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Abstract

We study the problem in which a central planner sequentially allocates a single resource
to multiple strategic agents using their utility reports at each round, but without using
any monetary transfers. We consider general agent utility distributions and two standard
settings: a finite horizon T and an infinite horizon with γ discounts. We provide general tools
to characterize the convergence rate between the optimal mechanism for the central planner
and the first-best allocation if true agent utilities were available. This heavily depends on the
utility distributions, yielding rates anywhere between 1/

√
T and 1/T for the finite-horizon

setting, and rates faster than
√
1− γ, including exponential rates for the infinite-horizon

setting as agents are more patient γ → 1. On the algorithmic side, we design mechanisms
based on the promised-utility framework to achieve these rates and leverage structure on the
utility distributions. Intuitively, the more flexibility the central planner has to reward or
penalize any agent while incurring little social welfare cost, the faster the convergence rate.
In particular, discrete utility distributions typically yield the slower rates 1/

√
T and

√
1− γ,

while smooth distributions with density typically yield faster rates 1/T (up to logarithmic
factors) and 1− γ.
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1 Introduction

Resource allocation or auction design is one of the foundational problems in mechanism design
and has been thoroughly studied across economics, operations research, and computer science.
In this problem, a planner aims to allocate resources to n strategic agents while maximizing some
notion of global welfare, using reports/bids from the agents on their utility for the resources.
Importantly, agent reports are strategic; hence, the planner only has limited or partial informa-
tion about the agents’ preferences. To achieve positive results, fundamental tools in mechanism
design include money transfers between the agents and the planner. The large majority of ap-
proaches heavily rely on the use of such monetary payments to align incentives between the
strategic users and the central planner. For instance, the celebrated Vickrey-Clarke-Groves
(VCG) mechanism [Clarke, 1971, Groves, 1973, Vickey, 1961] ensures incentive-compatibility
while implementing optimal allocations by carefully selecting payment mechanisms. In many
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applications, however, money transfers may be impractical. Enforcing payments from bene-
ficiaries to the central planner is typically undesirable when allocating public services: from
designing antipoverty programs [Bardhan and Mookherjee, 2005], choosing school assignments
[Ashlagi and Shi, 2016, Russell and Ebbert, 2011], allocating scientific equipment [Linden, 2022],
to distributing food to food banks. Cloud computing is another application in which memory
or computing resources may be scarce; hence, enforcing a scheduling policy is necessary, but
monetary transfers may be unpopular/inadequate, especially when allocating internal resources
[Ng, 2011].

Resource allocation without monetary transfers. Following these motivations, we con-
sider the setting in which monetary transfers are not allowed and focus on single resource
allocation for simplicity. The reports of the agents are strategic and hence form a perfect
Bayesian equilibrium. In a full-information setting where the planner has direct access to all
agent utilities, the optimal policy is to allocate the resource to an agent with maximum utility,
also known as the first-best allocation. Unfortunately, prohibiting the use of money severely
limits the ability to approximate the first-best allocation in light of negative results arising from
Myerson-Satterthwaite’s impossibility theorem [Arrow, 2012, Myerson and Satterthwaite, 1983].
For a single allocation, whenever there are at least 3 alternative allocations, it is impossible to
design a non-dictatorial incentive-compatible mechanism [Gibbard, 1973, Satterthwaite, 1975].
Indeed, without penalization from monetary transfers, agents can report as large utilities as
possible for the resource; utility reports from the agents carry virtually no information. In this
case, agent reports can at most signal whether agents have negative, zero, or positive utility for
the resource. We note that mechanism design without monetary transfers can be successful in
specific settings, e.g., if agent preferences are single-peaked, when matching users pairwise in
a bipartite graph (see Schummer and Vohra [2007] for an overview of classical results), or in
interdomain routing [Feigenbaum et al., 2007, Levin et al., 2008]; these exploit specific properties
of the problem that are difficult to generalize.

In a repeated allocation setting, however, the central planner can use future allocations to
align incentives by favoring or disfavoring agents. We consider two classical repeated settings in
the literature: an infinite-horizon setting with a fixed utility time discount factor γ ∈ [0, 1) and
a finite-horizon T setting without discounts. To illustrate the benefit of repeated allocations,
the central planner can, for instance, fix budgets for each agent that serve as virtual currency.
This is routinely used in practice [Walsh, 2014], including for allocating computing resources in
distributed systems [Ng, 2011] or food to food banks [Prendergast, 2022].

Characterizing the convergence to first-best allocation. From the folk theorem [Fried-
man, 1971, Fudenberg et al., 2009], one can approximate the optimal first-best allocation arbi-
trarily well as agents become more patient γ → 1, or when the horizon grows T →∞. However,
this result is not quantitative in nature and does not provide direct insights into which allocation
mechanisms might be optimal.

The goal of this paper is to provide quantitative answers to the following set of questions:

1. What is the welfare gap between non-monetary and monetary mechanisms? Equivalently,
what is the welfare gap between strategic and non-strategic agents for non-monetary mech-
anisms? More formally, can we quantify the non-asymptotic social welfare gap between
the optimal first-best allocation (which can be achieved via monetary mechanisms) and
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non-monetary resource allocation mechanisms for general utility distributions? Conceptu-
ally, we aim to understand how this gap depends on the utility distributions of the agents,
and on the patience of agents (either through the discount factor γ or the horizon T ).

2. On the algorithmic front, what are (near-)optimal allocation mechanisms without mone-
tary transfers? Since the optimal allocation strategy may depend on the specific problem
at hand, through utility distributions and horizon and agents’ patience, we aim to provide
a generic non-monetary allocation mechanism strategy whose parameters can easily be
adjusted for any scenario to achieve near-optimal social welfare.

From a practical perspective, understanding the main drivers (Item 1) for the social welfare
gap can (1) help identify which applications are best suited for non-monetary mechanisms, or
(2) inform decisions that may impact utility distributions. As a preview, our results show that
the social welfare depends heavily on the geometry of utility distributions and identify a main
driver for achieving small social welfare gaps: favoring (approximate) utility ties between agents
is most beneficial for non-monetary mechanisms. In addition, characterizing the social welfare
gap has algorithmic implications (Item 2)—this will be used in the parameter choice for the
generic allocation strategy.

1.1 Overview of the contributions

To answer these questions, we use a geometric approach, in a similar spirit to Balseiro et al.
[2019]. Specifically, instead of solely focusing on approaching the social-welfare maximizing utili-
ties, one can consider the complete region of achievable utilities for all n agents by non-monetary
mechanisms, which we denote U : it is the collection of utility vectors (Ui)i∈[n] for which one can
achieve expected per-round Ui utility for all agents i, using some non-monetary mechanism. In
this geometric perspective, the gap between non-monetary and monetary mechanisms precisely
corresponds to the gap between the achievable region U and the target region U⋆ of utilities that
could be allocated if agents were non-strategic. At the conceptual level, our results show that
the local smoothness of this target region U⋆ at welfare-maximizing points, precisely determines
the gap between monetary and non-monetary mechanisms.

Near-optimal allocation mechanisms. On the positive side, we construct allocation mech-
anisms (see Algorithm 1) that can achieve any utility inside a pre-specified ball within the target
region U⋆ which has sufficient margin δ > 0 to its boundary. This mechanism builds upon the
so-called promised utility framework [Abreu et al., 1990, Spear and Srivastava, 1987, Thomas
and Worrall, 1990] and tools from Balseiro et al. [2019], which reformulate the problem in a
dynamic programming form. Crucially, the larger the radius of this ball, the smaller this mar-
gin δ is required to be. Geometrically, for a target region U⋆ with smoother boundary, we can
employ our mechanisms to achieve utility vectors closer to social-welfare optimal boundary. In
words, our results show that non-monetary mechanisms perform best when agent utility dis-
tributions significantly overlap: situations with close-ties are particularly advantageous for a
central planner since they have flexibility to choose who to allocate the resource to without in-
curring significant social welfare cost. In fact, when exact ties arise frequently, our results prove
exponentially small social welfare gaps between monetary and non-monetary mechanisms.

We complement these positive results with corresponding negative results, which essentially
show that the local smoothness of the target region U⋆ indeed characterizes the social welfare gap
between non-monetary and monetary mechanisms. This effectively transforms the multi-horizon
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multi-agent game-theoretic resource allocation problem into a purely geometric question of un-
derstanding the local smoothness of U⋆ (so that our mechanism Algorithm 1 can be implemented
with an appropriate ball parameter).

Unified perspective on γ-discounted and horizon-T settings. Up to minor modification
of the algorithms, we also show that the same tools described above can be used for both the
infinite-horizon setting with discount factor, and the finite horizon T setting. This unifies the
analysis and the algorithmic approach for both settings. Formally, the same results can be
achieved up to logarithmic factors by setting 1− γ ≈ 1/T (see Theorems 6.1 and 6.3).

Characterizations of the non-monetary/monetary social welfare gap. Using this gen-
eral methodology, we can characterize the social welfare gap between non-monetary and mone-
tary mechanisms for general utility distributions, beyond prior results.

First, the non-monetary/monetary social welfare gap is always at most O(
√
1− γ) (resp.

O(1/
√
T )) for the γ-discounted infinite-horizon (resp. finite-horizon T ) setting (Theorem 5.1).

