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Calculus Test: Solutions

1. A nonzero polynomial f(z) with real coefficients has the property that f(z) = f'(z)f"(x).
What is the leading coefficient of f(x)?

Answer: 1—18

Solution: Suppose that the leading term of f(x) is cz™, where ¢ # 0. Then the
leading terms of f’(z) and of f”(z) are cnz™ ! and cn(n — 1)x™ 2, respectively, so
cx™ = cnz™ ' en(n — 1)2™~2, which implies that n = (n — 1) + (n — 2), or n = 3, and

— 1.2 _ 1
c=cn-cn(n—1)=18¢, or c = 3.
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2. Compute lim -
=0  sin(z?)
Answer:
Solution: Let’s compute all the relevant Maclaurin series expansions, up to the

quadratic terms:
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TCOST =T+ ..., ezcos‘”:1+x+§x2+..., sin(z?) = 2* + ...,
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lim —————— = lim *—— = —.
z—0  sin(x?) a—0 2+ ... 2

3. At time 0, an ant is at (1,0) and a spider is at (—1,0). The ant starts walking
counterclockwise along the unit circle, and the spider starts creeping to the right along
the z-axis. It so happens that the ant’s horizontal speed is always half the spider’s.
What will the shortest distance ever between the ant and the spider be?

Answer: —V414

Solution: Picture an instant in time where the ant and spider have x-coordinates a
and s, respectively. If 1 < s < 3, then a < 0, and the distance between the bugs is at
least 1. If s > 3, then, needless to say the distance between the bugs is at least 2. If
—1 <5 <1, then s =1 — 2a, and the distance between the bugs is

Via—(1-2a)2+(1-a) =8 —6a+2= w

which attains the minimum value of 1/7/8 when a = 3/8.
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4. Compute Z o
k=1

Answer: 15e
Solution: Define, for non-negative integers n,

S, = i
k=0
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where 0° = 1 when it occurs. Then Sy = e, and, for n > 1,
e’} 00 %) o0 n—1
k™ k™ ) (k + 1 n—1

S et w ()
so we can compute inductively that S; = e, Sy = 2e, S3 = be, and Sy = 15e.
. Compute

/ ! dx
0 VT+ T

Answer: 5—6In2
Solution: Writing 2 = 4% so that dv = 6u’du, we have

/1 dx B /1 6u’du
0 \/E‘i‘% N u3—|—u2
_ / wddu
N u+1
1
= 6/ <u —u+1- )du
0 u+1

1) =5—-61In(2)

. A triangle with vertices at (1003, 0), (1004, 3), and (1005, 1) in the zy-plane is revolved
all the way around the y-axis. Find the volume of the solid thus obtained.
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Answer: 502071
Solution: Let T' C R? denote the triangle, including its interior. Then T’s area is
5/2, and its centroid is (1004,4/3), so

/ rdrdy = > - 1004 = 2510.
(2.9) 2

We are interested in the volume

/ 2mx dx dy,
(z,y)eT

but this is just 27 - 2510 = 50207.

. Find all positive real numbers ¢ such that the graph of f : R — R given by f(z) =
2% — cx has the property that the circle of curvature at any local extremum is centered

at a point on the z-axis.

Answer: ‘/7§

Solution:  The equation 0 = f’(z) = 3z% — ¢ has two real roots: ++/¢/3. Let
a:=+/c/3. As f"(—a) = —64/c/3 < 0, f has a unique local maximum at r = —a.



Because f has half-turn symmetry about the origin, it suffices to consider this local
extremum. The radius of curvature at any local extremum is

(z) 1 1
r(x) = = )
|[f"(x)] 6]
so the condition in the problem is equivalent to
r(—a) = f(—a)
1
e —a(a® — ¢)

1 = 6a*(c — a®) = 2¢(2¢/3)
c=1/3/2.

. Compute

w/3
/ rtan®(z)dx
0

2
Answer: %ﬁ — = —In2

Solution: We have

w/3 /3 1
/ rtan®(z)dr = / x (—1 + T) dx
0 0 cos?(x)
2 w/3+/7r/3 xdx
» Tl e

w/3
+ <x tan(z)

2
2

0 0

2

_ _% + ztan(z) 4 In |cos(z)]

. Compute the sum of all real numbers x such that
220 —32° + 32" + 2% -~ 322 + 32 - 1=0

Answer: —%

Solution:  The carefully worded problem statement suggests that repeated roots
might be involved (not to be double counted), as well as complex roots (not to be
counted). Let P(z) = 22° — 32 4+ 32* + 2® — 32% 4+ 3z — 1. Now, a is a double root of
the polynomial P(z) if and only if P(a) = P’'(a) = 0. Hence, we consider the system

P(a) =2a° — 3a° + 3a® + a* — 3a®> +3a — 1 =0
P'(a) = 12a° — 15a* + 12a* + 3a* — 6a + 3 = 0
— 3a* +8a® — 15a> + 184 — 7 =0

37a® — 57a* + 57a — 20 = 0

a?—a+1=0




10.

We have used polynomial long division to deduce that any double root must be a root
of a® —a+1! With this information, we can see that P(x) = (22 —z+1)?(22° + 2 —1).
The real roots are easily computed via the quadratic formula, leading to an answer of
—%. In fact the repeated roots were complex.

Suppose [ and g are differentiable functions such that

for all real . Moreover, f is nonnegative and ¢ is positive. Furthermore,

672(1
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/ " Flo(@)dr =1-

for all reals a. Given that g(f(0)) = 1, compute the value of g(f(4)).

Answer: ¢ % or 145

Solution: Differentiating the given integral with respect to a gives f(g(a)) = e 2.
Now

LA (@) fe(@)g'(@) _ g'(f@)f'(z) _ dn(g(f(z)))]

= =

dx flg(x)) g(f(=) dx

where the second equals sign follows from the given. Since In (f(g(z))) = —2z, we have
—224+C =1In(g(f(2))), so g(f(x)) = Ke . It follows that K = 1 and g(f(4)) = e~ 'S.




