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Abstract

To address the needs of modeling uncertainty in sensitive machine learning applications, the
setup of distributionally robust optimization (DRO) seeks good performance uniformly across
a variety of tasks. The recent multi-distribution learning (MDL) framework [AHZ23] tackles
this objective in a dynamic interaction with the environment, where the learner has sampling
access to each target distribution. Drawing inspiration from the field of pure-exploration multi-
armed bandits, we provide distribution-dependent guarantees in the MDL regime, that scale
with suboptimality gaps and result in superior dependence on the sample size when compared
to the existing distribution-independent analyses. We investigate two non-adaptive strategies,
uniform and non-uniform exploration, and present non-asymptotic regret bounds using novel
tools from empirical process theory. Furthermore, we devise an adaptive optimistic algorithm,
LCB-DR, that showcases enhanced dependence on the gaps, mirroring the contrast between
uniform and optimistic allocation in the multi-armed bandit literature.
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1 Introduction

Classical statistical learning operates under the assumption that data comes from a single source
[HTF09]. However, the growing use of machine learning in safety-critical applications has brought
forth the demand for more robust models that address stochastic heterogeneity. One well-established
paradigm is distributionally robust optimization (DRO) [RM22], which seeks good performance
uniformly across a collection of distributions. Concretely, let A and X be decision and data spaces,
respectively, and suppose that data is sampled from a distribution within some wuncertainty set
U C P(X). Then, under a target reward function r : A x X — R, DRO focuses on the problem

maoe { o (@) = min B r ()1} (DR)
Recent works [BHPQ17, SKHL20, HJZ22] have studied the setting of finite &/ and tackle it via
interactive dynamics with the environment. More precisely, the emergent multi-distribution learning
(MDL) framework [AHZ23] assumes sampling access to U, where a learning agent sequentially
selects which distributions to sample from given a fixed sampling budget.

The current literature is populated with distribution-independent rates; i.e., bounds that are
independent of problem parameters. While broad in its applicability, this approach falls short in
capturing the nuances of the underlying environment. Oftentimes, it is more intuitive to analyze
the learner’s performance in a fixed setting, as opposed to considering a worst-case instance for



each sample size. When domain knowledge is available, a “one-size-fits-all” rate does not provide
any insight on how to take advantage of this information.

To address these drawbacks, in this work, we study distribution-dependent guarantees for the
MDL problem. Motivated by its close ties to the well-studied pure exploration multi-armed ban-
dits (PE-MAB) [BMS11] paradigm, we analyze the simple strategies of uniform and non-uniform
exploration, as well as their optimistic counterpart, ensuring regret guarantees that scale with
suboptimality gaps and decay much faster with the sampling budget.

1.1 Main results

We place MDL algorithms into one of two categories: non-adaptive and adaptive. In the former,
data is collected without any interaction with the environment and, in the latter, the learner
sequentially selects distributions based on previously acquired samples. We introduce two strategies
of the non-adaptive type: uniform (UE) and non-uniform (NUE) exploration (Section 3). As
the names suggest, UE gathers the same number of samples from each distribution, while NUE
can benefit from varied sample sizes. Using tools from empirical process theory, we provide non-
asymptotic regret guarantees that scale with the suboptimality gaps of the problem and decay
exponentially with the sampling budget T' (Section 3.1). This stands in contrast to the distribution-
independent rates found in the recent literature, which hold under a worst-case environment and,

thus, only scale with O (%) From a novel Bernstein-type concentration inequality, we then show

how NUE can exploit distributional variability to allocate samples more effectively (Section 3.2).

While the non-adaptive methods already display exponentially decreasing regret, adaptivity can
further improve the dependence on instance-specific variables. Motivated by the enhancements of
UCB-E [ABM10] over uniform exploration in the PE-MAB literature, we introduce the analogous
LCB-DR algorithm (Section 4) and showcase how optimism can result in superior dependence on
the suboptimality gaps when compared to UE (Section 4.1).

Let Apg (a) '= maxyea ppr (') — ppr (a) be the suboptimality gap of an action from a finite
set A. Given an algorithm, we denote its output after 7" sampling rounds by A%.. In short, we make
the following contributions:

e With n € N samples from each distribution, we show that UE has a simple regret decay of
order

E [Apr (A7)] £ > Apr(a)exp (-nApg (a))
a€A:Apr(a)>0

e /U] log (U] A
Moreover, we present the distribution-independent rate E [Apg (A%)] S w.

e With ng € N samples from distribution @ € U over real-valued data, we show that NUE
attains the rate

Abg (a)
E[Apr (A7) S >, Apr(a)exp | — PR
aEA:ADR(a)>0 U% + E% +Vr + Dr(a)

mingey nQ

where 0%, %2 and Vr are empirical process variance quantities that scale with the variances
of each @ € U and decrease with the ng.



e Appealing to the principle of optimism, we devise the LCB-DR algorithm that, in a pre-
specified permutation of the arms (al, as, ..., aw), for j =1,...,|A|, sequentially performs
a modified version of UCB-E, for T; rounds, on “losses” {r (a;, XQ)}QEM’ where Xg ~ @Q, as
a means of identifying the worst-case distribution for a;. We show that this guarantees an
error probability of

|A] C2 A1) (Ty + T — |t
P(Apr (A3) > 0) S exp —( H)J(FL_QJ J)
J

j=1 aj,min

Potentially of independent interest, this bound results from an analysis of UCB-E under a
learner with previously acquired data (see Appendix D). This produces the additional Tj term,
denoting the count of pre-collected samples from a subset ¢; C U of the distributions. It also
enhances the complexity measure H;, which aggregates the distribution suboptimality gaps
Ay, (Q) = E[r(a;,Xq)] — mingrey E[r (a;, Xq)], with Ay, min being the smallest positive
one, only over ) € U; rather than all of U, as is found in the standard analysis. Mirroring
the MAB literature, we contrast this bound with that of UE, showing that the comparison is
captured by C,, defined in Section 2.2.

For ease of exposition, we removed constants and terms decreasing with 7" inside the exponential, as
well as any quantities outside of it. The formal statements are deferred to the appropriate sections.

1.2 Related work

The predominance of machine learning in society has highlighted the need for robust models that
maintain high-quality performance in a multitude of scenarios. Given the inherent uncertainty
in identifying the environment, much attention has been given to the problem of learning under
distribution shifts [BDBCT09, MMRO09], where training data may not necessarily be sampled from
the target distribution. To tackle this, several works [VNST18 ZMV™21, SKK21] have applied
the framework of DRO [Scab8, DY10, BTAHW™13] by assuming that the shift occurs within a
neighborhood U of some nominal distribution, typically generating data, and solving (DR). There
are many ways to construct U and optimize the objective, and we refer to [SDR21, RM22] for a
thorough review.

A more recent line of work has specialized to finite and unstructured U = {Q1, ..., Qx}, under
sampling access to each distribution. Agnostic federated learning [MSS19] solves (DR) under mix-
tures of U, providing high-probability bounds on the generalization gap of non-uniform exploration
and an algorithm with empirical optimization guarantees. Collaborative PAC learning [BHPQ17]
focuses on binary classification, with the aim of guaranteeing P (Apg (A%) <€) > 1 —J under a
minimal number of samples T'. The original work of [BHPQ17] assumes realizability and subsequent
studies [CZZ18, NZ18, CH22, HJZ22] extended results to the agnostic case and gave improved rates,
along with sample-complexity lower bounds. [AHZ23] later solidified the theory and posed several
open problems, some of which were recently addressed in [Pen23, ZZC™*23] via optimal algorithms.

In this work, we turn our attention to the simple regret E [Apg (A%)]. For finite decision sets

A, an integration of the tails reveals that the regret achieved by [HJZ22] is O <\/ W).

When A C R? has Euclidean diameter at most B > 0 and, for each x € X, the function r (-, z) is
both convex and Lipschitz, several studies have proposed comparable rates using game dynamics.



Group DRO [SKHL20] ensures a rate of O <k\ / W) and, in the fairness context, [AAK122]

obtains O (%) plus a term that uniformly bounds the generalization gap with high-probability.

Subsequently, [SGJ22] was able to attain O ( B2T+k), showing a matching lower bound, and

[ZZY723] devised strategies with O (\/ W) regret and additionally studied the setting with

distribution-specific sampling budget constraints.