In particular, this holds for any number of agents and any utility distributions with bounded sup-
port. Beyond the universal asymptotic convergence guarantee from the folk theorem [Friedman,
1971, Fudenberg et al., 2009], this shows a universal convergence rate upper bound.

While this universal upper bound can be tight1, the convergence rate can be faster in general,
and depends on the local geometry of U⋆ as discussed above. Specifically, while the distributional
assumptions from Balseiro et al. [2019] prohibited faster rates than 1 − γ, we give non-trivial
examples of exponential convergence rates as fast as (1 − γ)e−c/

√
1−γ (see Theorem 7.4 which

essentially corresponds to the case when any agent i ∈ [n] can have ties for the first-best
allocation with non-zero probability). From a practical standpoint, this shows that when ties
between several agents are possible, our mechanisms which leverage this additional geometrical
structure can achieve significantly (exponentially) smaller social welfare gap. For the finite-
horizon case, faster rates than 1/

√
T are possible but they cannot converge faster than 1/T

(Theorem 6.2) as a result of the boundary at time T . In particular, the exponential rates from
the infinite-horizon setting do not carry to the finite-horizon case. To the best of our knowledge,
this is the first example showing exponential gaps between the discounted and finite-horizon
settings for non-monetary resource allocation.

Our results provide general upper and lower bounds on the optimal social welfare gap for
arbitrary distributions (Theorem 5.8) While the bounds do not match in general, both share
the same form and give insights into (1) the dependency of the convergence rate in terms of the
utility distributions and (2) corresponding optimal allocation mechanisms. Intuitively, the main
driver is whether the central planner has enough flexibility to reward or penalize any agent in
future rounds, without incurring large social welfare costs. Accordingly, our mechanisms use this
flexibility to align incentives: the larger the flexibility, the closer one can approach the first-best
allocation.

Special cases and examples. In particular, we can give necessary (Theorem 5.5) and suffi-
cient (Theorem 5.3) conditions to reach the faster rate 1 − γ from Balseiro et al. [2019] in the
infinite-horizon setting, significantly generalizing their results (the necessary and sufficient con-
ditions are both satisfied under their distributional assumptions). In the finite-horizon setting,

1this is typically the case for discrete utility distributions whose boundary of U⋆ is piece-wise affine (non-
smooth), see Theorem 7.3.
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General distributions
(Universal bounds)

Density bounded
above & below

Discrete
(Generic case)

Intermediary
example of Fig. 6

Significant ties between
agents (see Thm 7.4)

Setting γ-disc. T -hor. γ-disc. T -hor. γ-disc. T -hor. γ-disc. T -hor. γ-disc. T -hor.

SWG O(
√

1 − γ) O
(

1√
T

)
and Ω

(
1
T

) Θ(1 − γ) Θ̃
(

1
T

)
Θ(

√
1 − γ) Θ

(
1√
T

)
Θ((1 − γ)

3
4 ) Θ̃

(
1

T
3
4

)
O
(
(1 − γ)e

− c√
1−γ

)
Θ̃
(

1
T

)
Ref. Thm 5.1 +Lem 6.2&6.3 Cor 7.1 Cor 7.2 Thm 7.3 Cor 7.5 Prop 5.6 +Lem 6.1&6.3 Thm 7.4 +Lem 6.2&6.3

Prior
results

—
O(1/T ) for
Õ(1/

√
T )-

approx. IC

Θ(1 − γ)
for n = 2

— — — — — — —

Ref. Gorokh et al. [2021] Balseiro et al. [2019]

Table 1: Examples of social welfare gap (SWG) for various utility distribution classes for γ-
discounted and finite T -horizon settings. The first column gives universal bounds—always
valid—while others are consequences of our general distribution-dependent characterization
(Theorem 5.8). This includes distributions with well-behaved densities, discrete distributions
without significant ties (see Theorems 7.3 and 7.4), an example with intermediary convergence
rates, and scenarios with significant ties.

this corresponds to the fastest rate 1/T up to logarithmic factors. At the high-level, we show
that these faster rates can be achieved if any agent i ∈ [n] shares some common utility support
with some other agent j ̸= i: the mechanism can easily then implement future penalties (resp.
rewards) on agent i by allocating to agent j (resp. i) when their utilities are sufficiently close in
following rounds. Using this perspective, we introduce a sufficient condition for fast convergence
rates in terms of a graph structure between agents, which can be efficiently tested given their
utility distributions.

The previous example covers the case of smooth distributions (Theorems 7.1 and 7.2). On
the other extreme, we also take the example of discrete utility distributions (Theorems 7.3
and 7.5). In this case, the optimal convergence rate is usually

√
1− γ (resp. 1/

√
T ) for the

infinite-horizon (resp. finite-horizon) setting.
In comparison, Gorokh et al. [2021] showed that for discrete distributions, one can reach

a convergence rate 1/T to the first-best allocation with artificial currencies, but in a weaker
form of Bayesian equilibrium in which incentive-compatibility constraints are only satisfied up
to
√
log T/T terms. Our results show that the optimal rate at the perfect Bayesian equilibrium

is, in general, exactly Θ(1/
√
T ), when incentive-compatibility constraints are perfectly enforced.

Intuitively, the incentive-compatibility gap from Gorokh et al. [2021] can be traded for the social
welfare gap from the central planner. Unlike Gorokh et al. [2021], our upper bound holds for
arbitrary distributions.

A summary of these social welfare characterizations for various utility distribution classes is
given in Table 1: (i) without any assumptions on the utility distributions one can always achieve
O(
√
1− γ) convergence rate, (ii) this is tight for discrete distributions in general, (iii) but may

be improved to fast rates Θ(1− γ), for instance when distributions have density bounded above
and below. (iv) Intermediate situations are also possible and we provide such an example in
Fig. 6, with convergence rate Θ((1− γ)3/4). Finally, (v) when there are significant ties between
agents, exponential rates are possible in the discounted setting; however these do not translate
to the finite-horizon T setting.
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1.2 Related works

Single-time allocation without money. We first discuss the literature on one-shot resource
allocation without money. When there are two resources and agents share the same utility
distribution, Miralles [2012] characterizes optimal mechanisms and shows that these can be
constructed as combinations of lotteries and auction-like strategies. For several resources and
additive utilities for the agents, Cole et al. [2013], Guo and Conitzer [2010], Han et al. [2011] give
characterizations on the competitive ratio of strategy-proof mechanisms compared to the first-
best allocation, without making prior assumptions on the agent utility distributions. Slightly
different from our setting without money, the line of work including Chakravarty and Kaplan
[2013], Condorelli [2012], Hartline and Roughgarden [2008], Hoppe et al. [2009] studies the setting
in which the central planner can impose payments from the agents but cannot redistribute these
between agents. This setting is often referred to money burning : any utility signal in the form of
payment to the central planner is lost. As discussed above, impossibility results due to Myerson-
Satterthwaite’s impossibility theorem generally prohibit the central planner from converging to
the first-best allocation for a single allocation, while our focus is on designing mechanisms that
converge to this optimal allocation as fast as possible.

Repeated allocation without money. Closest to our work, we now discuss the literature
on the repeated allocation setting without transfers. While the folk theorem Fudenberg et al.
[2009] guarantees the existence of a mechanism that asymptotically converges to the first-best
allocation, Guo et al. [2009] explicitly provides a mechanism that achieves at least 75% of the
optimal welfare in the infinite-horizon setting, provided agents are sufficiently patient. On the
other hand, their mechanism may not converge to the optimal first-best allocation as γ → 1.
Guo and Hörner [2015] characterize the optimal allocation in the stylized setting in which the
central planner has a fixed cost and decides at each iteration whether to allocate the resource
to a single agent whose utilities evolve according to a two-state Markov chain.

We previously introduced budget-based mechanisms, also called artificial currency or script
strategies Friedman et al. [2006], Johnson et al. [2014], Kash et al. [2007, 2015], in which each
agent is given an initial budget that can be used as currency to bid on resources in each round.
These have the advantage of being very simple and interpretable, and their implementation in
several real-world applications has motivated the study of their theoretical performance [Budish,
2011, Gorokh et al., 2021, Jackson and Sonnenschein, 2007]. For instance, Gorokh et al. [2021]
shows that in the finite-horizon T setting and for discrete utility distributions their convergence
to the first-best allocation decreases as 1/T . However, their results hold under a weaker notion
of approximate Nash equilibrium in which incentive-compatibility constraints are only satisfied
approximately up to

√
log T/T terms. In a similar spirit to artificial currencies, Elokda et al.

[2022] recently proposed the use of karma mechanisms and discussed its applications in ride-
hailing platforms, in which agents can receive an additional budget reward for accepting to give
the resource to other agents.

The work of Balseiro et al. [2019] is closest to the present paper. They consider the discounted
infinite-horizon setting where agent utility distributions admit densities bounded above and
below by some fixed constant. With these distributional assumptions and for two agents, they
provide allocation mechanisms that converge to the first-best allocation as Θ(1 − γ) for γ → 1
and show that this is the best possible among all mechanisms up to constants. In comparison,
they show that budget-based mechanisms have a convergence rate of at most Ω(

√
1− γ); hence,

budget-based strategies are suboptimal under these utility distribution assumptions. For n ≥ 3

7



agents, they prove a O((1−γ)1/(n+4)) convergence rate for their mechanism, leaving a significant
gap compared to their Ω(1− γ) lower bound.

