whereas, if T denotes something outside E, Tr(t) will befalse and —Tr(z) will be
true. Because of the Liar Paradox, it isn’'t possible to pick theset E <0 that E =the st of
sentences that are made true by assigning E as the extension of “Tr.” In other words, we can’t
arrangethings so that Tr([*S']) istrue or false according as Sistrue or false.

If wedlow truth-value gaps, we shall need to assignto “Tr” an extension E, consisting of
things that definitely satisfy the predicate, and an antiextension A, congsting of things that are
definitely fail to satisfyit. E and A cannot overlgp, but theremay be things that aren't in either of
them. If Den(z) isin E, Tr(t) will betrue, whereasif Den(<) isin A, Tr(t) will befdse. If Den(r)
isin neither E nor A, Tr(t) will be neither true nor false. The central theorem underlying Kripke's
theory of truth (which wasproven also by Robert Martin and Peter Woodruff) tellsis that we can
find a pair of nonoverlapping sets E and A with the following properties:

E = the set of sentences that are made true by setting the extension of “Tr”
equd to E and setting the antiextension equal to A.

A = the unionof the st of nonsentences with the set of sentences that are
made fd s by setting the extenson of “Tr” equal to E and the antiextension
equal to A.

In other words Tr([*S']) will be true, false, or ursettled according as Sis true fd<se, or
unsettled. We have thus arranged things so that Tr([*S']) and S dways have the same
semantic datus, eventhough we haven’t arranged things so that sentences of the form

Tr([*S]) - S
are dl true.

We'll provethe theoremfor & the language of arithmetic, but we' re using the
language of arithmetic as astand-in for avast range of other languages we might equally
well have used. In particular, the language of arithmetic lack s truth-value gaps, so that any
truth value gaps we encounter occur because of the indeterminacy of “Tr.” It doesn’t have
to be thisway. The condruction works just as well if the base language has truth-value

gaps.
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|. The Classical Situation

The language <™ is obtained from the language of arithmetic < by adjoining the
new predicate “Tr.” Thus theterms of 2™ are specified by the following stipulation:

“0" isatem.
Ea:h Of the Variml% “X’ b 1% Xl’ b 1% Xll ’H [13 XIII’ b 1% XIIII’I HXIIIII'” a]d So On' iS a term.

[These are the variables for officia purposes. In practices, the notation is cumbersome, so I'll ask
other lettersfromthe end of the dphabet, with or without numerical subscripts, to play the role of
variables.]

If tisaterm, Scisaterm.

If t and p areterns, (t + p) isa term.

If t and p areterms (t x p) isa term.

Nothing isaterm unlessit is required to be by the five clausesabove.

A closed term is aterm with no variables. The denotation of closed terms is defined
inductively, as follows (for any closed terms t and p):

Den(“0") = 0.

Den(Se) =Den(t) +1

Den((r + p)) = Den(z) + Den(p).

Den((x x p)) = Den(z) « Den(p).
The formulas of £™ are specified as follows:

If ¢ and p areterms, then

T= P

T<p
and

Tr(7)
are formulas.

If Pand Q are formulas, so are

(PAQ)
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-P
and
(VV)P,

for each variable v.
Nothing isaformula unlessit’s required to be by the clauses above.

In the pad, we've included other symbols in what we were calling the language of
arithmetic: the digunction sign “V,” the conditional “-,” the biconditiond “~,” and the exidential
quantifier “3.” We're leaving themout here, but it’s no real loss, since we can treat them as
defined:

(PV Q) Zpg ~(=P A =Q)

(P~ Q) = ~(PA Q)

(P~ Q) = ("(PA=Q) A (=P A Q))
(FV)P = (VV)-P

The reason for leaving them out of the official language is that the proofs we are about to give are
very long and tedious, leaving out unneeded symbols makes the proofs not quite as bad, by
avoiding repetitions.

An occurrence of avariable vin aformulaisbound if it occurs within some subformula
that beginswith “(vv).” (We count a formula as a subformula of itself.) If not bound, free. A
formulawith no free variables is asentence. It is a sentence that can say something that is either
true or false.