Since the learner does not incur any costs when gathering data, MDL closely resembles PE-MAB
[BMS11] under the fized budget regime, where distributions represent the arms. It is standard in
the MAB literature to distinguish between distribution-dependent and independent rates. The
former typically depends on the suboptimality gaps and scales much faster with 7. In contrast,
the latter holds for worst-case environments for each T', resulting in slower regret decay. See [L.S20,
Ch. 33] for an in-depth discussion. In PE-MAB, [ABM10] introduced the UCB-E strategy, which
improves performance relative to the gaps when compared to uniform exploration. Motivated by
these results, we demonstrate analogous faster distribution-dependent rates in the MDL setting and
explore a similar contrast between UE and LCB-DR.

2 Preliminaries

Notation. We frequently use the notation [k] := {1,...,k}, where k € N. For a measurable space
X (we will omit the o-algebras), we let P (X) denote the set of all distributions over it. For two
real-valued functions f and g, we let f < g and f 2 g denote inequalities up to universal constants.
Given values a,b € R, we define a V b := max {a, b} and a A b := min {a, b}.

2.1 Multi-distribution learning

Let X be the space where our data lives in and A the space where we make decisions. Given
data Xg ~ @ € P (X), statistical learning aims to maximize the stochastic objective p (a; Q) =
E [r (a,Xq)] with respect to a € A, where r : A x X — R is an underlying reward function. In
the MDL paradigm, we capture distributional uncertainty by assuming that the distributions come
from some uncertainty set & C P (X) and instead aim to solve the distributionally robust (DR)
problem

max {uDR (a) = min (a; Q)}

In particular, we measure the performance of a decision a € A via its suboptimality gap Apg (a) ==
R — MR (@), where pipg = max,e4 ipr (@) is the optimal objective value. Throughout this
work, we operate under the following assumptions.

Assumption 1 (Finite decision/uncertainty sets). |A| =1 and |[U| = k, where 2 < [, k < co.
Assumption 2 (Bounded rewards). The reward function r is bounded in [0, 1].

To solve (DR), we interact with the environment for a total of 7' € N rounds. In each round
t € [T], we (i) select a distribution Q; € U and (ii) receive independent data point X; ~ Q.



After the T rounds, we output a decision A3 € A with the goal of minimizing the simple regret
E [Apr (AS)] or error probability P (Apgr (A%) > 0). The strategies described in this work are of
the form A§ = argmax,c 4 ;7 (a) for an appropriately constructed proxy pu% : A — R.

Remark 2.1: Simple regret v.s. error probability

Note that both performance measures are closely related: since r € [0, 1], we have that
Apr € [0,1] and, thus,

ApR,min P (Apr (A7) > 0) < E [Apr (A7)] < P(Apr (A7) > 0)

where Apr min is the minimal positive gap (see Section 2.2).

2.2 Complexity measures

For each decision a € A, we define its worst performing distribution @} = argmingc, u(a; Q)
and the suboptimality gaps A, (Q) = p(a; Q) — ppr (a). Much of the analysis that follows is
characterized by the minimal positive gaps

ApR,min = min {Apg (a) >0:a€ A} and Agmin =min{A,(Q)>0:Q €U}

These quantities are additionally used to define complexity measures

AADR (‘a) 0t a

Ho= Y AFQ and Co=q ™
ADR,min .
QEU: AL (Q)>0 Ai a=a

for each a € A. In pure exploration bandits, H, is commonly used to characterize the complexity
of identifying the optimal arm (e.g., [ABM10]), which in our setting translates to identifying Q.
The intuition behind C, is that it compares the difficulty of the two tasks we face: when C, <1
for some a # a*, or Apg (a) < Ag min, it is more challenging to rule out a as suboptimal than it is
to identify Q7.

2.3 Algorithmic tools

iid

For each distribution @ € U, let Xo, {Xg)} ~ (@ be a sequence of independent data points.
i=1

For each (¢,a,Q) € N x A x U, we define the e;npirical mean

e (:Q) = S (a.x3)

=1

Under a fixed sampling algorithm, let n; (Q) = ZZ:I

@ is played up to time ¢. The data received is then given by X}

I{Qs = @} denote the number of times that
— X((Qni(Qt))'



3 Non-adaptive strategies

We begin by describing two simple non-adaptive strategies. In essence, both sample a fixed number
times from each distribution in ¢/ and construct a proxy p9. that is the natural empirical version of
upRr- Proofs of the results are deferred to Appendix C.

3.1 Uniform exploration (UE)

The most straight-forward strategy is the idea of uniform exploration (UE) (Algorithm 1). As the
name suggests, we sample the same number n € N of times from each distribution, for a total of
T = nk samples, and form the empirical proxy

Hr (@) = min fin (a; Q)

Algorithm 1 Uniform exploration (UE)

Input: Number of samples n € N
1: Sample n times from each distribution @ € U
2: Construct pu% (a) = mingey fin (a; Q)
Output: A% = argmax,c 4 u5 (a)

Theorem 3.1: UE regret

2
Suppose that n > ( Ale ) log k. Then, the UE algorithm attains the following simple

,min

regret bound:

ADR (a) — 8

2
log k}

E [ADR (A%)] § Z ADR (a) exp —g n

a€A:Apr(a)>0

. 7

With some further manipulation, we can additionally obtain a distribution-independent regret
bound.

Corollary 3.1: UE distribution-independent regret

2
Suppose that n > ( s ) logk. Then, the UE algorithm attains the following

ADR,min
distribution-independent simple regret bound:

i log (k1)
T

. J

E[Apr (A7)] S

3.2 Non-uniform exploration (NUE)

A natural extension of the UE strategy is to sample a different number of times from each distribu-
tion. To address this, non-uniform exploration (NUE) (Algorithm 2) samples ng € N times from



each distribution @ € U, for a total of T' = ZQGM ng samples. Similarly, we define the proxy

wr (a) = 1m0 fing (a5 Q)
Here, we consider real-valued data in X C R and define mean uq = E [Xq] and variance o3, =
Var (Xq) for each Q € U. Additionally, let us sort the sample sizes in increasing order as follows:
0=n@) <n@) < < npy and let Q(;) denote the corresponding distribution in the jth position:
nQ, = n(j)- The regret bound presented will rely on the following variance quantities:

k
Ve = (ng —ng-n)E
=1

max = —5— [XQm - /‘Q<r)]2]

nQ
1 2
$3 = (max— 3 (X§ - o)
T 16121612{( n? — Q ~He
2
o
02 = max —2
Qeu nQ

Lastly, we make use of the quantity G := 8 (% + Lor+/2log k), which we note decreases
with the {ng}.

Algorithm 2 Non-uniform exploration (NUE)

Input: Number of samples {ng},c, C N allocated to each distribution
1: Sample ng times from each distribution Q € U
2: Construct % (a) = mingey fin,, (a; Q)

Output: A% = argmax,c 4 u% (a)

Theorem 3.2: NUE regret

Suppose that  (a, -) is L-Lipschitz for each a € A, and that Apr min > Gr. Then, the NUE
algorithm attains the following simple regret bound:

E [Apr (A7)]

Apg (a) — Gr]?
Y e |——— @ =Gx
a€A:Apg(a)>0 16L2 (207 + X% + 6Vr) + == [ApR (a) — G7]

mingey ng

As intuition suggests, the definitions imply that sampling more from distributions with higher
variance yields better rates. On the other hand, due to the presence of mingey ng in the bound,

it may also be favorable to balance this principle with ensuring that no distribution is significantly
undersampled.



Remark 3.1: Crude bound

Note the variance hierarchy o2, < $2. < V. To unify them and perhaps give a more intuitive
2

guarantee, we note that bounding the max with a sum yields Vp < ZQGL{ :—g, which we can
then substitute all three terms with. However, this results in a linear dependence on k that
we aim to avoid.

\ 7
Remark 3.2: Uniform v.s. non-uniform exploration

logk
n

more easily compare the regret decay of each strategy: ignoring constants, the probability

of selecting a suboptimal arm a € A for UE is approximately =~ exp (—nA%R (a)), while,

As more data is collected and the terms and G become negligibly small, we can

. A2 : .
for NUE, it is ~ exp | ————; DR(")A w— |- Hence, a non-uniform allocation can prove
AT VIt Snoe g
QeuQ
. A
beneficial when o2 + X2 + Vp + ﬁ% <1

4 Optimism

As opposed to the non-adaptive strategies covered thus far, the next algorithm we present makes
sampling decisions as it interacts with the environment. For this analysis, we additionally operate
under the following uniqueness assumption.

Assumption 3 (Unique optima). a* and Q} are the unique optimal decision and the unique
worst-case distribution for a € A, respectively.