Compared to these previous works, we give tools to prove convergence rates for general
utility distributions. As an example, with the specific assumptions from Balseiro et al. [2019],
we provide an allocation mechanism that achieves the optimal convergence rate Θ(1−γ) for any
number of agents n. More precisely, the upper (resp. lower) bound holds whenever the utility
distributions have densities lower (resp. upper) bounded by a constant. Our work also aims
to reconcile the analysis for the finite-horizon and infinite-horizon settings by using the same
techniques for both.

Last, we make some comments about potential extensions of our current approach. In many
operational scenarios, the utility distributions of agents may evolve over time following a periodic
structure—say every p rounds—for instance, due to seasonality in food banks. We expect that
our current approach can be adapted to this non-i.i.d. setting by grouping p consecutive times
for the allocation function—effectively replacing p distributions with an appropriate mixture on
each length-p group. Beyond seasonality, utility distributions may also be dependent on the
past history of allocations. We leave for further work whether our results can have implications
for such adaptive utility distributions.

1.3 Organization of the paper

We define the model and the framework used for our constructions in Section 2. In Section 3, we
describe our general resource allocation mechanism and then present our main geometric tool to
derive social welfare lower bound gaps in Section 4. Using these two geometric tools, we derive
convergence rates for social welfare in the infinite-horizon setting in Section 5. In Section 6, we
show how the tools developed for the infinite-horizon setting can be used for the finite-horizon
setting as well, with only minor modifications. We provide examples of the results that can be
obtained with our characterizations for utility distributions of interest in Section 7. Lastly, we
conclude in Section 8.

1.4 Notations

For n ≥ 1, we denote [n] := {1, . . . , n}. We also write R+ := [0,∞) and 1 = (1, . . . , 1) ∈ Rn. By
default, we use ∥ · ∥ for the Euclidean norm ∥ · ∥2, otherwise, we will always specify the norm
within the paper. For any x ∈ Rn and r > 0, we denote B(x, r) = {y ∈ Rn : ∥y − x∥ ≤ r} and
B◦(x, r) = {y ∈ Rn : ∥y − x∥ < r}, the closed and open balls centered at x respectively. We
let Sn−1 = {y ∈ Rn : ∥y∥ = 1} be the unit n-dimensional sphere. For a compact C ⊂ Rn and
any x ∈ Rn, we define d(x, C) = maxy∈C ∥y − x∥, where the maximum is attained since C is
compact. Next, for any subset S ⊆ [n] and x ∈ Rn, we denote xS := (xi)i∈S . For i ∈ [n] we
also denote x−i = (xj)j ̸=i. We denote ∆n := {x ∈ Rn

+,
∑

i∈[n] xi ≤ 1} the probability simplex
(augmented with a do-nothing option). We denote by a ⊙ b = (aibi)i the component-wise
product of two vectors a and b.

We use standard Landau notations. For two functions f , and g, we write f(x) = O(g(x)) if
there exists a constant C such that f(x) ≤ Cg(x) for all x in the support of f . We may specify
f(x) =

x→a
O(g(x)) when the inequality f(x) ≤ Cg(x) only holds in a neighborhood of a within

the support of f . We write f(x) = Ω(g(x)) when g(x) = O(f(x)), and f(x) = Θ(g(x)) if both
f(x) = O(g(x)) and f(x) = Ω(g(x)) hold. We write f(x) =

x→a
ω(g(x)) if 0 ≤ h(x)g(x) ≤ f(x)
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where h(x) → ∞ as x → a. Last, the notations Õ(·) and Θ̃(·) hide logarithmic factors in the
horizon T .

2 Problem formulation and preliminaries

We first detail the model and give useful preliminaries about the promised utility framework.
Except for characterizations in Section 2.5, most statements in this section can be considered
standard in the literature.

2.1 Model definitions

We consider the sequential problem in which a central planner repeatedly allocates a single
resource between n agents. At every round t ≥ 1, each strategic agent i ∈ [n] observes their
private realized utility ui(t), then reports a value vi(t) to the central planner only, and last,
having observed the reported values v(t) = (vi(t))i∈[n] the central planner allocates the single

resource to one or none of the agents, which we represent by the index î(t) ∈ {0, . . . n} where
î(t) = 0 signifies that the resource was not allocated at time t. Alternatively, the central planner
selects a probabilistic allocation p(t) = (pi(t))i∈[n] ∈ ∆n = {y ≥ 0 :

∑
i∈[n] yi ≤ 1}. Last, at the

end of the round, the reported values v(t) and allocation p(t) are made public to all agents.
Crucially, we suppose that the true utilities are independent between agents and independent

and identically distributed (i.i.d.) for each agent. That is, for any i ∈ [n], we have (ui(t))t≥1
iid∼

Di. We denote by F̄i the complementary cumulative function of Di, that is, F̄i(x) = Pu∼Di [u ≥
x]. We assume that the fixed distributions D1, . . . ,Dn have bounded support in [0, v̄] for some
fixed value v̄ > 0, and are publicly known to the central planner and to all agents i ∈ [n]. Last,
we consider the case of myopic agents, that is, at time t, agent i does not have access to their
realized utilities at future times ui(t

′) for t′ > t. Formally, write the history available at time
t as h(t) = (vj(t

′), pj(t
′), j ∈ [n], t′ < t). At time t, the central planner strategy is given by a

function St : [0, v̄]
n(t−1)×∆t−1

n ×[0, v̄]n → ∆n and the allocation is given by p(t) = St(h(t),v(t)),
while the strategy of agent i ∈ [n] is given by a function σi,t : [0, v̄]

n(t−1) ×∆t−1
n × [0, v̄]→ [0, v̄]

and their report is given by vi(t) = σi,t(h(t), ui(t)). For convenience, throughout the paper, u
represents a random utility vector with independent coordinates with ui ∼ Di.

The goal of the central planner is to maximize the social welfare or equivalently, to minimize
the regret compared to the optimal allocation in hindsight i⋆(t) ∈ argmaxi∈[n] ui(t). We consider
two different settings.

1. In the γ-discounted infinite-horizon setting, the central planner and all agents share the
same discount factor γ ∈ [0, 1). That is, the central planner aims to minimize the expected
regret

(1− γ)E

∑
t≥1

γt−1

(
max
i∈[n]

ui(t)− uî(t)(t)
) .

while agent i ∈ [n] aims to maximize their total discounted utility (1−γ)E
[∑

t≥1 γ
t−1ui(t)pi(t)

]
.

2. In the finite horizon T setting, the central planner aims to minimize the average regret

1

T
E

[
T∑
t=1

max
i∈[n]

ui(t)− uî(t)(t)

]
,

9



while agent i ∈ [n] aims to maximize their total utility 1
T E
[∑

t∈[T ] ui(t)pi(t)
]
.

The reports of the strategic agent form a perfect Bayesian equilibrium, as detailed below.
Using the same notations as in Balseiro et al. [2019], we let Vi,t be the expected remaining
utility of agent i starting from time t, given its own utility ui(t) and the history h(t), with the
allocation strategy S = (St′)t′≥1, all other agents employing their strategy σ−i = (σj,t′)j ̸=i,t′≥1

and agent i using strategy σ̃i = (σ̃i,t′)t′≥1. Formally, we define Vi,t(S,σ−i, σ̃i | ui(t),h(t)) as

(1− γ)E

∑
t′≥t

γt
′−tui(t

′)pi(t
′) | ui(t),h(t)


for the γ-discounted setting, and

1

T − t+ 1
E

[
T∑

t′=t

ui(t
′)pi(t

′) | ui(t),h(t)

]

for the finite horizon T setting. In both definitions, p(t′) is induced by the central planner
strategy St′ for t

′ ≥ t starting from the history h(t), using the reports of agents j ̸= i according
to σj and the reports of agent i according to σ̃i. The perfect Bayesian equilibrium constraints
then write

∀i, t, ui(t),h(t), σ̃i, Vi,t(S,σ−i, σi | ui(t),h(t))
≥ Vi,t(S,σ−i, σ̃i | ui(t),h(t)). (PBE)

2.2 Achievable utility sets

As an alternative reformulation, letting U = (Ui)i∈[n] be the vector of realized utilities where

Ui is the total expected utility gained by agent i, the goal is to maximize the total utility 1⊤U
among realizable utility vectors U . For our purposes we will consider the more general problem
in which agents can have weights α ∈ Rn

+ \ {0} and the goal of the central planner becomes
maximizing the total utility α⊤U . Equivalently, letting Vi(S,σ) := Eui(1)[Vi,1(S,σ | ui(1))], we
aim to characterize the region of achievable utilities:{

U = (Vi(S,σ))i∈[n] ∈ Rn
+ : S,σ satisfy (PBE)

}
,

which we denote Uγ for the γ-discounted setting, and VT for the finite horizon T setting.

Full-information set. We first characterize the optimal allocation baseline, which corre-
sponds to the full-information setting in which the central planner has direct access to all
agent utilities (ui(t))i∈[n] before deciding its allocation. This also corresponds to the setting in
which agents are non-strategic. The set of achievable utilities in this full-information setting is

U⋆ =
{
(E[uipi(u)])i∈[n], p : [0, v̄]n → ∆n

}
.