Let N be the gandard modd of ¢, the modd whose domain isthe natural numbers, in
which “0” denotes the number 0 and “+” stands for addition and “x” for multiplication. We
extend N to a classical model (N, E) of ™ by designating a set E of natural numbersto serve as
the extension of “Tr.” We assume that we have fixed a Gédel numbering, so that we'll talk about
sentences being members of E. We specify the conditions under whicha sentenceistruein (N,E),
asfollows:

T = p istrue in (N,E) iff Den(t) = Den(p).
T < pistrue in (N,E) iff Den(t) < Den(p).

Tr(z) istruein (N,E) iff Den(t) € E.
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(PA Q) istruein (N,E) iff Pand Q are both truein (N,E).
—-Pistruein (N,E) iff Pisn't truein (N,E).
(vVv)P(v) istrue in (N,E) iff, for each closed term 1, P(z) istruein (N,E).
Here “P(tr)” means the result of substituting = for each free occurrence of “v” in “P(v).”

A sentenceis said to befalse in (N,E) iff it' snegationistruein (N,E). Consequently,
T = pisfdsein (N,E) iff Den(t) » Den(p).
1 < pisfasein (N,E) iff Den(t) « Den(p).
Tr(z) if fasein (N,E) iff Den(z) ¢ E.
(P A Q)isfdsein (N,E) iff either Por Qisfadsein (N,E).
-Pisfasein (N,E) iff Pisn't fdsein (N,E) iff Pistruein (N,E).
(vv)P(v) isfdsein (N,E) iff, for some dosed term =, P(z) isfdsein (N,E).

The defined terms “v,” “-,” “~,” and “3” behave just the way you’ d expect:
A digunction (P V Q) istruein (N,E) iff one or both digunctsaretruein (N,E).
A digunctionisfasein (N,E) iff bothitsdigunctsarefasein (N,E).

A conditional (P - Q) istruein (N,E) iff its antecedent P isfasein (N,E) or its
consequent Q istrui in (N,E).

A conditional isfasein (N,E) iff its antecedent istruein (N,E) and its
consequent isfasein (N,E).

A biconditional (P -~ Q) istruein (N,E) iff its components are either both true
or both fasein (N,E).

A biconditional (P~ Q) isfdsein (N,E) iff one of its componentsistruein (N,E),
and the other isfdsein (N,E).

An existential sertence (3v)P(v) istrue in (N,E) iff, for some closed term t, P(t)
istrue in (N,E).
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(av)P(v) isfdsein (N,E) iff, for every closed term t, P(z) isfdsein (N,E).
We want to see that, whatever set E we pick asthe extension of “Tr,” we' |l never have
E = {sentencestruein (N,E)}.

We'll usethe Godel Self-Referentid Lemma. I nits general form, the lemmatells us that, for any
formula Q(vy,V,,V,,...,V,), thereis aformula P(v,,v,,...,v,) So that the biconditiona

(VV)(VVR) ... (YVI(QU[TP(Vy,Vpy. V) V1 Vo, V) = PV V,,..00V,))

is atheorem of Peano Arithmetic (PA). In case n = 0, thistells usthat, for any formula Q(v), we
can find a sentence P so that

Q[P -~ P
is atheorem of PA. Thus we can find a sentence L <0 that
(=Tr(["L-]) - L)

isatheorem of PA. L isthe forma equivaent of Eubulides “This statement isnot true.” For any
set of numbers E, (=Tr(['L’]) = L) istruein (N,E). Consequently,

L € {sentencestruein (N,E)}

iff L istruein (N,E)

iff =Tr(['L"]) istruein (N,E)

iff Tr(['L"]) isn't truein (N,E)
iff Den(['L']) ¢ E

iff Le E

So we cannot have E = { sentencestruein (N,E)}.

[I. Truth-value Gaps

We get truth-value gaps when we dlow “Tr” to be partially undefined. We assignto “Tr”
apair (E,A), with En A = 2. Theextenson E isintended to congst of things that are definitey
true, while the antiextenson A contains things that are definitely not true. We sipulate what it is
for asentence to be true or falsein (N,(E,A)):

T = p istrue in (N,(E,A)) iff Den(t) = Den(p).
t = pisfasein (N,(E,A)) iff Den(t) = Den(p).
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T < pistruein (N,(E,A)) iff Den(t) < Den(p).

1 <pisfdsein (N,(E,A)) iff Den(t) «+ Den(p).

Tr(z) istruein (N,(E,A)) iff Den(z) € E.

Tr(z) isfdsein (N,(E,A)) iff Den(t) € A.