As is standard in UCB-style algorithms, for some choice of parameter € > 0, we define index

€

ne (Q)

which represents a lower confidence bound (LCB) on the true mean u (a; Q). At a high-level, the
LCB-DR strategy (Algorithm 3) iterates through each decision a € A and performs a modified
version of UCB-E [ABM10] to identify Q7. The modification takes advantage of the fact that data
sampled in a previous round can be reused for the current one. In essence, we analyze UCB-E when
each distribution starts the game with a certain number of pulls. Intuitively, if some distribution
has already been played sufficiently many times, it will not be played again in this round, yielding
an improved sample complexity.

For completeness, we initiate the procedure by sampling from each distribution once; that is,
ny (Q) =1 for each Q € U. As a result, we define Ty := Tj := k to be the total number of samples

LCB: (Q;a,€) = fin, (o) (a;Q) — V(t,a,Q) e Nx AxU

gathered before the game starts. The inputs to the algorithm are a permutation (a1, ...,a;) of
A, dictating the order in which decisions are iterated through, and index parameters (e1,...,¢€)
satisfying
25
€j 2 %Agﬂ-,min (uj—l - 1) (1)



where
36 <
ug :'= k and U j 3—]€ ]+1 %ZGT(Har+Aa2mm)

r=1
The procedure then works as follows: at each round j € [I],

1. Since we reuse samples from previous rounds, some distributions may already have enough
samples by the start of the current round and, thus, may not be sampled from at all. We
define the following set as a proxy for the arms that will be played in this round:

= {oeufar }inn @< Faar@}u{a,)
Additionally, define

ki =U;|, T;= Z ny,_, (Q) and Hj:= Z A;f Q)
Qe Qeu\{Qz, }

2. Allocate

7, = 30 (H +A2 )—Tj+kj

25 agj, min

samples to this round and let Tj = Zi _o T denote the total number of samples obtained up
to and including round j € [I].
3. For each t = Tj_l +1,..., Tj, sample

Xi ~ Q¢ = argminLCB,_1 (Q; a;, €;)
Qeu

In essence, we play the modified UCB-E for T; rounds on expected rewards {u (a;; Q)}Qeu'
4. Define

Q; -—argénmuw( Q (a;;Q) and w7 (a;) = fi, - (0 )(aj%@j)

Intuitively, Qj and pg. are proxies for Q;j and pupr, respectively.

Finally, after gathering T = Eé‘:o T; total samples, we maximize the proxy objective: Ag =
argmax, ¢ 4 43 (a). By analyzing the optimiality of the modified UCB-E algorithm (see Appendix D),
we can then reach the following conclusion.

Theorem 4.1: LCB-DR error probability

Under Assumption 3 and the parameter lower bound (1), the LCB-DR algorithm attains

10



Algorithm 3 LCB-DR
Input: Initial number of samples Ty = Ty = k, permutation (ay,...,a;) of A and index parameters
(1., €1).
1: for j=1,...,l do
2: Define proxy set U; = {Q e U\ {Q;J} tng,_, (@) < 38 €A, 2 (Q)} U {Q;J} and quantities
kj = |uj|7 Tj = ZQEZ/I~ nTj—l (Q) and Hj = ZQeuj\{QZj} Aaj2 (Q)

Allocate Tj = 2¢; (H + A, 2

fort—T 1+1,...,7; do
Sample Xi ~ Q= argming gy LCB; 1 (Q; aj, ¢5)
end forA R
Define (); = argming <, ﬂnT_j(Q) (a;;Q) and pg (aj) = ﬂnf,(éj) (aj; Qj)
end for ’
Output: A% = argmax,c 4 15 (a)

) — T} + kj samples to this round and let T; = Zi:o T,

3
4
5:
6:
7
8:

the following error probability:

! C2 AN (Ty+T; — k;
P( %#a*)gzk;ujexp _( 18(}2&; 2J)J)

Qg ,min

Intuitively, at each round j € [I], the sample complexity scales with the difficulty of identifying
the worst-case distribution Qa , which, as in PE-MAB, is controlled by the suboptimality gaps

{ Aaj } Qeu’
Remark 4.1: Random T

Note that the bound of Theorem 4.1 is deterministic, as = 25 eJ, but the total

number of samples T' = k + Z [25 € (H + A2

aj mm

Remark 4.2: Improvement over UCB-E

We highlight the importance of using samples obtained in previous rounds: as opposed to
the standard UCB-E analysis, we have the additional 7} contribution, we only offset by
kj <k, and the complexity measure H; improves upon H,; by only summing over a subset
of U.

) - Tj + kj] is random.




Remark 4.3: Selecting T}

Note that the choice of T; requires knowledge of unknown quantities, such as ¢/; and QZJ_.
However, as shown in the statement of Theorem D.1, for the analysis to hold, all we need 1is

T; > %ej (H 5 aF A2 ) -T  + k;, although we obtain a different concentration inequality

aj,min

when substituting €; into Hoeffding’s.

4.1 Comparison with UE

Focusing on the dominating terms, the probability of selecting a suboptimal arm a € A is approxi-

2 2 R AT
mately =~ exp ( — M) for UE and, further bounding for simplicity, ~ exp | — (C“Al)(T’jT] kj))

for LCB-DR with a in the jth permutation position. Assuming large enough sample sizes relative
to [, the comparison between the two strategies essentially boils down to kApg (a) (for UE) v.s.
H, (C;2? V1) (for LCB-DR), where the smaller terms yields the better rate. We break it down into
two cases:

o Apg (a) < Agmin (or Cy < 1): intuitively, this means that it is more difficult to rule out a
as suboptimal than to identify Q%. Then, LCB-DR’s expression becomes H,Ap% (a) A2 ins

and the comparison reduces to that of MAB: kA;fnin (for UE) v.s. H, (for LCB-DR). In this
case, the latter is always favorable.

than to rule out a as suboptimal. Then, the comparison is between kAB%{ (a) (for UE) v.s.
H, (for LCB-DR), and either bound can be superior depending on the problem instance.

® Ay min < Apgr (a) (or Cg > 1): intuitively, this means that it is more difficult to identify Q%

In essence, optimism is favorable when % is smaller than the easier task’s complexity, A

Apg (a).

or

-2
a,min

5 Discussion

In this work, we delve into the problem of DRO within the MDL framework, an area of growing
popularity in high-stakes machine learning applications. Rooted in empirical process theory and
inspired by the PE-MARB literature, we offer novel insight into the key strategies of uniform and non-
uniform exploration via distribution-dependent bounds. By scaling with instance-specific quantities,
our proposed bounds decay much faster, with respect to sample sizes, than existing ones. We
additionally devise an optimistic method, LCB-DR, that shows improvements over its non-adaptive
counterparts, paralleling classical findings in the MAB setting.

While LCB-DR exhibits favorable rates, we reiterate that tuning certain parameters involves
estimating unknown quantities. This raises the question of whether there exists a more astute way to
select such quantities with minimal prior information. Moreover, the procedure requires specifying
the order to play the arms in. Although the absence of any problem knowledge might preclude
exploiting this sequence effectively, perhaps some preliminary understanding of the distributions
allows potential advantages.
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A Expectaion of empirical process maximum

Let U C P (X) be a finite set of distributions over a data space X, with 2 < k = |U| < co. For
each distribution @) € U, we have an associated sample size ng € N and define T := EQeu nQ.

When X C R, we additionally denote the variance of each distribution by aé := Var (Q) and define
or ‘= mMaXQey —USQ
In the development that follows, we will work with independent X-valued random variables

(XQ)QGZ/{ , X = (XS)) , where X, (Xg)) i Q for each Q € U. For a collection
QeU,ie[ng] i€[nqg]
of functions {fq : X = [-1,1]},,, such that each fq (Xq) is centered, our primary goal will be
Z fo (X3)

to bound the following quantity:
In particular, we will show the following bounds.
Theorem A.1

Let {fq: X = [-1,1]},y Pe a collection of functions such that E [fg (Xq)] = 0 for each

Q € U. Then,
(4) logk
E < - =2 @
[glngt( fo ( ) 1 - 4\/ mingey nQ

Moreover, if X C R and each function fg is L-Lipschitz, then

Zf (x3)

max

QeU nQ

ng

max
QeU

16log k
1 < 16losk i or/2Tok

TLQ mingey NQ

We note that the first bound can be directly obtained by a high-probability bound via Hoeffding’s
inequality, along with a union bound, and a subsequent integration of the tails. The second bound
(Theorem A.3) requires a more careful analysis and, in the process of deriving it, we additionally
show the first result (Corollary A.2).

The proof will follow in two parts: first, in Section A.1, we use symmetrization to bound the
quantity of interest with a notion of Rademacher complexity, and subsequently derive bounds on
this complexity in Section A.2.

