18.085 HOMEWORK 2 SOLUTIONS - SUMMER SESSION 2011

1.4.6. Integrating —u” = 6(z — a) from 0 to 1, we obtain «’'(0) — /(1) = 1. Thus, the boundary
condition «'(0) = u/(1) can never be met.

1.4.7. Integrating —u” = §(z —3) — 0(z — %) twice, we obtain u(z) = R(z—2)— R(z— )+ Cz+D.
Now «/(0) = 0 and «/(1) = 0 imply C' = 0. Since D can be anything, we have infinitely many solutions:
w(z) = R(x — %) — R(z — §) + D.

1.4.8. From 1.4.7, we know u has the form v = R(z — 2) — R(z — 1) + Cz + D. The periodic
boundary conditions u(0) = u(1),v/(0) = «’(1) imply D = —% + C' + D, i.e. C = —3. A particular
solution can be obtained by setting D = 0: upere = R(z — %) — R(x — %) - %x Unyy 18 the general
solution to —u”" = 0 with periodic boundary conditions, i.e. un,y = D (constant).

1.4.12. The complete solution to u”” = §(z) is u(zr) = C(x) + a + bx + cx? + d2® (upuy =
a + bx + cx? + dz3 is the general solution to u”” = 0). We have

u(l)=a+b+c+d+ ¢

a+ bx + cx? + dx3 <0 u(-1)=a—b+c—d

" W'(1) =2+ (6d + 1)
u’(—1) =2c—6d

u(x) = -
(@) {a+bx+cm2+dac3+éx3 x>0

Now the boundary conditions u(1) = u(—1) = u” (1) = v”(—1) = 0 imply (after some computations)
a= %,b:O,CZ —i,d: —1—12.

1.5.2. We have 2sinmh — sin27h = 2sinwh — 2sinmhcoswh = 2sinwh(l — cosmh). Thus, A =
2 —2cosmh.
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1.5.12. We have A = 0 )\2}_[0

1 1 2 0 1 -1 1
a=lo 1l 2] le 3]=10
4
0

1.5.23. The eigenvalues of A = [

1772 —27 [2 3
1 0 5 | |0 5[
:13] are Ay = 4,y = 1. Solving (A — 4I)x = 0 we find an

eigenvector corresponding to A\i: x1 =

4 3
: du :
Solutlon to dat = |: 0 1 :| u 18

]. Similarly, for Ao we get xo = [ _11 } The general

4t t
u = creMlzy 4 cgettpy = ae C—Fefz@ ] The initial condition u(0) = [ 52 ] would imply
o _

co = 2,¢1 = 3 (for our choice of z1,x3).

1.5.25. The system can be written as

alol=2 7]

6 —2

A is the coefficient matrix A = [ 9 1

} . Its eigenvalues A1, Ay satisfy A\{ + Ao =trd =7, \1 o =

det A = 10, hence A\; = 2, Ay = 5. We find corresponding eigenvectors xy = [ ; } , Tg = [ ? } Hence

c16%t + 2¢qe

r
the solution has the form = creMiy coeMlyy =
[ w ] ! L+e 2 2c1€%t + cqed?

} The initial condition

1



18.085 HOMEWORK 2 SOLUTIONS - SUMMER SESSION 2011 2

r(0) 1 _[307. .. o r(t) | [ 10e* + 20e> .
{ w(0) } = [ 30 ] implies ¢; = c2 = 10, hence { w(t) | T | 202 +10e5t | When ¢ is large, the
r(t) . 20e” _ 2

5t : 2t 2
e’" term dominates e**, hence W) ~ T0et = 1

1.6.9. We perform row elimination on the given symmetric matrices:
1 b lag=0b |1 b N 10 . 1 0 1 0 10
b 9 — 0 9-0b2 b 9 - b 1 0 9-0b° 0 1

P e N R b B PR | S I

The matrices are positive definite if and only if their pivots are all positive, i.e. if —3 < b < 3 and
c> 8.
1.6.13. The entries of S can be found as the coefficients of the polynomial on the right hand side:

4 -4 8
sy = coef f(2?),si; = Lcoef f(x;x;). Hence S = | =4 4 =8 |. All rows are multiples of each
8§ =8 16

other, hence there is only one (non-zero) pivot in the top left corner of S: 4. In particular, S has rank
1, hence S has only one non-zero eigenvalue which can be found from the trace of S: A\; = 24. The
determinant is 0. The rank of S can also be read from the right hand side as the number of squared

terms (one).