(PA Q)istruein (N,(E,A)) iff Pand Q are both truein (N,(E,A)).

(PN Q)isfdsein (N,(E,A)) iff one or both of P and Q arefadsein (N,(E,A)).
-Pistruein (N,(E,A)) iff Pisfdsein (N,(E,A)).

-Pisfdsein(N,(E,A)) iff Pistruein (N,(E,A)).

(vv)P(v) istrue in (N,(E,A)) iff, for each cdlosed term =, P(t) istruein (N,(E,A)).
(vv)P(v) isfdsein (N,(E,A)) iff, for someclosed term t, P(z) isfdsein (N,(E,A)).

In the presence of truth-value gaps, the Godd Sdf-Referentia Lemma takes adightly
different form. Given aformula Q(vy, V., V,,...,V,), thereis aformula P(v,,v,,...,v,) such tha, for
any closed termst,, ,,..., T,, and any nonoverlapping sets E and A, Q(['P(V;,Va,-.-,V,) 1,71, T20eerTr)
istrue, falsg or unsettled unde (N,(E,A)) according as P(t,,t,,...,t,) iStrue, false, or unsettled
under (N,(E,A)).

[11. The Smallest Fixed Point
A fixed point isapair (E,A) with

E = {sentencestruein (N,(E,A))
A ={nonsentences} u {sentencesfadsein (N,(E,A))}

We intend to show that there is a fixed point (E_,A.). (E.,A.) isthe smallest fixed point, in the
following sense If (E,A) is another fixed point, we have E. c Eand A_ c A.

If you look at Kripke's paper, you will see that he constructs E. and A, smultaneoudy.
The argument he gives uses infinite ordinal numbers and we haven't talked about infinite ordinal
numbers, so I'd liketo give amoredirect, but also more laborious, argument here. It will smplify
matters if we begin by constructing E., without worrying about A_. Wecondruct E, by including
withinit all the sentences that have to be true, without fretting over how to make A _ include al
the sentences that haveto befalse. Once we're done, we can obtain A_ as { nonsentences v
{sentences S. = Se E_}. Constructing E. by itself smplifies matters, but it doesn't smplify
matters very much, sincefalsity conditions are just truth conditions for negatiors. Thus, instead of
having to deal separately with the falsity conditions for atomic sentences, conjunctions, negations,
and universal sentences, we deal with the truth conditions for negated atomic sentences, negated
conjunctions negated negations, and negated universal sentences, inaddition to having to deal
with the truth conditions for atomic sentences, conjunctions, and universal sentences. So the
definition of E. is still unpleasantly complicated.
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E. isthe smallest collection of sentences that satisfies the following twelve conditions:

i) If Den(t) = Den(p), thent =pisinE..

i) If Den(t) » Den(p), then-t =pisinE..

i) If Den(t) < Den(p), thent <pisinE..

iv) If Den(t) «+ Den(p), then~t <pisinE..

V) If Den(t) € E_, then Tr(z) isinE..

vi) If Den(t) isn't a sentence, then = Tr(t) iSinE..

vii) If Den(t) isasentencewhose negationisin E_, then - Tr(z) iSinE..
viii) If Pand Q areinE_, then (PN Q) iSinE..

iX) If either -Por -QisinE_, -(PA Q)isinE..

X) If PisinE_, then= = PisinE._.

Xi) If F(z) isin E., for each dosed term t, then (VV)F(V) isinE..
Xii) If =F(t) isin E_, for some dosed term =, then =(vVv)F(v) iSinE..

When | saythat E_ isthe “smallest” st tha meets that twdve conditions, | meanthat E,_ is a set
that meets the twelve conditionsthat isincluded in every other set that meets the twelve
conditions. To seethat there have to be such a set, notice that thereis a set that meetsthetwelve
conditions, namely, the s& of all sentences. Moreover, the intersection of dl sets of sentences that
meet the twelve conditions meets the twelve conditions. That intersection iSE..

The definitionis set us in such away that any sentencethat isin E_ hasbeen put into E_ by
one of the twelve conditions. Moreover, for any sentencein E_, thereis only one of the twelve
conditions that could have put it there, and you can tell which condition that isby the syntactic
form of the sentence.