We can also easily characterize the Pareto-optimal points in this set of achievable utilities. This
boundary is parametrized by weights α ∈ Rn

+ \ {0} with the corresponding maximizing utility
vectors argmaxU∈U⋆ α⊤U = E

[
maxi∈[n] αiui

]
. Such α-optimal vectors exactly correspond to
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first-best allocation functions that always allocate the resource to i ∈ argmaxj∈[n] αjuj . By
default, we say that x ∈ U⋆ is optimal if it is 1-optimal.

Recall that the central planner aims to maximize the social welfare, corresponding to equali-
tarian weights α = 1. Hence, the optimal regret in the γ-discounted setting, which corresponds
to the social welfare gap between strategic and non-strategic agents is

SWG(γ) := max
U∈U⋆

1⊤U − max
U∈Uγ

1⊤U . (1)

By abuse of notation, we denote by SWG(T ) the social welfare gap in the finite-horizon-T
setting, that is, replacing Uγ with VT in Eq. (1).

Remark 2.1. While the central planner mainly focuses on equalitarian weights α = 1, it turns
out that the geometry of the boundary of U⋆—or equivalently, maximizing utility vectors for
weights α ̸= 1—is crucial to characterize the optimal social welfare gap and construct corre-
sponding mechanisms.

No-information set. We next define the set of utilities that can be achieved without reports,
that is without information on the utility realizations. This corresponds to a setting in which
the central planner selects a fixed allocation p ∈ ∆n, which gives the following frontier

UNI =
{
(piEui∼Di [ui])i∈[n],p ∈ ∆n

}
.

For intuition, if P(ui = 0) = 0 for all i ∈ [n], we have UNI = U0 = V1. We will see, however,
that if this does not hold we may have UNI ⊊ U0 = V1, see Theorem 2.4, scenario 3(b).2 Using
mixed allocation strategies, we can easily check the following.

Fact 2.1. The sets U⋆, UNI , Uγ, and VT are convex sets of Rn
+ for all γ ∈ [0, 1) and T ≥ 1.

2.3 The promised utility framework

Before giving our results, we present a convenient reformulation of the sequential allocation
problem in terms of dynamic programming, referred to as the promised utility framework [Abreu
et al., 1990, Balseiro et al., 2019, Spear and Srivastava, 1987, Thomas and Worrall, 1990]. We
give below an introduction and summary of the framework for the γ-discounted infinite-horizon
setting as detailed in Balseiro et al. [2019].

We focus on the γ-discounted infinite-horizon setting for now. In its direct form, maximiz-
ing social welfare requires solving an infinite-horizon perfect Bayes equilibrium. However, the
symmetry of the problem in time allows to drastically simplify the formulation. In light of the
revelation principle, we can without loss of generality suppose that the mechanism is incentive-
compatible hence agents report truthfully. Say we want to design an allocation strategy to
ensure that the final utility vector is U . The first decision is to decide on the allocation function
for the first time step t = 1 which we denote p(· | U) : [0, v̄]n → ∆n. It takes as input the
agent reports v(t = 1) = u(1) and outputs the allocation distribution p(1). We then denote by
W (· | U) : [0, v̄]n → Rn the remaining utility to be gathered by the agents at future times t ≥ 2,
that is,

Wi(v | U) = (1− γ)E

∑
t≥2

γt−2ui1ît=i | u(1) = v

 .
2Specifically, the optimal vector U constructed therein is outside UNI = Conv(0; {E[ui]ei, i ∈ [n]}).
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Note that the history also includes the allocation p(1) but this is completely subsumed by the
knowledge of u(1) = v via p(1) = p(v | U). The problem at time t = 2 is now perfectly
equivalent to the original problem except that now the central planner aims to ensure that the
utility vector to realize is W (u(1) | U).

This motivates focusing only on the allocation function and the promised utility function:
to achieve a region R ⊆ U⋆, it suffices to specify two functions p(· | U) : [0, v̄]n → ∆n and
W (· | U) : [0, v̄]n → Rn for all U ∈ R, where the later is viewed as a utility promise to the
agents. These should satisfy the following constraints. The promise-keeping constraint checks
that the target utility U is met: for all i ∈ [n] and U ∈ R,

Ui = E[(1− γ)uipi(u | U) + γWi(u | U)]. (2)

Second, the central planner should ensure that the promised utilities can be fulfilled for any
possible reports of the agent. That is,

∀U ∈ R,∀v ∈ [0, v̄]n, W (v | U) ∈ R. (3)

The last constraint is to ensure that (PBE) is satisfied, which can be simplified since we supposed
that the mechanism is incentive-compatible. Having defined the interim allocation Pi(v | U) :=
Eu−i [pi(v,u−i | U)] and the interim promised utility Wi(v | U) = Eu−i [Wi(v,u−i | U)] for all
i ∈ [n], the perfect Bayesian incentive-compatibility equations write for all U ∈ R, i ∈ [n], and
u ∈ [0, v̄],

u ∈ argmax
v∈[0,v̄]

(1− γ)uPi(v | U) + γWi(v | U). (4)

Fact 2.2. A region R′ ⊆ U⋆ can be achieved in the infinite-horizon γ-discounted setting if and
only there exists a superset R ⊇ R′, functions p(· | U) and W (· | U) for all U ∈ R satisfying
Eqs. (2) to (4).

When γ > 0, we can further characterize the form of the allocation and promised utility
functions following a standard argument from Myerson [1981]. Given the incentive-compatibility
constraint Eq. (4), without loss of generality, we can suppose that the functions Pi(· | U) are
non-decreasing. For convenience, we say that a choice of allocation function p(· | U) is non-
decreasing if the corresponding interim allocation function Pi(· | U) is non-decreasing for all
i ∈ [n]. Then, Eq. (4) implies

Wi(vi | U)−Wi(0 | U)

=
1− γ
γ

(∫ vi

0
Pi(v | U)dv − Pi(vi | U)vi

)
. (5)

Combining this with the constraint from Eq. (2), we obtain for all U ∈ R, i ∈ [n], and vi ∈ [0, v̄],

Wi(vi | U) =
1

γ

[
Ui + (1− γ)

(∫ vi

0
Pi(v | U)dv

− Pi(vi | U)vi −
∫ v̄

0
F̄i(v)Pi(v | U)dv

)]
. (6)

This formula can be found in Balseiro et al. [2019] as Eq (10). This equation effectively replaces
the promise-keeping constraint Eq. (2) and the incentive-compatibility constraint Eq. (4). Fur-
ther, we can check that Wi(vi | U) is non-increasing in vi by re-writing

∫ vi
0 Pi(v | U)dv−Pi(vi |
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U)vi =
∫ vi
0 (Pi(v | U) − Pi(vi | U))dv. The promised utility function only needs to satisfy the

following validity equation for the interim promise: for all U ∈ R, i ∈ [n], and v ∈ [0, v̄],

Wi(v | U) = Eu−i [Wi(v,u−i | U)]. (7)

As a summary, we have the following characterization.

Fact 2.3. Let γ ∈ (0, 1). A region R′ ⊆ U⋆ can be achieved in the infinite-horizon γ-discounted
setting if and only if there exists a superset R ⊇ R′, functions p(· | U) and W (· | U) for all
U ∈ R satisfying Eqs. (3) and (7), where the interim future promise is defined as in Eq. (6).

2.4 A convenient choice of promised utility functions

Given an allocation function p(· | U), the remaining choice of the mechanism design is in the
form of the promised utility function W (· | U) so that it satisfies Eqs. (3) and (7). We introduce
a specific choice of form for these promised utility functions that will be useful for our mechanism
design constructions.

The specific construction is somewhat more general than the present sequential allocation
setting. Consider the following problem: given n independent random variables Z̃1, . . . , Z̃n and
a direction α ∈ Rn, we aim to construct a coupling (Z1, . . . , Zn) such that (1) for all i ∈ [n],
E[Zi | Z̃i] = Z̃i, and (2) that is as far along the direction α as possible in the worst-case sense.
That is, we aim to solve the problem

max
Z

min
ω∈Ω

α⊤Z(ω), s.t. ∀i ∈ [n],E[Zi | Z̃i] = Z̃i. (8)

Taking the expectation, any coupling Z satisfying the marginal constraints must satisfy

min
ω∈Ω

α⊤Z(ω) ≤ E[α⊤Z] = α⊤E[Z̃]. (9)

This value can also be reached for instance using the following coupling from Balseiro et al.
[2019]. For i ∈ [n] such that αi = 0, we can let Zi = Z̃i. Otherwise, we define

Zi = Z̃i −
1

n− 1

∑
j ̸=i

αj

αi

(
Z̃j − E[Z̃j ]

)
. (10)

We can easily check that this coupling reaches the upper bound from Eq. (9) since the coordinates
of Z̃ are independent. This coupling forces the vector Z to lie in the hyperplane {x : α⊤(x −
E[Z̃]) = 0}.