A.1 Symmetrization

A standard approach to bound empirical process maxima is via symmetrization. We begin by
defining the Rademacher complexity variant of a class of functions {hq : & = [-1,1]} 5

|

nQ

LS ng (x3)

n
Qi1

Rr ({hQ}Qeu) =E lglgif
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id ) .
where €1, ..., €maxgey no ' Rad are independent from X. Note that we place no assumptions on

ho (Xg) being centered. We begin by stating an auxiliary lemma.

For random variable Z € Z and function class F C RZ, we have that

sup [E [f (Z2)]| <E
fer

sup | f (Z)]
feF

Proof. For any f € F,

B ()] < B (2)] <E s o (2]

The claim then follows by taking the supremum over f € F on the left-hand side. ]

The proof of the following result is virtually the same as that of [Wail9, Theorem 4.10], with
minor modifications, and we present it here for completeness.

Theorem A.2: Symmetrization

For any collection of functions {hq : & = [~1,1]},,,, we have that

E

max
QeU

L nZQ {hQ (XC(QZ)) —E [hQ (XQ)]}H <2Rr ({hQ}QeL{)

n
Qo

Proof. Let Y = (Yc;()i)) o] be an independent copy of X and let P denote their common
QEU,ic nQ
distribution. Then,

= | 3= {0 (58) ~2ina e} | =2 g o 3 o () 0 ()}
- e FQZ e () —ha (33) || 4P 0

= (*1)

Here, we view x := (wb) XT as a T-dimensional vector. For each such vector, define

Qeu,ie[nQ] €
function class

nQ

Fx = {yH%Z[hQ(xiQ)—hQ(yiQ)] ;Qeu}c{xT—>R}

=1
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We can then apply Lemma A.1 to obtain

(#1) = o max [E[f (Y)]|dP (x)

< / [max lf Y)@ dP (x Lem. A.1
xXT fe x
1§ (@)
- 2 s o 3 ) 1 (5] apio
1§ Q) @)
-2 [ 35 o () -0 ()|
=: (q)
Next, define n := maxgey ng and let €1, ...,&, € {—1,1} be fixed quantities. From symmetry and

independence, we have that

(o (X5') =10 (44)) guaseos = (7 12 (46) =10 (8)]) gt

Hence, if we define Rademacher variables €” %4 Rad that are independent from X and Y, we can
conclude that

1
(=50 2 [%125

ne{—1,1}"

Yo () - ()|

nQ;

& [y o 5 o (59) - (s ]

< {15 S e (38 [ S )

<= [y 2o X>}m{ e ()}
- g St 08

= 2%z ({ho}gen)

A.2 Bounds on the Rademacher complexity

For the symmetrization trick to be useful, we need to bound R ({hQ} 0 eu)' To this end, we begin
by defining the Rademacher complexity of a set © C R™:

5(0) = B |sup )|

0€O
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where €" = (€1,...,€,) %Y Rad. The process {(€",0)},cq is sub-Gaussian and, for finite ©, the

Rademacher complexity admits a particularly simple bound, shown next. For a deeper dive into
the field, see, e.g., [Wail9, Chapter 5].

Let © C R™ satisfy 2 < |6] < co. Then,

% (0) < 2De+/log 0]

where Dg = maxgco ||9||2

Proof. Note that since each ¢; is 1-sub-Gaussian,

n
2202 2?63 A2pg

E |:€)\<6n70>:| — HE [ekeiei] < He 7 — ez <e 2

i=1 =1

for any 6 € © and A € R. That is, (¢”,0) is a centered Dg-sub-Gaussian variable and we can, thus,
apply the standard maximal inequality (e.g., [BLM13, Theorem 2.5]) to obtain the claim. [ |

We can relate both notions of Rademacher complexity introduced thus far to conclude the
following result.

Corollary A.1

For a collection of functions {hq : X — [-1,1]},,,, define the random variable

n (@)
D ({hedar) =Bz, S i)

i=1 nQ
Then, we have that

Rr ({halgeu) < 2VI0BRE [D ({he} e )]

. J

Proof. Fix x := (x, € XT. Let n = maxqgey ng and define vectors 65 € R™ by

)Qeu,ie[nQ]

ho(zg) .
[05]. =4 ma =" vie@],Qeu
0 otherwise

and define the set of all such vectors ©* = {96 Qe L{}, so that |©*| = k > 2. Then, note that

|

nQ

LYo (o)

n
Q=1

max

Hcox
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TN 2
h T
Moreover, since Dgx = maxgeu \/Z?_Ql < Q(JCQ)> , Lemma A.2 yields

nQ

- ({hQ}Qeu) —E [9% (@X)} <E [2D@x1/log|®x|} — 2. /log kE [D ({hQ}Qeu)}

We can then readily obtain the first bound of interest.

Corollary A.2

Let {fqg : X = [-1,1]},y, be a collection of functions such that E [fq (Xq)] = 0 for each

Q@ € U. Then,
] 4 / ‘ log k
mingey NQ
Proof. Since each fg € [—1, 1], we have that

1 1
D (Udoc) =\t g = s
{fotoeu _\/glggw \/meeunQ

Hence, combining Theorem A.2 and Corollary A.1 yields

Zf@ ( S ) < 2Ny ({fQ}Qeu) < 4Vloghts [ ({fQ}QGM)} - 4\/%

Zf()

max
QeU |nQ

max
|f;)€bl nQ

To obtain the second bound, we require a more refined analysis. We begin by introducing two
simple auxiliary lemmas.

Let b,c > 0 and suppose that 22 < bz + c. Then, x < b+ \/c.

Proof. Define quadratic p(z) := 22 — bz — ¢, so that p(x) < 0. Since p(0) = —c < 0, consider its
roots 1 < 0 < ro. Then, p is positive on (ry, 00) and, thus,

NCEw)
ST2:$Sb+\/E
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Let Z € Z C R be a random variable, and suppose that f : Z — R is L-Lipschitz. Then,

Var (f (Z)) < 2L? Var (Z)

Proof. Let Z' be an independent copy of Z. Then,

Var (£ (2) =E (£ (2) - E £ (2)))’]
—E[E[f(2)- £(2)|2)]

<E [(f Z)-f (ZI))Q} Jensen’s
< L’E [(Z — Z')ﬂ Lipschitzness
= 2L {Var (2) +E[(Z - E[2)) (E 2] — Z')]} A
= 2L*Var (2) A

Borrowing ideas from [GN21, Corollary 3.5.7], we then conclude the second target bound.

Theorem A.3

Suppose that X C R. Let {fqo: X — [-1,1]},, be a collection of functions such that
E[fo (X)) = 0 and fg is L-Lipschitz for each @ € Y. Then,

1 & : 16log k
E — (X“)) < 2% | 4Lor/2logk
[rc?gz)j ngQ ; fa Q ~ mingey ngQ Tator o8

Proof. We begin with the following observation: from Jensen’s, we obtain

€= VlogFE [D ({falgeu)] < \/(log k)E [D ({fQ}Qeu)2:|
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Next, we bound the expectation on the right-hand side:

, na ( fo (X9
E[D (tf}gen) ] =k 0 2 7&@ )
: n (@)
B L S fQ(XQ) E (fQ(XQ)> LR (fQ(XQ)
Qeu Py nQ nQ nQ

2
Var (fQ (XQ)) < 2L2 Ina,XG—Q — 2L20,2
Qeu nQ - QeU nQ r

)
As for (*2), we can apply Theorem A.2 on functions hq (z) = ji—g) to conclude that

(#2) < 297 ({hQ}QGM) Thm. A.2
< 4\/log kE [D ({hQ}Qeu)} Cor. A.1
I . O\ 1]
— 1o FE | 5 @

< 44/ — E A< 12
< 4+/log kKE glgg{( ng\| & g fo <15
1
< N
e P R P
4
=—C
mingey NQ
In other words, we have that
2 4logk
C? < (10ogb)E | D ( )| £ =2 _C+2r%F 1ok
< (logk) { {fQ}QeM = Mingey ng + ot log

Then, Lemma A.3 implies that

4logk
C< _ "8 + Lor+/2logk

minQeu nQ
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Combining this with Theorem A.2 and Corollary A.1, we conclude that

z))
ma.
QGZE{( nQ Z fQ ( mingey NQ

161og
] < 2%y ({fQ}QEu) <40 < 2O1BF o /BTogk

B Empirical process concentration inequalities

Again, suppose that & C P (X) is a collection of k distributions, and define independent variables

X = (Xg)) , where ng € N and (Xg) by Q@ for each @ € U. Our object of
QGZ/{,’L‘G{HQ] iG[HQ]
interest in this section is the random variable

Zs —méﬁng()‘“)

for a function f : X — R. As will become clear later, our primary goal will be to obtain concentra-
tion inequalities on Zy 4 == Z; — Z,.

