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1. Find x — y, given that 2% = y* + 24, 22 + 4> =6, and v + y = 3.
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2. Find log, (%) log, 4 (%) -+ - log, (l) in terms of n.

n
loga

Solution: Using log: = —logz and log,a = =,

we get that the product equals

(—log2)(—log3)---(—logn) __ n—1
glogn---l(g;g?)log;Q B = (_]‘) )

3. Calculate the sum of the coefficients of P(x) if (202%7 + 22 + 1) P(x) = 200122°L.
Solution: The sum of coefficients of f(x) is the value of f(1) for any polynomial f.

Plugging in 1 to the above equation, P(1) = 23t —=87].

4. Boris was given a Connect Four game set for his birthday, but his color-blindness makes
it hard to play the game. Still, he enjoys the shapes he can make by dropping checkers into
the set. If the number of shapes possible modulo (horizontal) flips about the vertical axis of
symmetry is expressed as 9(1 4+ 2+ ---+n), find n. (Note: the board is a vertical grid with
seven columns and eight rows. A checker is placed into the grid by dropping it from the top
of a column, and it falls until it hits either the bottom of the grid or another checker already
in that column. Also, 9(1 + 2 + - - - + n) is the number of shapes possible, with two shapes
that are horizontal flips of each other counted as one. In other words, the shape that consists
solely of 3 checkers in the rightmost row and the shape that consists solely of 3 checkers in
the leftmost row are to be considered the same shape.)

Solution: There are 97 total shapes possible, since each of the 7 columns can contain
anywhere from 0 to 8 checkers. The number of shapes symmetric with respect to a horizontal
flip is the number of shapes of the leftmost four columns, since the configuration of these
four columns uniquely determines the configuration of the remaining columns if it is known
the shape is symmetric: 9*. Now we know there are 9 — 9* non-symmetric shapes, so there

are 97;94 non-symmetric shapes modulo flips. Thus the total number of shapes modulo flips

is 94 + 97;94 _ ot (1 + %) =9 (93;1) _ <38(36_1) _ 936(3;+1) _ 9(1 NI, ST 36)’ 0

3
n=3%=729|

5. Find the 6-digit number beginning and ending in the digit 2 that is the product of
three consecutive even integers.

Solution: Because the last digit of the product is 2, none of the three consecutive even
integers end in 0. Thus they must end in 2, 4, 6 or 4, 6, 8, so they must end in 4, 6, 8 since 2-4.-6



does not end in 2. Call the middle integer n. Then the product is (n —2)n(n+2) = n® —4n,
so n > v/200000 = v/200 - 103 ~ 60, but clearly n < v/300000 = /300 - 103 < 70. Thus
n = 66, and the product is 663 — 4 - 66 = 287232 |.

6. There are two red, two black, two white, and a positive but unknown number of blue
socks in a drawer. It is empirically determined that if two socks are taken from the drawer
without replacement, the probability they are of the same color is % How many blue socks
are there in the drawer?

Solution: Let the number of blue socks be x > 0. Then the probability of drawing a
red sock from the drawer is F and the probability of drawing a second red sock from the
drawer is +916_1 = 54_%, so the probability of drawing two red socks from the drawer without
replacement is m. This is the same as the probability of drawing two black socks
from the drawer and the same as the probability of drawing two white socks from the drawer.
The probability of drawing two blue socks from the drawer, similarly, is &. Thus the

+z)(5+x)
probability of drawing two socks of the same color is the sum of the probabi ities of drawing

two red, two black two white, and two blue socks from the drawer: 3 G H) G H) + (Gi%(}ﬁx) =
22 —z+46

Gra)ra) = 5. Cross-multiplying and distributing gives 522 — 5z + 30 = 22 + 11z + 30, so
4x% — 162 = 0, and 2 = 0 or 4. But since x > 0, there are |4 | blue socks.

7. Order these four numbers from least to greatest: 5°¢,10%1, 1735, 3128,
Solution: 105" > 951 = 3102 — 2734 > 1735 > 163%° = 3228 > 3128 > 2528 = 5% 5o the

ordering is | 5°¢, 3128, 1735, 10° |.

8. Find the number of positive integer solutions to n* + n¥ = n® with n* < 2001.

Solution: If n = 1, the relation can not hold, so assume otherwise. If x > y, the left
hand side factors as n¥(n” Y + 1) so n* ¥ + 1 is a power of n. But it leaves a remainder of 1
when divided by n and is greater than 1, a contradiction. We reach a similar contradiction
if y > 2. Soy =z and 2n” = n*, so 2 is a power of n and n = 2. So all solutions are of the
form 2% + 2% = 2+ which holds for all z. 22! < 2001 implies < 11, so there are
solutions.

9. Find the real solutions of (22 + 1)(3z + 1)(5z + 1)(30x + 1) = 10.
Solution: (2z + 1)(3z + 1)(5x 4+ 1)(30x + 1) = [(2z + 1)(30z + 1)][(3z + 1)(bx + 1)] =
(6022 4 32x + 1)(152% + 8z + 1) = (4y +1)(y+1) = 10, where y = 152% 4+ 8z. The quadratic

equation in y yields y = 1 and y = —3. For y = 1, we have 1522482z —1=0,s0 x = 4?/3—1.
For y = —%, we have 1522 + 8z + Z Wthh yields only complex solutions for x. Thus the real

solutions are

—4++v31
15 '




10. Alex picks his favorite point (x,y) in the first quadrant on the unit circle 22 +y* = 1,
such that a ray from the origin through (x,y) is 6 radians counterclockwise from the positive
z-axis. He then computes cos™ (@) and is surprised to get #. What is tan(f)?

Solution: = = cos(f), y = sin(d). By the trig identity you never thought you’'d need,
23 — cos(f — ¢), where ¢ has sine 3/5 and cosine 4/5. Now 6 — ¢ = 6 is impossible, since

5
¢ # 0, so we must have § — ¢ = —0, hence § = ¢/2. Now use the trusty half-angle identities

to get tan(6) :.



