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1.6.28. Solving 0 1 1 x; = A\x;, we find the eigenvectors of the KKT matrix. The
-1 1 0
1 1 1
following eigenvectors have unit length: z; = % 1 |,20= % -1 | ,z3 = % —1 | . Hence,
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one expects

This can identity can be checked directly.
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— [ 2 1 } whose eigenvalues satisfy A\; + Ao =

1 2

1
1.7.18. We have AAT = 110 1
01 1 0

1

4, A1\ = 3. Hence they are A\; = 3, Ao = 1. The singular values of A are the square roots of these:
o1 =V3,00=1.

Solving AATz; = M\jz;, we find the following unit eigenvectors of AAT: z; = % [ 1 } , Ty =

1 1
% [ _11 } which gives U = f _\/i 1 We know that A1, A2 are the non-zero eigenvalues of
V2 V2
1 10
ATA= |1 2 1 |. Hence the third eigenvalue A3 = 0. One finds the corresponding unit eigenvec-
0 1 1
1 1 1
1 1 1 @ 7 7§
tors of AT A: v1:% ? ,1)2:% O1 ,’1)3:% —11 , which give V' = @ O1 —1%
B V6 V2 VB
We compute
X ) 1 2 1
psvt - | o [[VBoo g A
N I
Vi V3 B
1 1 1 1
_ VoY 7z V2 WG _ 1 1 0 _4
RS O oy A 01 1 '
V2 V2 V2 V2
1.7.20. Avy = uq, ..., Av, = u, imply AV = U, where V = [ V1 ... Up } U = [ UL e Uy ]

These U,V are orthogonal matrices, since uq, ..., u, and vy, ..., v, are orthonormal bases of R"™. Hence,
multiplying both sides of AV = U by V~! = VT on the right, we obtain A = UVT = UI,VT. This is
the singular decomposition of A, and the singular values are all 1.
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2.1.5. For the fixed-fixed case with 3 masses and 4 springs, the difference matrix is A = -1 jl
c1 +c2 —C2 0 2 -1 0
and the stiffness matrix is K = ATCA = —Co Cco + c3 —c3 =c| -1 2 —1|. The
0 —C3 c3+ ¢y 0 -1 2
mg
force vector coming from gravity is f = | mg |. Hence the mass displacements are
mg
mo | 3 21 1 m ]
u=K_1f=4—g 2 4 2|1 _2—5’
“l1r 231 “13]
7 3mg
S0 oL f2] ]
The reaction forces in springs are given by w = CAu = 0 11 4| = g
- 2
0 0 -1 | 3 *32’"9
The reaction force on top of spring 1 is w; = 37;—9 and on the bottom of spring 4, wy = —37”79. w1 |+|wa2]
balances the total force from gravity 3mg.
2.1.6. For the fixed-free case, we have
c1 + co —Co 0 co+1 —Co 0
K = —C2 co + C3 —C3 = —C2 co + 1 -1 .
0 —C3 C3 0 -1 1
1 3 1 3
Forco =10, wefindu=K"'| 1 | =]32|.Forca=100,u=K"1'| 1 | =1 3.02 |. If we
1 4.2 1 4.02
3
let co — oo, we see that the displacements tend to | 3 |, which makes sense, because masses 1 and
4
2 would essentially be glued together.
2.1.7. For the fixed-fixed case, we have
c1+ co —Co 0
K= —Co Co + c3 —C3
0 —cC3 c3+ cCa
1 0 0
With ¢; = ¢3 = ¢4 = 1,¢co = 0 this becomes K = 0 1 —1 |, which is invertible and
0o -1 2
1 1
wu=K"'| 1| =13 |. Physically, weakening spring 2 breaks the problem into two subproblems:
1 2

a fixed-free with mass 1 hanging on spring 1, and a free-fixed with masses 2,3 and springs 3,4.

2.2.5(a) The derivative of |[u(t)]|® is 2uyu) + 2upuly 4 2usul = 2uy (cuy — bus) + 2us(aus — cuy) +
2us(buy — aug) = 0. Hence ||u(t)|” is constant, and in particular, |lu(t)|* = |lu(0)]>.
2.2.6. Equation (24) reads
At At
2 AU, = U, + 2 AU,
2 Tt 3
Taking dot products of both sides with U, 41 + U,, we obtain

UnJrl -
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At At
(Un+1 — 7AUTL+1) . (Un+1 + Un) = (Un + ?AUn) . (Un+1 + Un) =
At At
Un+1 . Un+1 - 7AUn+1 . Un+1 + Un+1 . Un - 7AUn+1 . Un -

At At
Up - Upt1 + ?AUn Upy1 + U, - Up + ?AUn Uy,

But AT = —A implies that for any vectors u, v, we have Au-v =u-ATv = —u-Av=—Av-u. In
particular, Au - u = —u - Au, which implies Au - u = 0.
Hence the above equation simplifies to

Un+1 . Un+1 == Un . Un = ||Un+1||2 - ||UnH2 .

2.2.8. Using Google’s calculator, one finds (1 + h?)32 ~ 3.355205. Using lim,_o(1 + 2)'/* = ¢, we
find

2mh
lim (1 4+ h%)**/" = lim ((1 + h2)1/h2) = lim > = 1.
h—0 h—0 h—0

A backward Euler step is given by
Upt1 = Up+ bV
Vn+1 = Vu-— hUn+1
In other words, U, = Upy1 — hVii1, Vi = Viup1 + hUp 1, 1e. (Up, V4) is related to (Upy1, Vat1) by

a Forward Euler step with h replaced by —h. Hence
1

2 2

U+ V2 =04 (—h))Ur + Vi) = U + Vi =