Let A. ={nonsentences} u {sentences S: -Se E_}. Our first task is to show that E_ and
A_ aredigoint. We'll do thisby showing that (E. ~ A.) satisfies the twelve conditions. Since E, is
the smallest set that meets the twelve conditions, if (E, ~ A.) isaso a set that meets the twelve
conditions, then E, must be included in (E, ~ A.), which meansthat no member of E_isinA_. So
we have to verify the twelve conditions.

i) If Den(t) = Den(p), then clausei) puts T = p in E_, and none of the clauses puts-t =p into E...
Sot=pig'tinA_.

ii) If Den(t) = Den(p), then clause i) puts— t = p into E_. None of the clausesputs t = p into E..
The only way - =t = p could be in E_ would be for it to be put there by clause x), and clause x)
wouldonlyput ==t =pinoE ift=pwereinE,.So-~-t=pisntinE_,and~t=pian'tin
A..

iii) Simmilar toi).

iv) Similar to ii).
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V) Supposethat Den(t) isin E, ~ A_. Then, because E, satidies clause v), Tr(t) isin E.. Also,
because Den(t) isin E_, Den(t) must be a sentence, and so - Tr(t) isn't put into E_, by dause vi).
The negation of Den(z) isn'tin E_, and so = Tr(t) wasn't put irto E, by dause vii). So - Tr(t) isn't
inE_ at al; hence Tr(t) isn'tinA_.

vi) If Den(t) isn't a sentence, then - Tr(t) isin E_, because E_ satifies clause vi). Tr(t) isn'tinE_,
becauseit isn’'t put into E, by dause v). So - = Tr(z) ign't put into E, by dause viii). So = = Tr(r)
isvtinE_, and =Tr(t) isn'tin A_.

vii) If Den(t) isasentencewhose negationisin E_ ~A_, then =Tr(t) isput into E_ by dause vii).
Because the negation of Den(t) isn'tin A_, the negation of the negation of Den(t) isn'tin E_. So
Den(t) isn'tin E.. So clause v) doesn't put Tr(t) into E.. So Tr(z) isn'tin E_, which means that
clause x) doexn't put = = Tr(z) into E.. So =Tr(z) isn'tinA._.

viii) If Pand Q arebothinE_ ~ A_, then (PA Q) isin E_. Neither -P nor -Qisin A_, so clause
iX) doesnit put =«(PA Q)IinE.. So(PA Q) isntinA..

ix) If -PisinE, ~A_, then~(PA Q) isinE.. Because-P isn'tinA_,~ - PisntinE_. SoPisn't
in E.. So clause viii) doesn't put (P A Q) into E.. So clause x) doesn’t put = =(P A Q) into E.. So
=(PA Q)isn'tinA,. Theargument that, if -QisinE_ ~A_, then=(PA Q)isinE, ~A_isdmilar.

X) If PisinE_ ~A_, then- = Pisin E_, because E, satisfies clause x). Because -Pisn't inE_,
= ==-PisntinE..So == Pin'tinA_.

xi) Supposetha, for each closad term t, F(t) isinE_ ~ A_. Then (vVv)F(v) iSinE.. Thereisno
closed term t such that —F(t) isin E_. So clause xii) didn’t put ~(vv)HV) into E,. So ~(vV)F(V)
isvtinE_, and (W)F(v) isTtinA_.

Xii) Supposetha, for some closed term <, -F(t) isin E, ~ A_. Because E_ satidfies clause xii),
=(vVv)F(v) must bein E_. Since =F(t) isn'tin A_,~ =F(t) must not bein E_. So F(t) must not be in
E.. This means tha clause xi) can't put (vv)HV) into E_, and so clause x) can't put - = (YV)F(v)
into E.. So ~(VV)F(V) isTtinA._.

This shows that E_ and A_ are digjoint. We now need to show that (E_,A.) isafixed poirt.
We do this by proving, by induction on the complexity of P, that, for any sentence P, we have:

Pc E_ iff Pistruein (N,(E.,A.))
Pc A, iff Pisfdsein (N,(E.,A.))

That is, we assume, as inductive hypothesis, that these conditionshold for all sentencessimpler
than P, and show that they hold for P. There are six cases:

Case 1. Phastheform t = p. Then
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PeE.

iff Pis put into E, by dausei)
iff Den(t) = Den(p)

iff t = pistrue in (N,(E_,A.))
iff Pistruein (N,(E.,A.)).