Balseiro et al. [2019] used this construction to specify the future promise functions: for any
U , letting Zi := Wi(vi | U), they use the promise function W (v | U ;α(U)) defined as the
previous coupling for some pre-specified vector α(U) ∈ Rn \ {0}. For our purposes, we will use
a slightly different coupling. The term αi in the denominator leads to instabilities that we can
mitigate by using the coupling from Eq. (10) only for the variables i with largest value of |αi|.
Let i1 and i2 be the indices of the largest and second-largest components of α respectively. We
pose

Zi =


Z̃i1 −

∑
i̸=i1

αi
αi1

(Z̃i − E[Z̃i]) i = i1,

Z̃i2 −
αi1
αi2

(Z̃i1 − E[Z̃i1 ]) i = i2,

Z̃i i /∈ {i1, i2}.

(11)

Both couplings defined in Eqs. (10) and (11) are optimal for the previous optimization problem.
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(a) Utility
0

Support of uiSupport for all uj with j ̸= i

(b) Utility
0

Support of ui1

Support of ui2Support of ui3

Support for all uj with j /∈ {i1, i2, i3}

Figure 1: Illustration of the two scenarios (a) and (b) from Theorem 2.4 which correspond to
cases in which there is already an optimal allocation strategy for γ = 0 (resp. T = 1) in the
infinite-horizon (resp. finite-horizon) setting. Figure (a) corresponds to the scenario in which
agent i dominates all other agents. Figure (b) corresponds the scenario in which agent i1 and
i2 have non-zero utility mass at 0 and the support of ui for i ∈ {i1, i2, i3} follow a hierarchy.

Lemma 2.2. For any α ∈ Rn, the couplings defined in Eqs. (10) and (11) are solutions of the
problem in Eq. (8) with value α⊤(E[Z̃])i∈[n].

With this construction at hand, to specify an allocation strategy for the central planner, we
may only specify the allocation function p(· | U) and the directions α(U). By defining W (· | U)
via Eq. (11), the constraint Eq. (7) is automatically satisfied. The only constraint that remains
to be checked to have a valid allocation is Eq. (3), which asks that the future promises stay
within the constructed region.

Remark 2.3. We are now ready to state our main results. For ease of exposition, we state all
our main results in the following Sections 3 to 7 for equalitarian weights α = 1. Note that these
can easily be generalized to arbitrary weights α ∈ Rn

+ \ {0} by replacing the valuation vi of an
agent i ∈ [n] by αivi.

2.5 Characterization of scenarios without social welfare gap

For technical purposes, we need to treat separately trivial cases when the regions U0 = V1 already
contain an optimal utility vector. In words, these corresponds to cases when the optimal social
welfare can be achieved with memoryless mechanisms which allocate based solely on reports at
the current iteration. In the following, we show that this may only happen in two scenarios
(see Fig. 1 for an illustration). The first one corresponds to the case when one agent’s utilities
dominates all others, while the second one involves some slightly more complex hierarchy between
agents. In both cases, we can give simple optimal mechanisms:

Lemma 2.4. First, we have U0 = V1. Next, the following are equivalent.

1. There exists an optimal vector in U0 (SWG(0) = 0). In particular, Uγ and VT always have
an optimal vector for all γ ∈ [0, 1) and T ≥ 1.

2. For all i ∈ [n], either

(a) there exists j ̸= i such that P(uj ≥ ui) = 1,

(b) or there exists [mi,Mi] such that P(ui ∈ [mi,Mi]∪{0}) = 1 but P(uj ∈ (mi,Mi)) = 0
for all j ̸= i.
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3. Either one of these scenarios holds

(a) There exists i ∈ [n] such that for all j ̸= i, P(ui ≥ uj) = 1. In which case, E[ui]ei ∈ U0
is optimal, and is reached by the mechanism that always allocates to agent i.

(b) There exists a subset of agents S = {i1, . . . , ik} ⊆ {i ∈ [n] : αi > 0} and a sequence
m0 = ∞ > m1 ≥ m2 ≥ . . .mk−1 > 0 for which: (1) If l < k, Dil is supported on
{0} ∪ [ml,ml−1] and Pu∼Dil

(u = 0) > 0. (2) Dik is supported on [0,mk−1]. (3) For
i /∈ S, we have P(ui ≤ uik) = 1.

In this case, U =
∑

l∈[k] P(uil′ = 0, l′ < l)E[uil ]eil ∈ U0 is optimal, and is reached
by the following allocation mechanism for reported utilities v ∈ [0, v̄]n: p(v) = eil(v)
where l(v) = min{l : vil > 0} ∪ {k}.

The proof is given in Section A.1. In light of the second characterization of Theorem 2.4,
and even when U0 does not contain an optimal vector, we note for agents i ∈ [n] satisfying either
condition 2(a) or 2(b), ensuring incentive-compatibility while optimizing for social welfare is
somewhat straightforward (see Theorem A.1 for more details). Indeed, if condition 2(a) holds,
then it is possible to ignore agent i, never allocating to them, and still yield an optimal utility
vector by allocating to j instead. On the other hand, if condition 2(b) holds, the reports of
agent i are also not really necessary to reach an optimal vector. Knowing the utilities uj for the
other agents j ̸= i and whether ui > 0 is sufficient: if this is the case, we can allocate to agent i
when maxj ̸=i uj < Mi and to an agent in argmaxj ̸=i uj otherwise.

This motivates the definition of the complementary set of agents, for which more work is
needed to ensure incentive-compatibility: Ĩ := {i ∈ [n] : i does not satisfy 2(a) nor 2(b)}. As it
turns out, ties between different agents are especially convenient for the central planner since
it can freely decide how to break ties without incurring social welfare cost. It will therefore be
useful to define the set of agents I augmented with these convenient agents, on which it suffices
to focus.

I := Ĩ ∪ {i ∈ [n] : P(ui = max
j ̸=i

uj > 0) > 0}. (12)

3 A generic resource allocation mechanism

We are now ready to detail our generic resource allocation mechanism for the γ-discounted
setting. The extension to the finite horizon-T setting is discussed in Section 6. The mechanism
aims to achieve any utility vector within a pre-specified ball B(x, r) which has sufficiently large
margin within the full-information region U⋆, that is, B(x, r+δ) ⊆ U⋆ for some margin parameter
δ > 0. We refer to Fig. 2 for an illustration. The corresponding Promised Utility Mechanism
(PUM) requires an appropriate margin to successfully achieve utility vectors in the target ball,
as detailed below.

Lemma 3.1. Fix γ ∈ (0, 1). Let x ∈ U⋆ and r, δ > 0 such that B(x, r + δ) ⊆ U⋆. If

rγ

1− γ
≥ δ ≥ C 1− γ

γr
, (13)

then the mechanism PUM(x, r, δ) (see Algorithm 1) does not fail and achieves any utility vector
within B(x, r). In particular, when this holds we have B(x, r) ⊆ Uγ. Here,

C = 4n2v̄2
(
1 +

maxi∈[n] E[ui]
mini∈[n](E[ui]− xi − r)

)2

.

15



0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

δrx

U⋆

U1

U
2

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

δrx

U⋆

U1

U
2

Figure 2: Illustration of Theorem 3.1 (left) and Theorem 4.1 (right) with 2 agents. (1) On
the left, if the gray ball B(x, r) is within the full-information utility set U⋆ with a margin δ
satisfying Eq (13), then PUM(x, r, δ) is successful and B(x, r) is contained in Uγ . The region
U⋆ here corresponds to agents having uniform utility distributions on [0, 1]. (2) On the right,
the ball B(x, r) separates the region U⋆ in two connected components, the one C closest to the
boundary being included within a margin δ. If δ satisfies the constraints from Theorem 4.1,
then the gray region is outside Uγ (note that the region is slightly smaller than the connected
component C (corresponding to the dash-dotted ball). The region U⋆ here corresponds to agents
having uniform utility distributions on {1/6, 5/6}.

As remark, we aim to use this mechanism for balls B(x, r) that are close to the social-welfare-
maximizing boundary of U⋆. Hence, the margin δ to this boundary intuitively corresponds to the
suboptimality incurred by PUM compared to monetary mechanisms. Effectively, this reduces the
multi-horizon resource allocation problem into a purely geometric one: finding the ball satisfying
the margin condition Eq. (13) which is closest to the social-welfare-maximizing boundary of U⋆.
Importantly, the required margin is smaller for larger balls—with larger radius r—which hints
to the fact that smoothed boundaries for U⋆ will allow for smaller social-welfare gaps. This
intuition will be formalized in the following sections.