B.1 McDiarmid

To obtain the UE regret bound, we will apply a very simple concentration inequality, called McDi-
armid’s inequality (e.g., see [BLM13, Theorem 6.2]). Here, we specialize to

7= i o0 (%)

Let us define the function @ : (X*)" — [0,1] by @ (x1,...,%,) = mingey = >0, f (z5), where

each x; = (:EiQ)Qeu € X*. Then, we can write Zy = @ (X), where we view X as n vectors of

dimension k. Next, we show that ® ¢ satisfies the bounded differences property when f is bounded.

Proposition B.1: Bounded differences

Suppose that f: X — [0,1]. Then,

max sup [Pf (X1, Xn) = Pr (X1, o, Xim1, Y, Xig 1, - -5 X)) | <
€n] xy,.. %, y€XE

S|

Proof. Let us begin with a simple observation: for real-valued functions g, h : Z — R, where Z is
any domain, we have that

e g () 00 (2) = sup { I 9() = ()} < sup {9(2) — 1)) < suplg () — 1 2)

Z'€Z z€ 2z |P'EZ
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By symmetry, it then follows that |inf, cz g (2") —inf.cz h (2)| < sup,cz |9 (2) — h(2)]. Next, fix
any index i € [n] and inputs x1,...,Xn, ¥ = (YQ)oey € X* and define vectors x = (x1,...,%,)
and X’ == (X1,...,X;—1,¥,Xit1,- -+, Xpn). Then, from our initial observation, we know that

oy () ()1 = Lamin 377 () § - mind P00+ X0 £ ()

=1 jelnlti

IN

xS0 (o)~ |F6) + YD £ (ah)
j=1 JE[n]:g#£1

1 _

—max |f (¢5) — f (yQ)]

n Qeu
1

n

IN

IN

When the inequality in Proposition B.1 holds, we say that ®; satisfies the bounded differences
property with constant parameter % This immediately implies the next claim.

Corollary B.1

For any two functions f, g : X — [0, 1], the function ®; — ®, satisfies the bounded differences

property with constant parameter %

Proof. Using the same variables x and x’ as in the proof of Proposition B.1, we obtain

S

[@f (%) = By (x)] = [2f (x) = g (X)]] <[P (x) = By (X)) + [Py (x) — Dy (X)] <

Via McDiarmid’s, this property then directly yields the following concentration result.

Corollary B.2

Let f,g: X — [0,1]. Then,

2
P(Zsg—E[Zf4] > 1) <exp (_%) vVt >0

Proof. Since Zy 4 = (®5 — ®,4) (X) and X has independent components, we simply apply Corol-
lary B.1 and McDiarmid’s. |
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B.2 Bernstein

In contrast to McDiarmid’s inequality, our next goal is to derive a more involved bound that
additionally scales with the variance. To this end, we sort the sample sizes: 0 =: n) < n@) <
- <ny and let Q;) € U be such that ng ;, = ng). Our analysis then relies on the following:

k
1 2
Vi = s —ng 1) E — [Xo,. —
T ;(n@) N(j 1)) re%?.).(,k} ”%r)[ Q) /‘Qm]
S (0 2
2 . i
T lmmy e 3 (X6 o)
2
o
02 = max —2
Qeu ng

Theorem B.1

Suppose that X C R and f,g: X — [0, 1] are L-Lipschitz. Then,

t2
P(Zry—E[Z;g] >t) <exp | — YVt >0
ha ha 16L2 (202 + X2 + 6Vy) + 20t

mingey ng

. 7

B.2.1 Preliminaries

To prove Theorem B.1, we must first state some standard results and definitions from the theory
of concentration of measure. We do not prove most results stated, and refer to [BLM13] for further
reference.

We say that a random variable X € R is sub-gamma on the right tail with parameters v,c > 0
if

2)2 1
logE [eMX—E[XD} < g (T 5 TAe {o, —)
— C (&

We denote the class of such variables by 'y (v, ¢). Due to the decaying tail, we get the following
concentration bound.

Proposition B.2: Sub-gamma concentration

Let X € 'y (v,¢). Then,

P(X —E[X] > t) < exp <—L> V>0

Proof. See [BLM13, Section 2.4]. |
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Next, we introduce the notion of self-bounding functions: we say that a nonnegative function
[+ & = Ry has the self-bounding property if there exists functions {fl P A" R}ie[n] such

that
f(X) - fl (x\’L) O 1 and Z fl x\z)] < f(X)

for all i € [n] and x € &A™, where we define x\; == (21,...,%i—1,%it1,...,2n). A simple observation
about such functions is that they are closed under convex combinations.

Suppose that f and g satisfy the self-bounding property and let « € [0,1]. Then, af +
(1 — @) g also satisfies the self-bounding property.

Proof. Let {f;} and {g;} be the functions satisfying the self-bounding property, and define h =
af +(1—a)gand h; = af; + (1 — a) g;. Then, for any i € [n] and x € X™,

h(x) = hi (x) =a[f(x) = fi (xu)] + (1 —a) [g(x) — g (x\i)] €[0,1]

and

The reason for introducing such functions is that they possess a favorable bound on their
cumulant-generating function (cgf).

Proposition B.3: Cgf of self~-bounding functions

Suppose that f : X" — R, has the self-bounding property and let X™ = (X1,...,X,,) be
independent random variables. Then,

log E [eAﬂX”)} <(-1)E[f(X")] VAR

Proof. See [BLM13, Theorem 6.12]. |

The last tool we need employs symmetrization once again. For the next result and the develop-
ment that follows, we omit the parentheses in ai = (a+)2; that is, we take the positive part before
squaring.

26



Proposition B.4: Exponential Efron-Stein

Suppose that X" = (Xi,...,X,) are independent random variables and let W" =
(W4, ..., W,) be independent copies of them. Given a nonnegative function f : X™ — Ry,
define variables Z := f (X™) and its symmetrized counterpart

le Zf(Xl,,Xz_l,W“XH_l,,Xn) VZE[TL]

Additionally, let
V= iE {(Z - Z{)i‘X"]
=1

Then, we have that

logE {@(zfxa[zp} <- )

3 logE [eﬂf ]

for any 6, A > 0 such that )\ < 1.

. J

Proof. See [BLM13, Theorem 6.16]. |

Proof of Theorem B.1. To conclude our main result, we begin with a more general setup: let X :=

(XS))Q Licin] where n € N, be a collection of independent X'-valued random variables, and let
ceUuien

X = (X g)) o for each ¢ € [n]. We de not impose any assumptions on their distributions. Our
eu

random variables of interest will be

n

7 = mi (X‘“) d Zso=Zr—7
! glelg;fQ @) and Zyg:=2Z5—2Z,

for collections of functions f = {fQ X = [O, %} }Qeu and g = {gQ X = [O, \/ig} }Qeu’ where
b > 0. Define

nrie=E[fo (X)] and oF, o= Var (1o (x3))

Similarly, consider the variance variants:

Vi = Zn: E {ggg [f@ (XS)) - ,Uf,i,Q} 2]
=1
¥} =E Igggi [fQ (XS)) - Mf,i,Qﬂ
i=1

n
2. 2
¢ = Imax (o]
F = max > 1: 1iQ
i

Following the analysis of [BLM13, Theorem 12.2], we will use the tools provided and proceed in 5
steps:
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1. Upper bound V.

2. Apply exponential Efron-Stein along with the bound on V.

3. Show the self-boundedness of certain functions and apply the cgf bound.
4. Show that Z¢ , is sub-gamma and apply the tail bound.