This verifiesthe first clause. For the second, we have:

PecA.

iff =P e E,

iff -Pisput into E_ by dauseii)
iff Den(t) = Den(p)

iff t = pisfdsein (N,(E.,A.))
iff Pisfdsein (N,(E.,A.))

Case 2. Phastheform t < p. Similar.
Case 3. P hasthe form Tr(t). We have

PcE.

iff Pisput into E_ by clauseii)
iff Den(t) iSin E,

iff Tr(z) istruein (N, (E.,A.))
iff Pistruein (N,(E.,A.))

We get the second clause as follows:

PeA_

iff =P e E,

iff sPisput into E, ether by clausevi) or dause vii)

iff either Den(t) isn't a sentence or Den(t) isasentence whose negationisin E,
iff Den(t) € { nonsentences} u {sentences S: -Se E_}

iff Den(t) € A,

iff Tr(z) isfasein (N,(E.,A.))

iff Pisfasein (N,(E.,A.))

Case 4. Phastheform (Q A R). We have:

PeE,

iff Pis put into E, by clause viii)

iff Qand RarebothinE,

iff Q and R are both truein (N,(E.,A.)) (by inductive hypothesis)
iff (Q A R)istruein (N,(E.,A.))
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iff Pistruein (N,(E.,A.))
For falsity, the argument goes like this:

PcA,

iff =P e E,

iff =Pisput into E_ by clauseix)

iff either -Q or =RisinE_

iff either Qor Risfdsein (N,(E.,A.)) (by inductive hypothesis)
iff QA R)isfdsein (N,(E.,A.))

iff Pisfasein (N,(E.,A.))

Case 5. P has the form =Q. For truth, the argument is as follows:

PeE,

iffQe A,

iff Qisfasein (N,(E.,A.)) (by inductive hypothesis)
iff =Qistrue in (N,(E.,A.))

iff Pistruein (N,(E_,A)))

Here€'s the gory for fdgty:

PcA.

iff-Pe E,

iff = —IQ € Ew

iff = = Qisplaced into E, by clause x)

iffQe E.

iff Qistruein (N,(E.,A.)) (by inductive hypothesis)
iff -Qisfasein (N,(E.,A.))

iff Pisfdsein (N,(E.,A.))

Case 6. P hasthe form (vv)F(v).

PecE,

iff clausexi) puts Pinto E,

iff, for every closed term =, F(z) isin E,

iff, for every closed term =, F(z) istruein (N,(E.,A.)) (by inductive hypothesis)
iff (vv)F(v) istrue in (N,(E.,A.))

iff Pistruein (N.(E.,A.))

For falgty,
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PeA_

iff =P e E,

iff =Pisput into E, by clause xii)

iff, for some closed term ¢, =F(7) isin E,

iff, for some closed term =, F(t) isin A,

iff, for some closed term =, F(z) isfasein (N,(E.,A.)) (by inductive hypothesis)
iff, (vW)F(v) isfdsein (N,(E.,A.))

iff Pisfdsein (N,(E.,A.))

Thisshows that (E_,A.) isafixed point. It is easy to check that, if (E,A) is another fixed
point, E satisfies conditions i) - xii). Consequertly, E. < E, and (E.,A.) isthe smallest fixed point.

V. Other Fixed Points

There are many fixed points other than the smallest. To ger other fixed points, we use the
following:

Theorem. Given nonoverlapping sets D, and B, with D, c { sentences true
in (N,(Dy,B,))} and B, = { nonsentences} u {sentences fdse in
(N,(Dg,By))} - There exigs afixed point (D_,B_.) withD,< D_and B, < B..

The pair (D_,B.) we construd will, in fact, be the amallest fixed point that extends (D,,B,). That
IS, it isafixed point extending (D,,B,) that isincluded inevery other such fixed poirt.

The condruction of (D_,B_.) will reeemble the construction of (E_,A.), with the small
changes required to ensure that D, is in the extension and B, in the antiextengon. D, will be the
smallest set of sentences that meets the following eleven conditions:

a) If Den(t) = Den(p),thent=p e D_.

b) If Den(t) = Den(p),then-t=p e D..

C) If Den(t) < Den(p),thent<peD..

d) If Den(t) «+ Den(p),then-t<peD_.

e) If Den(t) € D_ or Den(t) € D, then Tr(t) € D..

f) If Den(z) isn't a sentence or Den(t) isa sentence whose negationisin D, or
Den(t) € B, then —Tr(x) € D..