We now describe the PUM resource allocation strategy. From the promised utility framework,
one only needs to specify appropriate allocation and promised utility functions p(· | U) and
W (· | U) for U ∈ B(x, r). Ideally, for a point on the boundary U = x+ ry with y ∈ Sn−1, we
aim to use the allocation function realizing the utility vector x+(r+ δ)y in the full-information
case and construct the promised utility function using the form described in Section 2.4 with
α(U) = x − U . The intuition is that this choice of allocation and promised utility function
pushes the promised utility vector W (u | U) towards the center of the ball. In practice, as
per Eq. (11), we need to lower bound the second-largest component of α(U), which will require
considering a larger region R ⊇ B(x, r) on which the allocation and promised utility functions
are defined.
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Input: Ball B(x, r), margin δ with B(x, r + δ) ⊆ U⋆, target utility U0 ∈ B(x, r)
1 Initialize U ← U0

2 for t ≥ 1 do

3 Decompose U = s⊙
(∑

i∈[n] qiE[ui]ei + q0(x+ ry)
)
where q ≥ 0,

∑n
i=0 qi ≤ 1,

y ∈ Sn−1, s ∈ [0, 1]n.
4 Fix an allocation function p̃(·) realizing utility x+ (r + δ)y in the full-information case

5 Compute interim functions P̃i(·) := Eu−i [p̃i(·,u−i)] and W̃i(·) according to Eq. (6) for
i ∈ [n]

6 Observe reports v = (vi)i∈[n] at round t and select allocation s⊙
(∑

i∈[n] qiei + q0p̃(v)
)

7 Define W̃ using Eq. (11) for α = −ry, and Z̃i = W̃i(vi) for i ∈ [n]

8 Update U ← s⊙
(∑

i∈[n] qiE[ui]ei + q0W̃
)

9 if U /∈ R as defined in Eq. (14) then Mechanism fails. break;
Algorithm 1: Promised Utility Mechanism PUM(x, r, δ) for the γ-discounted setting

Formal construction of the mechanism. Precisely, we construct these functions on the
region

R :=
{
y : 0 ≤ y ≤ z,z ∈ Conv(UNI , B(x, r))

}
. (14)

To give some intuition about this utility set, we have Conv(UNI , B(x, r)) = Conv(0; {E[ui]ei, i ∈
[n]};B(x, r)). This is the convex hull of the target ball with the trivial allocations that always
allocate the resource to a single agent i ∈ [n]. Additionally, we extend this region in all directions
−ei for i ∈ [n] so long as points stay within the positive orthant Rn

+. For any U ∈ U⋆, we fix
p(·;U) an allocation function which reaches the utility vector U when having access to the full
information of agent’s utilities.

We start by specifying the allocation strategy for extreme points U of R that still belong to
the ball B(x, r), for which we can use the strategy described above. Writing U = x+ ry where
y ∈ Sn−1 is a unit vector, we define the allocation function via p(· | U) := p(·;x+(r+ δ)y) and
α(U) = x − U = −ry. We then extend the definition of the allocation function to the whole
domain R. To do so, note that any vector U ∈ R can be characterized by 0 ≤ U ≤ y where
y ∈ Conv(UNI , B(x, r)) and is also an extreme point of R. In particular, y can be written as
the convex combination of 0, vectors E[ui]ei and some extreme point ỹ of R within the ball
B(x, r) (we only need one point from B(x, r) at most because the ball is strictly convex). Such
a decomposition can be obtained via standard Carathéodory constructions. As a summary, we
obtain

y =
∑
i∈[n]

qiE[ui]ei + q0ỹ, where q ≥ 0,
∑
i≤n

qi ≤ 1,

and Ui = siyi where si ∈ [0, 1] for all i ∈ [n]. We then define the allocation and promised utility
function via

pi(· | U) = si

∑
i∈[n]

qiei + q0pi(· | ỹ)

 , i ∈ [n].

Wi(· | U) = si

∑
i∈[n]

qiE[ui]ei + q0Wi(· | ỹ)

 , i ∈ [n].
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Note in particular that for all the extreme points U = E[ui]ei, the allocation function p(· | U) =
ei always gives the resource to agent i, as should be expected. The complete PUM strategy is
summarized in Algorithm 1.

Remarks on Theorem 3.1. As an important remark, the term C from Theorem 3.1 should
be viewed as a constant. Indeed, since we aim to bound the social welfare gap SWG(γ) for
non-monetary mechanisms, we can use Theorem 3.1 with small balls locally close to an optimal
utility vector U ∈ U⋆. For sufficiently small balls and close to this optimum point, the term C
becomes

C ≈ 4n2v̄2
(
1 +

maxi∈[n] E[ui]
mini∈[n](E[ui]− Ui)

)2

,

which is independent from γ. Further, the term C from Theorem 3.1 can be greatly simplified
if one has additional structure in the problem, as exemplified by the following assumption.

Assumption 3.2. The utility distributions of the agents i ∈ [n] have support in [v, v̄], where
v̄ ≥ v > 0.

Lemma 3.3. Under Theorem 3.2, we can choose C = v̄2(2n+ v̄/v)2 in the statement of Theo-
rem 3.1.

The sufficient condition from Theorem 3.1 can be generalized by splitting agents into groups
and applying the resource allocation mechanism to each group separately. For simplicity, we defer
the complete statement of this lower bound tool on the achievable region Uγ to the Appendix
(Theorem B.2).

4 A geometric tool for proving lower bounds on the social wel-
fare gap

In this section, we present our main tool for proving social welfare gaps between non-monetary
and monetary mechanisms, for the γ-discounted infinite-horizon setting. Equivalently, we aim
to show that some regions in the full-information region U⋆ cannot be achieved by non-monetary
mechanisms.

As a reminder, Theorem 3.1 showed that any ball B(x, r) with sufficient margin δ within
the full-information region U⋆ is achievable by non-monetary mechanisms. Intuitively, we show
a corresponding negative counterpart: if the ball B(x, r) is too close to the boundary of U⋆,
then the region between the ball and this boundary cannot be achieved. More formally, we
show that if the ball B(x, r) is so close to the social-welfare-maximizing utility vectors of U⋆

that it cuts the region U⋆ in (at least) 2 components, under appropriate margin conditions, the
social-welfare-maximizing component cannot be achieved (see the right figure of Fig. 2 for an
illustration). The corresponding statement will therefore be local, that is, we focus on the region
of U⋆ that is close to being optimal for the social welfare: {y : 1⊤y ≥ maxz∈U⋆ 1⊤z − c1} for
some c1 > 0:

Lemma 4.1. Suppose that U0 does not already contain an optimal vector (see Theorem 2.4 for
a characterization). There exist two constants c1, c2 > 0 such that the following holds. For
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γ ∈ (0, 1) and r > 0, suppose that U⋆ \ B◦(x, r) has a connected component C ⊆ {y : 1⊤y ≥
maxz∈U⋆ 1⊤z − c1}. If

C ⊆ B(x, r + δ), δ = min

(
c2
1− γ
γr

, r

)
,

then the region C̃ := C \B◦
(
x, r + 1−γ

γ δ
)
is not achievable by non-monetary mechanisms: Uγ ∩

C̃ = ∅. In particular, for any U ∈ C, writing U = x+ ∥U − x∥d,

max
y∈Uγ

d⊤(y − x) < r +
1− γ
γ

δ.

We make a few remarks about this result. First, the margin δ required (δ = O(1−γ
γr )) has

exactly the same form as the margin required for our positive results in Theorem 3.1. This
will be essential to show that our mechanisms achieve near-optimal social welfare. Second, the
condition C ⊆ {y : 1⊤y ≥ maxz∈U⋆ 1⊤z−c1}, which localizes the region of interest, is mild since
the constant c1 > 0 is independent of γ (especially since it is possible to reach points that are
c1-close to optimal for sufficiently small γ from the folk theorem). Last, ideally, Fig. 2 should
prove that the full component C is not achievable by non-monetary mechanisms, however, for
technical reasons, we prove this result for a slightly smaller region C̃. Fortunately, this will not
affect our near-optimality guarantees.

As for Theorem 3.1, the statement can be refined by considering a subset of agents. In
particular, it is useful for future proofs to consider the setting in which a single agent i ∈ [n]
competes for the allocation against all other agents [n] \ {i}. The precise statement is deferred
to the Appendix (Theorem C.3).

5 Social Welfare Gap Characterizations for the discounted infinite-
horizon setting

Using the tools developed in the previous section Theorems 3.1 and 4.1 (and generalizations
Theorems B.2 and C.3), we now derive our main characterizations of the social welfare gap for
the discounted infinite-horizon setting.

5.1 A universal rate O(
√
1− γ)

As a first consequence of Theorem 3.1, we show that for appropriately chosen parameters, the
mechanism PUM always achieves social welfare gap at most O(

√
1− γ). As a remark, the folk

theorem only ensures asymptotic decay of this social welfare gap. In comparison, to the best of
our knowledge, this is the first result which achieves a quantitative universal convergence rate
to first-best allocation as agents are more patient, irrespective of utility distributions or the
number of agents. 3

Theorem 5.1. The optimal social welfare regret always satisfies SWG(γ) = O(
√
1− γ).

3Gorokh et al. [2021] also provide general bounds for the finite T -horizon setting but for the weaker notion of
approximate PBE, and therefore are not comparable to our perfect PBE guarantees.
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Figure 3: Visual proof of Theorem 5.1 (left) and Theorem 5.2 (right) given an optimal vector
U with Ui > 0 for all i ∈ [n]. (1) On the left, the dotted region satisfies

∏
i∈[n][0, Ui] ⊆ U⋆.

We can then fit a ball B(x, r) as in the figure with r = δ =
√
C 1−γ

γ , satisfying Eq (13). Hence

B(x, r) ⊆ Uγ and as a result d(U ,Uγ) = O(
√
1− γ). (2) On the right, if B(x, r0) ⊆ U⋆ is

tangent at U , we can choose r, δ satisfying r + δ = r0 and δ = C 1−γ
γr . These satisfy Eq (13).

Note that δ ∼ C 1−γ
r0

as γ → 1, which gives d(U ,Uγ) ≤ δ = O(1− γ).