5. Specialize the analysis to the original setting.

B.2.2 Bounding VT

For each pair (i,Q) € [n] x U, let WS) be an independent copy of Xg) and define W® =
(Wg )) . Moreover, define
Qeu
Y, = (X<1>, XD @ x D .,X<">) Vi € [n]

and function ®; , : (Xk)n — R by

n
e —glgngQ wh) = min > g (o)
=1

where x; = (wb) oeu € X* for each i € [n]. In what follows, we will use the more compact notation
X = (X1,...,Xy,). Note that Zy, = ®;,(X) and

Zi=05,4(Y2)
= min{ fo (W) + § fo (X&) ¢ = min $ g0 (W) + 3 90 (X))
oeu i Qe jelnlyti
Jij#i n):j#i

Given functions h = {hg : X — R}Qew define minimizer Qh : (Xk)" — U by

Qn (x) = argmmz ho ZEQ)

Qeu

so that

Dy Z fo (IiQf(x)> - ;QQQ(X) (xé?g(X))

and

Zféf(x) (xiQf(X)) B ZQQ (wb) S Ppg(x) < ZfQ' (xQ' Zg@y(x) ( Qg x)>
i=1 i=1 =t
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for any x € (Xk)n and Q, Q" € U. Choosing Q = Qq (X) and Q" = Qf (Y;) below then yields
Zfg— Zz{ =®ry (X) - Dy (Yi)

Sif@fm( Qf(y) ZgQg X)( X))
=
fo(Yi)( oy (Y)) Z fo Y)( Qf(Yz)

JE[n]:g#i

+ 196,00 (W(l ) 621:¢ 9Q,(x) ( Qg)(X)>
JEn]:j#i

= fa,00 (Xghen) ~ a0 (Wahan) 90,00 (W) = 90,000 (X5 )
Then,

2
(Zf}g - Zz/)

+

< oy (Xgron) —Far00 (o)) + 90,00 (W ix)) = 90,00 (Xgi<x>)}2

<2 o000 (X5 y) ~ o, (ngm)f +2{90,00 (X5 1)) 98,00 (ngm)r
(B.1)

Recall that our goal is to bound V¥ =3"" | E [(Zﬁg — Z{)i‘X} We begin with the second term:

by adding and subtracting u :0,04 (X)) expanding the square and noting that the cross term is 0
under the conditional expectation, we get that
y

35 a0 (¥) 900 (750
=2 { {g@g@f) (Xgim)) - /‘g,ac}g@c)} +E Hg@g<x> (ng)(m) - ﬂg,i,céguo} 2

<y 5 o ) ] s 55 o (08) -]}

)

Note that we were able to upper bound via a maximization outside of the sum since the ) indices
were fixed w.r.t. i. The first term in (B.1) is not so readily bounded due to the dependence of Y;
on i. Hence, we rely on a weaker approach: for each i € [n], we have that

[f@fm» (Xg;m) —fo,m) (ngm)r
. 2 . 2
<2[fa,00 (Xo,m) ~ #racron] 2 [Fason (Wohvy) = #rac 00

<2151ax{[fQ( ) uﬂz@}}+2mgz’j{[fQ(Wg))_“f’i’Q}z}
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Summing and taking conditional expectations then yields

Z_Zj;]E Hfom) (Xgim) —Jo,m) (ng)m))r X}

R (D)

=Ty =V

Finally, by putting everything together, we can obtain the upper bound
Vt<2(Ty+o07)+4 (T +Vy)
where E [['y] = X2 and E [T}] = V}.

B.2.3 Efron-Stein

Next, we apply exponential Efron-Stein (Proposition B.4): for A € [0, b_l), we have that

IN

logE e’\(Zf’g_E[Zf’HD} logE [e’\bﬂvq

bA
1—0A

bA A [2(Tg+02 ) +4(Ts+V5))]
< T ogE e ’ ]

A

_ % {logE [ebx[é(sb*2rg)+%(Gb’sz)]} + b~ (202 +4Vf)} (B.2)

B.2.4 Self-boundedness
To bound the cgf of 3 (6b2T'y) + 2 (6b~2T}), we will show the self-boundedness of

n

_ i 2 . _ - i 2
sy (x) == 6b 2 max _ [gQ (:Z:Q) - Hg.,i,Q] and h® (x) = 6b 2 ;glgi{( [fQ (xQ) — ,Ltf,i,Q]

so that the function %h(l) + %h@) is also self-bounded by Lemma B.1 and we can thus bound the
cgf of (3hV) + 2h@) (X)) = £ (6b72T'y) + 2 (6b~2T) using Proposition B.3. We begin by showing
that AV is self-bounded: let
(1) — p-2 j 2
hi'? (x\i) = 60" max _e[z]:#_ [QQ (%) - Mg,j,cz} Vi € [n]
JE[n]:g#1

and define the maximizing distribution in h(}:

n . - )
Q (x) = angg;/{ax; [gQ (xQ) Hg.,z,Q}
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Fix some x € (X*)" and i € [n]. Clearly, we have that h() (x) > hgl) (x\i). Moreover,

) B n 2 X 2

B (x) — hY (x,,) = 6b~2 Z[gQ(x) (7)) ~aicoo) —maxs D [ao (vh) ~ moscl
j=1 JEln]:j#i

2

IN

-2 N B -
6b [9Q<x> (‘TQ(x)) - Hg,i,cxx)]
1

IN

where the last line follows from our assumption that gg € [ %} We can add up the bounds to
get,

n n 2
(1) ) -2 . i _ . — M
> [ (x \z)} <607y {9Q<x> (“’Q@)) ”gm(x)} =" (x)
i=1 i=1
Together, these show that h(1) is self-bounded. To show the same for h(?), consider the functions
@) — ah-2 j 2
hi” (%) = 6b max [fQ (%) - /‘f,j,Q}
JE[n]:j#i

Again, we have that h(? (x) > h* (x\;) and

h? (x) — h@) (x\i) = 602 max [fo (xg) ,Uf.,i,Q]2 <1

Qeu
>[4 60 1 (x00)] =1 60
i=1
That is, h(?) is also self-bounded. As a result, Proposition B.3 implies that
log E [ebk[%(ﬁb”FgH% 6021y )] } (e —1)E [ (6b2T,) + (6b*2T,»)
= (" = 1)b7* (257 + 4V))
< A (4%7 4 8Vy) (B.3)

provided that A\ € [0, b_l), where in the last line we have used the inequality e* < 14 2z for x < 1.

B.2.5 Sub-gamma tail
Finally, we can combine Equations (B.2) and (B.3) to get that

A2 (402 4 8%2 + 24Vy) A
loo E [ A(Zf,ngE[Zf,gJ)} <2 (202 442 4+ 12V;) = ~— 9 g
o8| < Ty (g T4+ 12V) 2(1— b\

for all A € [0,b7'). That is, Zs, € 'y (\/403 +8%2 + 24Vf,b), which we know from Proposi-
tion B.2 yields the tail bound

t2
Bz Bz e < B YVt > 0 B4
(Zr.g —ElZr4] = )—exp< 2(4o§+823+24‘/f+bf)> - o
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B.2.6 Original setting

Recall that our original variables of interest live in some set Xy C R, and that sample sizes ng

may vary. Let n := maxgey ng and consider the space X = Xy U {x} for the setup of this proof,

where o € Xy. Suppose that (XS)) o “ 0 and X5 (ne+l) _ . _ ng) = 1z almost surely.
i€[ng

Let f: Xy — R be the L-Lipschitz function from the statement of Theorem B.1, and consider its
extension f: X — R given by

Tr = X9

f«(x):{g(x) T € Xy

We apply the analysis above to the functions fg = f , ensuring that

%= ngme (x&)

where the variables follow the appropriate distributions, as in the original goal. Note that fg €

{O } so that we can set b = /6 We analogously define everything for g. Next, we apply

’ng mingey nQ °
Lemma A.4 under the Lipschitzness assumption to obtain

X 7}
O'; = max {nQ Var <M>} < 2L%max —% = 2L%0%
QeUu nQ QeU ng

For each Q € U, let Xg ~ @ be independent from (Xg)) cingl Then,
nQ

55 gy 2 52 o (38) - 2lo x|

Qeu TLQ =1
2 .
< I’E —~ S E ( ) X Lipschit Jensen’
S lg)leai{( 7’), Z |: Q 1pscnitzness + Jensen’s
1 &9 , 2 . .
_ 72 (2) 2 (@) @ _
= L°E glgg@;[()(@ —#Q) +UQ] E[(XQ —uQ) (NQ—XQ)}XQ} =0
< L? max —- ZQ(X@)—M )2 —I—maxU—Q
o Qeu n — Q @ QeU ng
=L* (%% 4+ 07)
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It remains to bound Vy: recall that 0 = ney <nay < S ngy and n(j) = NQ;y: SO that
V=SB x9 ’
=38 e (x¢) -] |

= ; (n(j) = ng-1) E l max — [/ (Xq.,) —E[f (XQ(T))”2‘|

With a similar symmetrization trick, we can further bound each expectation in the sum: let X ég be
an independent copy of Xg. Then,

E| max i[f(XQm)—E[f(XQ(T))ﬂQ]—E[ wex, B[S (Xa,,) -/ (X’Qm)!X%ﬂ

r€{j,...k} n?T) re{j.k} N,y

1) 1 2
< L’E —FE (X _ X! ) X
- lre?glﬁ)ik} ”?r) [ Qe Qi Qe

(2 1 X 2
9 2
=0 Le?;i)fk} s {[ a0 ~han ] +oa, }]

1
max T) [XQm - /‘Q<r)]2]

where, in (1), we have applied Lipschitzness and Jensen’s and, in (2), we note again that the cross
term cancels when expanding the square. Hence, we get that

k
1 2
2 2
Vi <2L E : (n(j) - n(jfl)) E re%axk} m [XQm - /‘Qu)] ] =2L"Vr
= i

Plugging these values back into the bound (B.4) then yields the claim.