0) If PandQ areinD_, (PA Q) isinD..

h) If either =P or -QisinD_, =(PA Q)isinD..

) If PisinD_, sois—=P.

) If, for every closed term ¢, F(t) isinD_, (VV)F(V) isinD_;

k) If, for some closed term <, =F(<) isin D_, =(vV)F(v) isinD..

B. is defined to be { nonsertences} u {sentences S: -Se D_}.
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The proof that (D.,B.) isafixed point islong and tedious, and it doesn’t involve any new
ideas not aready found in the proof that (E.,A.) isa fixed point, so | won't giveit here. Here I'll
give only a sketch. The hard part will be to show thet D_ and B_ are digoint. The proof is tricky,
just because, if you don't provethingsin just the right order, the proof gets bogged down.

Lemma 1. All the sentencestruein (N,(D,,B,)) arein D_, and al the
sentencesfalsein (N,(D,,B,)) areinB..

The proof is by induction on the complexity of sentences. Oncewe havelLemma 1, we'll know
that D, D_and B, c B..

Lemma 2. No member of D_ isfalsein (N,(D,,B,)).

We show thisby proving tha D, ~{sentencesfasein (N,(D,,B,))} satisfies conditions g through
k). We use both Lemma 1 and Lemnma 2 to prove:

Lemma 3. D_ and B, are dgoint.

Theproof of Lemma3 consists in showing that D, ~ B_ satisfies conditions @ through k). Once
we have Lemma 3, an induction onthe complexity of sentences proves tha, for any sntence P,
we have:

Pe D, iff Pistruein (N,(D_,B.))
Pe B, iff Pisfasein (N,(D_,B.))

Our smallest fixed point, (E.,A.), iswhat we get in the specid caseinwhich D, = 2 and
B, = . There are other fixed points too. For example, take T to be a Truthteller, sothat T with T
semanticdly equivdent to Tr([*T-]). In the smallest fixed point, T is neither true nor false.
However, in the fixed poirt obtained by stting D, = {T} and B, = @, T will be true. In the fixed
point obtained by setting D, = ¢ and B, = {T}, T isfalse.

Let T, T,, and T, be three different Truthtellers. Thensetting D, = {T,) and B, = {T,}
will give us afixed point inwhich T, istrue, T, false, and T, unsettled. On the other hand, if L isa
Liar sentence — L is semantically equivdent to =Tr([*L-]) — L isunsettled in every fixed point.

How do we get our three Truthtellers?Let V(x,y) abbreviate the following formula:

(32)(zistheresult of substituting [y] for free occurrences of “y” inthe formula
whose Gddel number isx A Tr(z))

Usethe Self-Referentid Lemmato find aformula U(y) tha issemantically equivalent to
V([*U(y)-1.y), and let our three Truthtellers be U([1]), U([2]), and U([3]). T his procedure gives
us infinitely many Truthtellers. If R and S are subsets of our infinite set of TruthtellerswithRn S
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= o, we canfind afixed point in which al the membe's of R ae true, all the members of S ae
fase, and the rest of our Truthtellers are al undecided.

V. TheClassical Logic Version

The version of the Kripke construction we' ve been looking at so far does a good job at
untangling complicaed sdf-reference, but it has a hard time with simple generalizations. For
example, the apparently harmless stat ement “(vx)(Tr(x) - Tr(x)),” which says, “Every true
sentence isatrue sentence,” is shoved into the ggp between truth and fasty.

Kripke gavean alternative construction that avoids thiskind of problem. The new
congruction (which is based upon an idea of Bas van Fraassen) Treatsa sentence Pas truein
(N,(E,A)) iff Pistrue in every classcal modd (N,S) withE < Sc N ~ A. Theproof that there are
fixed points continues to work with this aternative way of handling truth-value gaps.. The
dternaive condruction treats al the sentences regarded as valid by classcal logic as true, and it
treatsevery dassical consequenceof true sentences astrue. It has the odd feature that a
digunction can be true without either digunct being true An exampleis(L vV -L), whereL isthe
Liar sentence. So we give up the very simple and natural picture of how the truth and falsity of a
complex sentence isgrounded in the truth or falsity of its simple components, but in return we get
to count as true harmless generalizations like “ All true sentences ar e true sentences,” that aren’t
implicated in the Liar paradox.
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