The proof of this result proceeds by showing that any vector U ∈ U⋆ is at distance at most
O(
√
1− γ) from Uγ . In the standard case where U ∈ U⋆ satisfies 0 < Ui < E[ui] for all i ∈ [n],

Theorem 5.1 is a simple consequence of Theorem 3.1 of which Fig. 3 gives a visual proof. We
first note that

∏
i∈[n][0, Ui] ⊆ U⋆. To prove the desired result, it then suffices to construct a ball

B(x, r) within this region and that satisfies the constraints Eq (13) with r = δ =
√
C 1−γ

γ as

depicted in the left figure of Fig. 3.
While this already shows that non-monetary mechanisms can have good non-asymptotic

performance in general, the convergence rate of the social welfare gap may be significantly faster
when the boundary of U⋆ is smooth. This is also captured by Theorem 3.1: the smoother the
local boundary of U⋆, the larger the radius r of the ball that can be fit close to that boundary,
and the smaller the margin δ ≈ (1− γ)/r that is needed. In particular, in ideal cases where the
ball has radius r independent of γ, Theorem 3.1 shows that the mechanism PUM yields smaller
social welfare gap O(1− γ). We detail these scenarios in the following section.

5.2 Sufficient conditions for faster rates O(1− γ)

We now discuss situations when fast social welfare gap convergence rates O(1 − γ) can be
achieved. Roughly speaking, these correspond to the ideal convergence rate: these are precisely
the fastest rates achieved in Balseiro et al. [2019] for the case of n = 2 agents and well-behaved
smooth utility distributions. Additionally, these will correspond to the fastest convergence rate
that may carry over to the finite-horizon setting (see Section 5 and Theorem 6.2). From a prac-
tical perspective, understanding conditions for fast convergence rates is helpful to understand
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which distributional properties are most desirable for the implementation of non-monetary mech-
anisms. As a warm-up, we start with a simple geometric condition. Intuitively, if the boundary
of U⋆ is locally smooth at the neighborhood of optimal utility vectors, then one can achieve the
faster rate:

Theorem 5.2. Suppose that there exists an optimal vector U ∈ U⋆ such that a ball tangent to
U of radius r0 > 0 is contained within U⋆, i.e., taking x = U − r01 we have B(x, r0) ⊆ U⋆.
Then, SWG(γ) = O(1− γ).

For instance, Theorem 5.2 implies that whenever the boundary of U⋆ is twice-differentiable
locally around an optimal point U then one can fit a ball tangent to U within the convex set
U⋆ (see Theorem D.3 for a quick proof or Barb [2009, Theorem 1.0.9] for a stronger statement).
This result is obtained by applying Theorem 3.1 with the parameters x, and r, δ > 0 such that
δ = C 1−γ

γr (to satisfy Eq. (13)) and r + δ = r0. This gives a social welfare gap of δ = Θ(1− γ).
This construction is depicted in the right figure of Fig. 3. While Theorem 5.2 gives a purely
geometric condition, it can be translated into explicit conditions on the utility distributions:
intuitively Theorem 5.2 requires that any two agents may simultaneously have near-optimal
utilities with non-negligible probability. This condition can however be significantly generalized,
as detailed below.

Our main characterization for fast convergence rates O(1− γ) converts this infinite-horizon
continuous incentive-compatibility problem into a purely combinatorial test: whether a certain
directed graph G admits a partition into strongly connected components. We start by giving
the main intuitions about this result then formally state it in Theorem 5.3. Intuitively, the
graph G contains an edge i → j when the central planner can use agent i to enforce incentive-
compatibility on agent j through added rewards/penalties. This flexibility typically arises when
i and j share similar utilities: the central planner can then freely choose which agent to allocate
to, without incurring significant social welfare cost. On each strongly-connected component of G,
we then show that the central planner can enforce incentive-compatibility at a low social welfare
price. In turn, if G admits a partition into strongly connected components, the central planner
can enforce incentive-compatibility for all agents simultaneously and achieve fast convergence
O(1− γ).

We now give the formal construction for the graph G. As discussed in Section 2.5, it suffices
to focus on the agents in I as defined in Eq. (12). For any pairs of agents i, j ∈ I, we introduce
the function

f(η; i, j) := E
[
ui1uj=maxl∈[n] ul

1uj∈[ui,(1+η)ui]

]
.

This function quantifies to what extent (1) agent j has the highest utility among all agents
and (2) agent i has near-highest utility, simultaneously. To give some intuitions, notice that
under this event, the central planner has the flexibility to allocate the resource either to agent
i or j at a small social welfare cost proportional to η. On the other hand, because of the
incentive-compatibility constraints Eq. (4), the central planner needs to be able to penalize
agent j on future rounds if they reported a high utility vj(t) at time t, and similarly, reward
agent j on future rounds if they reported a low utility vj(t) (notice that the interim promised
utility Wj(vj(t) | U) is non-increasing in vj(t) from Eq. (6)). Therefore, the higher the value of
f(η; i, j), the easier it is for the central planner to fulfill its future promises/penalties to agent
j, leveraging agent i.

We then consider the following graph G on I such that for i ̸= j ∈ I,

i→ j ⇐⇒ f(η; i, j) =
η→0

Ω(η). (15)
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Figure 4: Utility distributions with n = 3 agents (left) and corresponding graph G (right). (1)
On the left, utility distributions are a mixture of atoms—represented with bullets—and uniform
distributions on intervals—represented in rectangles. E.g., D1 has an atom on x = 3/4 of mass
3/4 and a density of 1 on [0, 1/4]. Formally, D1 =

1
4Unif([0,

1
4 ])+

3
4δ3/4, D2 =

1
6Unif([

1
2 ,

2
3 ])+

5
6δ1/5,

and D3 =
1
4Unif([

3
4 , 1])+

3
8δ1/8+

3
8δ1/2, where Unif(I) and δx denotes the uniform over an interval

I and the Dirac at x respectively. (2) On the right, the graph G as defined in Eq. (15). Intuitively,
i → j when the central planner may select agent i while agent j had highest utility, without
incurring large social welfare cost. Since {1, 2, 3} is strongly-connected, Theorem 5.3 implies
SWG(γ) = O(1− γ).

Fig. 4 gives an illustration of G for concrete utility distributions. From the previous discussion,
i → j may be interpreted as follows: the central planner can use agent i as a lever to flexibly
ensure incentive-compatibility for agent j. In turn, we can show that fast convergence rates can
be achieved if G is sufficiently connected.

Theorem 5.3. Suppose that there exists a partition of agents I = I1 ⊔ I2 ⊔ · · · ⊔ Iq such that for
all s ∈ [q], |Is| ≥ 2 and Is is strongly connected in G. Then, SWG(γ) = O(1− γ).

The proof of Theorem 5.3 uses the more involved version Theorem B.2 of Theorem 3.1
which allows to group agents according to the suitable partition. At the high-level, within
each strongly-connected component Ii for i ∈ [q], a central planner has enough flexibility to
ensure incentive-compatibility for agents in Ii leveraging other agents from Ii. In particular,
this requires each component Ii to have at least 2 elements, as stated in Theorem 5.3. Note
that when |I| ≥ 5, this strongly connected condition is stronger than simply assuming that for
all i ∈ I, there exists j, j′ ∈ I such that i→ j and j′ → i, as can be seen in Fig. 5.

The conditions in Theorem 5.3 hold under many standard distributional assumptions, as
shown below.

Corollary 5.4. Denote by m the infimum of the support of maxi∈[n] ui. Suppose that for any
i ∈ I, there exists j ∈ I with j ̸= i such that either

• there exists mi > 0 such that P(ui = mi),P(uj = mi) > 0, and P(uk ≤ mi) > 0 for all
k /∈ {i, j},

• or there exist bi > ai > m such that both ui and uj have an absolutely-continuous part that
has density bounded away from zero on [ai, bi] by some constant.

Then, SWG(γ) = O(1− γ).

As a comparison, the main result from [Balseiro et al., 2019] implies that if the distributions
D1, . . . ,Dn have a density on [0, v̄] that is bounded above and below by constants, one can
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1 2 3 4 5

Figure 5: Example of graph for which each node has an incoming and outcoming edge but
does not admit a partition into strongly connected components. For any partition of the nodes
{1, . . . , 5} into sets of size at least 2, node 3 is not strongly connected within its component.

achieve a O(1 − γ) convergence rate. In particular, Theorem 5.4 shows that this holds even if
one only has densities bounded below.

5.3 Necessary conditions for faster rates O(1− γ)

We next also derive necessary conditions for having the faster rates O(1 − γ). Intuitively, we
show that if G has an isolated node i.e., there exists i ∈ I with no inner edges and no outer
edges, then O(1− γ) rates are impossible. Formally, we introduce the following function

g(η) := min
i∈I

∑
j∈I\{i}

(f(η; i, j) + f(η; j, i)) ,

which quantifies the maximum ability of the central planner to fulfill its future promises/penalties
for the worst agent i ∈ I (leveraging any other agent). In particular, if this bound decays as
g(η) =η→0 o(η) then G has an isolated node.4 We then show that the condition g(η) =η→0 o(η)
is necessary for achieving fast rates for social welfare. This formalizes the intuition that if no
agent can be leveraged to flexibly fulfill the future promise of some agent i, then achieving the
fast rate O(1− γ) is impossible.

Theorem 5.5. If g(η) =η→0 o(η), then SWG(γ) = ω(1− γ).