C Proofs of Section 3

Recall our non-adaptive proxy objective

1 ZnQ @)
0 N
MT(G)_glelEnQ i_lr(a,XQ)

where, for UE, ng = n for all Q € U. For a € A, define generalization gaps
Do = por (a) — pip (@) = min i (a; Q) — min fing, (a; Q")
Using the same argument as in the proof of Proposition B.1, we note that

nQ

1 Z {E [r(a,XgQ)] —r (a,Xg))” =U,

n
Q=1

[Dal < max |1 (5 Q) = fing (a; Q)| = max

Then from the theory of Appendix A, we can conclude the following bounds.
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Theorem C.1

For any a € A, we have that
1
E[U,] < 4 /_Oi
mingey NQ

Additionally, when X C R and r (a, -) is L-Lipschitz for each a € A, it follows that

161og k
E[U,) < ——8" | 4Lopy/2logk

mingey nQ

Proof. We apply Theorem A.1 on functions fg (z) = E[r (a, Xq)] —7 (a,z). Note that fg € [-1,1]
since r € [0,1]. Moreover, if 7 (a, -) is L-Lipschitz, then so is fg, as we only add a constant to it. W

Let E [U,] < B be any of the bounds from Theorem C.1. Then, we get that

E iy (*) — w7 (a)] = Apg (a) + E [upk (a) = p ()] — E | o — (a*)}
= Apr (@) + E [Da] - E [Da-]
> Apr (@) = [E [Da]| = [E [Da-]
> Apr (@) = E[|Da]] = E[|Da- ]
> Apr (a) — 2E [U,]
> Apg (a) — 2B

for all a € A. Hence,

P (A7 = a) <P (u7(a) = pr (a¥))
=P (u7 (a) = p7 (@) = E[u7 (a) — p7 (")) = E [u7 (a7) — p7 (a)])
<P (ur(a) - py (@) — E 7 (a) — p7 (a”)] = Apr (a) - 2B) (C.1)

What remains is to apply the concentration inequalities of Appendix B.

C.1 Proof of Theorem 3.1

Here, we use the UE proxy p$ (a) = mingey = Y0, (a, XS)). We can then obtain the following
concentration inequality.

Corollary C.1: UE concentration inequality

We have that
P (u7 (a) — py (a') — E [ (a) — pp (a')] > t) < exp (—n—>

for allt > 0 and a,a’ € A.
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Proof. Note that in the notation of Appendix B.1, Z,(,.) = p (a). Since 7 (a,-) € [0, 1] for each

a € A, the claim follows by applying Corollary B.2. ]
2
Next, note that under the assumption n > (AD: min) log k, we get that Apg (a) > 8 %
for all a € A with a positive gap. Hence, for all such a, plugging in the bound B = 4 % into
Equation (C.1) yields
o o o * o o * log k
P (AT = a) <P | p7 (a) — p7 (a*) — E [u7 (a) — p7 (a¥)] = Apr (a) — 8 Eq. (C.1)
log k ’
<exp [ =2 | Apr (a) — 8,/ 2 1 Cor. C.1
2 n
This directly yields the desired regret bound:
E [Apr (A7)] = > Apr(a)P(A% =q)
aEAJADR(a)>0
log k ’
n )
< > Apr(a)exp —3 [ADR (a) -8 fb ]
aEAJADR(a)>0
C.2 Proof of Corollary 3.1
An alternative way of writing the UE regret bound is as follows:
E [Apr (A7)] = > Apr (a) P (A7 = a) + > Apr (a) P (A7 = a)
aEA:ADR(a)SA aEAJADR(a)>A
log k ’
n o}
<A+ Z Apg (a) exp —3 Apg (a) — 8 5 1
a€A:Apr(a)>A
for any A > 0. In other words,
log k ’
o . n og
< _ _
E [ADR (AT)] < irgo A + Z ADR (a) exp B ADR (a) 8 n ‘| (02)
a€A:Apr(a)>A

Next, we introduce a simple technical lemma.

Let a,8 > 0. Then, the function f(x) = zexp (—a (x—ﬁ)2> is decreasing for = >

Lo+ +2).
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Proof. Notice that
f' (@) =exp (=a (e = B)°) - 202 (z — B)exp (~a(z - 8)°)
= [1 - 2az (z — B)] exp (—a (x — ﬁ)Z)

Now, note that the function z — 2ax (x — 8)—1 is quadratic, convex and has roots % ([3 +4/8%2+ %)
and % (B —/B%+ %) Since the former is larger, it follows that the quadratic is nonnegative for

larger values. In other words, f’ () < 0 whenever z > % (B +4/B% + %) |

As a result, we can show the following inequality.

Provided that [ > 2 and Apg (a) > Sivlogkjﬁ v2logl ' we have that

Apg (a) — 8

2
log k < 8vlogk + v/2logl
n - Ivn

Apr (a) exp —g

Proof. Note that the left-hand side of the claim is of the form f (Apg (a)), where f is defined as in

Lemma C.1 with a:= 5 and 3 :=8 loflk, so that we know it is decreasing for x > K, where

1 2
K:——<ﬂ+\/ﬂ2+—>
2 o
1 log k dlogk 4
__lS\/og +\/6 og +_]
2 n n n

_ 8ylogk + /64logk + 4

2v/n
8vlogk +1
< % Vatb<va+ Vb
8vlogk + /2logl
< 8 \;—— o8 \/2logl >1
n
The result then follows by plugging in 87”0“\% V2losl into f to get the right-hand side of the

claim.
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Finally, we can set A = 87”%]“\;% v2logl i) Equation (C.2) and apply Lemma C.2 to obtain

8+v/log k + +/2logl 8+v/log k + +/2logl
E [Apg (A%)] < g & L {ae A: Apg (a) > A} 228 g

vn Ivn
< 16+/logk + 2/2log!
- vn
< log (k1)
~ n

where in the last line we have used the fact that /a + vb < \/2 (a +b). Substituting n = £ then
yields the result.
C.3 Proof of Theorem 3.2

Returning to the general NUE proxy u% (a) = mingey % Sl (a, Xg)), let us further assume
that X C R. Then, we conclude the following result.

Corollary C.2: NUE concentration inequality

Suppose that 7 (a,-) is L-Lipschitz for each a € A. Then, we have that

t2
1612 (202 + X2 + 6Vr) + 20t

mingey ng

P (u7 (a) — p7 (a') — E [ug (a) — p (a')] > t) <exp | —

for allt > 0 and a,a’ € A.

. J

Proof. Once again, using the definitions of Appendix B, we get that Z,(,,.) = u5 (a). Since 7 (a,-) €
[0,1] is L-Lipschitz for each a € A, the claim follows by applying Theorem B.1. |

As in the UE analysis, provided that Aprmin > Gr = 8 (% + Lop+/2log k), we can

mingey ng

plug B = % + 4Lo7r+/2logk into Equation (C.1) to conclude that
P (A7 = a) <P (uy (a) — p7 (a*) = E [u7 (a) — p7 (a”)] = Apr (a) — Gr) Eq. (C.1)
2
<exp|— [Apr (a) — G7] Cor. C.1

1612 (202 + $2 4 6Vp) + —2Y° _ [Apg (a) — Gy

mingey ng

for all a € A with positive gap. This in turn yields the regret bound

E [Apr (A7)] = > Apr(a)P(A% =a)
a€A:Apr(a)>0
2
CY e m@-Gy
a€A:Apr(a)>0 16L% (207 + X7 + 6Vr) + s g [Apr (@) — G
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D Modified UCB-E

Our goal is to perform a minimization variant of UCB-E [ABM10] for T rounds on the set of
“arms” U. Since we will analyze all random variables under a fixed high-probability event, we treat
all quantities here as deterministic. In particular, we work with p (@), iz (Q) € [0, 1] for each @ € U
and t € {no (Q),...,n0(Q) + T}, where ng (Q) > 1 is the number of pulls from arm @ € U that we
start the game with. We assume a unique optimal arm Q* := argming ¢y, p (Q), with p* == p(Q%),
and define suboptimality gaps A (Q) = p(Q) — p* and Ayin = mingegp (-3 A (Q). For some

choice of plays {Qt}tT:p let

e (Q) =no (Q) + Y 1{Qs = Q}
s=1

denote the number of times distribution @ has been played at time ¢ € [T]. Additionally, we define
the following subset of arms:

= {Qeun @)@ < Fa@fui@)

along with its cardinality ko := |Uo|, total initial sample size Tp = > 0cu, Mo (Q) and the complexity
notion it defines: Ho := 3 5\ (0} A72(Q). The intuition is that Uy is a proxy for the set of
arms played:

U ={Q el :nr(Q)>no(Q)}
The UCB-E algorithm works by defining indices (adjusted here for lower confidence bounds)

LCB; (Q, 6) = ﬂnt(Q) (Q) - VQ eU

€
n (Q)
given a parameter € > 0 and, at each time step ¢ € [T, playing

Q¢ = argmin LCB;_1 (Q;¢€)
Qeu

After T rounds, we output

Q = argmin fi,,,.(0) (Q)
Qeu

Theorem D.1: Modified UCB-E optimality

Suppose that
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€>

T>

Then, it follows that Q = Q* and

forall Q e and t € {no (Q),...,no

(Q) + T}, and that

GAfmn [ (Q*) - 1]

—€ (Ho—f—A

mm)

Ty + ko

Proof. First, notice that for any ¢ € {0, ...,

1(Q) = fin, @) (@) < %

since n; (Q) € {no (Q), ...

Fix t € [T]. If Q; =

Proof. We have that

:u’ > :u’I’Lt 1(Q

> LCB;_ 1(Q ;6
> LCB;_ 1(

= fln,_,(0) (Q) —

Tlt

Rearranging then yields the claim.

Q # Q", then

1
)

\/ntl

Tltl

1

T} and @ € U, we have by assumption that

,no (Q) + T}. We can then conclude the following lemma.

(D.1)
Eq. (D.1)
Qe=Q
Eq. (D.1)
]

As a direct consequence, we can conclude that our proxy set Uy indeed contains the arms played.

Corollary D.1

u’ C Up.

Proof. Fix Q € U'\ {Q*} and let ¢t € [T] denote any round in which Q;

then get that ng (Q) < ni—1 (Q) < 22eA™2(Q).
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Next, we show that suboptimal arms in the proxy set do not have too many samples by the end
of the procedure.

Proposition D.1

36

nr(Q) < S22 (Q)+1 VQ €U\ Q)

Proof. If Q € Up\ (U’ U {Q*}), then

36 36

nr (Q) =no (Q) < %GAJ Q) < %GAJ Q) +1

Otherwise, fix any @ € U'\ {Q*} and let ¢ € [T] be the largest time step such that Q: = Q (i.e.,
the last round in which @ is played). Lemma D.1 then implies that

D (Q) = e (Q) = - = 1y (Q) = my1 (Q) +1 < %A* Q) +1

This, in turn, implies that the optimal arm has sufficiently many samples and, in fact, is in U’.

Proposition D.2

Proof. We have that

nr(Q)=T+no(Q)— > [ (Q) —no(Q)

QeU\{Q"}
=T+no(Q)— >, [nr(Q) —no(Q) Cor. D.1
QeU\{Q*}
=T+Th— Y nr(Q)
QeU\{Q*}
>T+Th— Y [§6A4 (Q)+1} Prop. D.1
QeU\{Q*}

- 36
:T+T0—%€H0—k0+1

> ﬁeA_2

: 1
— 25 min +

where the last line follows from our lower bound assumption on 7. |
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Corollary D.2

We have that Q* € U’.

Proof. This immediately follows from Proposition D.2 and our lower bound assumption on e:

36

ny (Q%) > %eAmm +1>n0(Q)

We are then able to show that, by the end of the game, every arm has sufficiently many samples.

Proposition D.3

nr(@)2 A @) YQ UNQ)

Proof. Let Q € U\ {Q*}. Since Q* € U’ by Corollary D.2, let t € [T] be the last round such that
Q¢ = Q. Then,

nQ) -3 G ,/nt <

> LCB:_; (Q,e) Eq. (D.1)
> LCB;—1 (Q%;¢
>t ——Mnt i Eq. (D.1)
= \/ ny (@) =ne (QF) =me—1 (Q7) +1
> pt - Prop. D.2 and Apin < A(Q)
The claim then follows by rearranging the terms. |

Let @ € U\ {Q*}. From Propositions D.2 and D.3, we note that

4
nr (Q) > %eA*Q (Q) and nr(Q*)> —eAmm +1> —eAmfn

Rearranging the terms then yields

€ AQ)

1
nT(Q)S 2 5 nT(Q*)S 2 = 2

o] =
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The second inequality is one of our desired results. To obtain the other, we observe that

ﬂnT(Q) (Q) - :[L’IZT(Q*) (Q*) = ﬂﬂT(Q) (Q) — M (Q) +A (Q) +pu = :[L’IZT(Q*) (Q*)
1 € 1 €
> A - - - = Eq. (D.1
@ 3\m@ 5@ @ (-1
A@Q)  AQ)
> _—\x®) = \%J
=0
Since this holds for all Q € U\ {Q*}, it follows that Q = Q*.
|
E Proof of Theorem 4.1
Suppose that we are operating under permutation (aq,...,a;) and parameters (ey, ..., € ) satisfying

the bound (1). To show our desired result, we will define a high-probability event, under which the
modified UCB-E analysis ensures the correctness of LCB-DR’s decision.

E.1 Concentration inequality

From the boundedness of r € [0, 1], Hoeflding’s inequality implies that

P(W(G;Q)—ﬂt(a;Qﬂ < é\/;> >1—2exp< ;g)

foralla € A,Q €U,t € N and € > 0. Fix some j € [I]. Then, taking union bounds yields

Cou N1 [e;
PN N {0 -mwer< 2
]

QeU te(u,
2(€2 A1)
N 777

>1—2kujexp | — oF

e [ (Og, A 1) (Tj + T —kj)
18(H + A2 )

a;j mln

where the last line follows by rearranging terms in the definition of 7. We then define the high-
probability event of interest:

=N N {Iu a;:Q ﬂt<aj;cz>|<%\/§}

QEU te(uy)
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E.2 Modified UCB-E analysis
Here, we apply the UCB-E analysis of Appendix D. Note that

J J
_ 36 L .
TJ = E Tr =k + E %ET HT +Aar,min —TT + k,,« S Uj

~—
r=0 r=1 <H,, <0 <k
Hence, ng,_, (Q) +T; <T; <uy, for any Q € U and, thus, under event A;,

R Co; N1 e 1 Je;
I (aj; Q) — fie (ay; Q)| < T\/?J < g\/?]

forall Q e and t € {nTF1 @Q),... N Q)+ Tj}. Moreover, since Ty = ug, we have from the
lower bound (1) on (eg,...,¢€) that

(’U,j,1 — 1) > §A2

— 36 aj 7l’I‘lil’l

2
Ej > —5A2

— 36 aj 7l’I‘lil’l

_ 25 .
(ijl - 1) > %Aij,min (nijl (Qaj) - 1)
for all j € [I]. We can then conclude the following result.

Theorem E.1

For any j € [I], under event A;, it follows that Q; = Q;, and

A ;
71)1{2(&]) a; #a*

lupr (a;) — pr (a;)| < A _
DR,min *
—a a; =a

Proof. If we set T = Tj,e = ej,n0 = np,_,,p0 = pas;-) and iy = fit (a;;-) in the setup of
Appendix D, then we can immediately see that Qj = Q:;j by Theorem D.1, as its assumptions are
satisfied under A;. Moreover, we have that

lupr (a;) — 7 (a;)] = ‘M (@ijZj) —f, (ez) (aijZj)‘ Q; = Qs

T \Ka;
C,. N1 " _
< — & event A; and np, < T < u;
o )
Aa,- min
S Oaj J27 Thm Dl
Apr (ay) .
5 2 aj#a
N ADR,mm —a*
2 J
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E.3 LCB-DR correctness
Under the event ﬂézl Aj, we know that

wy (@*) = uf (@) = 4§ (a*) = ppr + Abr (a) + por (@) — i (a)

A min A a
> ADR (a) — D;’ — D; ( )
>0 ADR,min < Apr (a)

Thm. E.1

for every a # a*. That is, A} = argmax,c 4 143 (@) = a* and, thus, P(A3 =a*) > P (ﬂézl Aj).
The result then follows from a union bound on the high-probability events {4; };:1.
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