While this necessary condition does not exactly match the sufficient conditions from Theo-
rem 5.3, these are written in similar format: enough flexibility to penalize/reward each agent,
as quantified by the function f , is necessary to achieve faster rates.

5.4 Convergence rate bounds for general distributions

We are now ready to give our most general characterizations. While Theorem 5.3 and Theo-
rem 5.5 focused on characterizing conditions for reaching the faster rate O(1− γ), the method-
ology can be used to characterize any rate between

√
1− γ and 1− γ more generally.

Recall that the function f(η; i, j) measures the central planner’s flexibility to meet future
promises/penalties for agent j by leveraging agent i. We will show that a larger value of this
function leads to a faster convergence rate of the social welfare. Specifically, when characterizing
fast rates O(1−γ), we focused on lower bounds on f of the form f(η; i, j) = Ω(η). In comparison,
when weaker lower bounds are available, weaker convergence rates are still achievable.

Warm-up example with 2 agents. Before diving into the general multi-agent case, we start
with a simpler example that illustrates important intuitions. We consider the 2-agent scenario
with I = {1, 2}, and assume for simplicity that each agent gives similar amount of flexibility

4Note that converse also holds whenever f is non-pathological, e.g. if for all i ̸= j ∈ I, f(η; i, j) =η→0 Θ(ηαi,j )
for some αi,j ≥ 0.
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Figure 6: Utility distributions with n = 2 agents (left) and corresponding graph H (right).
(1) On the left, D1 is uniform on {1/2, 3/2}, and D2 has density 3(1 − 2x)2 on [0, 1]. (2)
By construction, the central planner incurs cost ≤ η when allocating to agent 1 while agent
2 had higher utility only with probability Θ(η2), and vice versa: f(η; 1, 2), f(η; 2, 1) = Θ(η2).
In turn, this implies f(η; {1, 2}), g(η) = Θ(η2). Hence, Theorem 5.8 (or Prop. 5.6) implies
SWG(γ) = Θ((1− γ)3/4).

for the central planner to enforce incentive-compatibility on the other agent in the following
manner:

f(η; 1, 2), f(η; 2, 1) = Θ(ηp), η ∈ [0, 1],

for some parameter p ≥ 1. Here, larger flexibility f(η; 1, 2), f(η; 2, 1) correspond to smaller
values of p. Note that in this scenario, the quantity g(η) = Θ(ηp) also coincides with f(η; 1, 2)
and f(η; 2, 1) up to constant factors. We refer to Fig. 6 for a concrete example where p = 2.

The following result derives upper upper and lower bounds on convergence rates for this
scenario. Specifically, it gives social welfare bounds between Θ(1 − γ) and Θ(

√
1− γ) depend-

ing on the flexibility of the central planner to enforce incentive-compatibility, as quantified by
f(η; 1, 2), f(η; 2, 1) through the parameter p. If the planner has larger flexibility to implement
rewards/penalties—for smaller values of p—the convergence rate is faster.

Proposition 5.6. Fix p ≥ 1. Suppose that I = {1, 2} and f(η; 1, 2), f(η; 2, 1) = Θ(ηp) for all

η ∈ [0, 1]. Then, SWG(γ) = Θ((1− γ)(1+
1
p
)/2

).

This gives tight social welfare gap characterizations in the case when the flexibility functions
f(η; 1, 2), f(η; 2, 1) are polynomial, interpolating between the fast rate O(1 − γ) (when p = 1)
and the slow rate O(

√
1− γ) when the flexibility functions are smaller (p→∞).

General setting. Going from the 2-agent case to the general multi-agent setting requires
a few notations. In particular, we first introduce a way to aggregate the flexibility functions
f(η; i, j) into a single quantity governing the social welfare convergence rate. Formally, let H be
the graph on I with capacities f(η; i, j) for any pair i ̸= j ∈ I. We denote by H|S this graph
restricted to a subset of agents S ⊆ I. Now fix any partition I = I1 ⊔ I2 ⊔ · · · ⊔ Iq with |Is| ≥ 2
for all s ∈ [q], which we denote P. For any η ≥ 0, we define

f(η;P) := min
s∈[q]

min
i,j∈Is
i̸=j

{
max-flow from i to j in H|Is

}
.

We refer to Fig. 6 for a visualization of the graph H and how to derive f(η;P) for a concrete
example of utility distributions. Importantly, f(η;P) measures the central planner’s ability to
meet future promises/penalties using the partition P to group agents, that is, only leveraging
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agents from the same group to meet their incentive-compatibility constraints. Hence, we will
show that the higher this quantity, the faster the convergence rate for the social welfare. In
comparison, in the 2-player case, the only possible partition is to group all agents together
I1 = {1, 2}; accordingly we have f(η;P) = min(f(η; 1, 2), f(η; 2, 1)).

Remark 5.7. In the definition of f(η;P), the constraint on the max-flow between any two
elements of a group Is is analogous to the constraint that Is was strongly connected within
G in Theorem 5.3. Precisely, we can check that if a partition P satisfies the constraints for
Theorem 5.3 then f(η;P) =η→0 Ω(η), since there is a path between any two nodes i ̸= j ∈ Is
within Is using only edges with capacities Ω(η).

As in Theorem 5.3, the choice of the partition P allows for further flexibility for the central
planner. Nevertheless, we always have f(η;P) ≤ g(η) since the max-flow from or to some node is
at most the total capacity of its incident edges. Hence, g(η) intuitively upper bounds the ability
of the central planner to ensure incentive-compatibility for agent i, leading to lower bounds on
convergence rates.

We are now ready to derive general upper and lower bounds on convergence rates using
f(η;P) and g(η). As in the 2-agent scenario, the following result gives social welfare upper
bounds between Θ(1− γ) and Θ(

√
1− γ) depending on the flexibility of the central planner to

enforce incentive-compatibility as quantified by f(η;P): the larger the function f(η;P)—hence
the more flexibility the planner has to implement rewards/penalties—the faster the resulting
convergence. These upper bounds are complemented by corresponding lower bounds depending
on g(η). While upper and lower bounds do not match in general, they share a similar form and
can be tight—e.g., see Theorem 5.6 and Section 7. We refer to Fig. 6 for a visualization of an
explicit example when these yields tight rates strictly between Θ(1− γ) and Θ(

√
1− γ).

Theorem 5.8. There exist C,Cη > 0 (see Eq. (60) for their definition) such that the following
holds. Fix any partition I = I1 ⊔ I2 ⊔ · · · ⊔ Iq with |Is| ≥ 2 for all s ∈ [q], denoted P. Then, for
any γ ∈ [1/2, 1),

SWG(γ) ≤ C(1− γ) + C
√

1− γ · inf {1}∪{
η ∈ (0, 1] : ∀η′ ∈ [η, 1], f(η′;P) ≥ Cη

√
1− γ η

′

η

}
. (16)

On the other hand, there exist cη, η0, c > 0 depending only on D1, . . . ,Dn such that for any
γ ∈ [9/10, 1),

SWG(γ) ≥ c
√

1− γ·
sup {0} ∪ {η ∈ [0, η0] : g(η) ≤ cη

√
1− γ}. (17)

This general social welfare characterization recovers all previous results: the universal con-
vergence rate O(

√
1− γ) from Theorem 5.1, the sufficient conditions from Theorem 5.3 under

which rates O(1− γ) can be achieved,5 the corresponding necessary conditions from Eq. (17),6

and the 2-agent scenario Theorem 5.6.
We now briefly discuss the main difference between the upper and lower bound from The-

orem 5.8. The lower bound Eq. (17) corresponds to a 2-agent subproblem where one agent

5From Theorem 5.7, whenever P satisfies the constraints from Theorem 5.3 we have f(η;P) = Ω(η).
6Theorem 5.8 shows that g(η) =η→0 Ω(η) is necessary for achieving rates O(1− γ).
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(a) δ = 0.04 and 1000 iterations
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(b) δ = 0.01 and 4000 iterations

Figure 7: Sample trajectories of promised utilities for n = 2 agents and γ = 0.99. The full-
information region U⋆ (resp. no-information region UNI is drawn in bold solid (resp. dashed)
black line. The ball B(x, r + δ) ⊆ U⋆ is drawn in regular black line. The region R (defined
in Eq. (14)) on which the mechanism is implemented is drawn in dashed gray line. Figs. 7a
and 7b each show 10 sample trajectories for a conservative margin δ = 0.04 and a tighter margin
δ = 0.01 respectively. Plots on the right show a zoomed view of the same sample trajectories as
their left plot. Crucially, with a tighter margin, trajectories in Figs. 7a and 7b linger along the
boundary, where social welfare is the largest.

i ∈ I plays against the best utility among all other agents maxj ̸=i uj ; while the upper bound
Eq. (16) uses the full partition P, hence considers more complex interactions between groups of
agents. Therefore, the bounds intuively coincide whenever there is no asymmetric advantage in
clustering—see the 2-agent scenario from Theorem 5.6—or under specific partition-symmetric
structure of agents.

5.5 Mechanism trajectory and efficiency

To illustrate our proposed mechanism for reaching the convergence rates from Theorem 5.8,
we consider the same n = 2 agent setting as in Fig. 6, in which agent 1 has a discrete utility
distribution and agent 2 has a uniformly-continuous utility distribution. Given a ball B(x, r)
and an adequate margin δ such that B(x, r + δ) remains within the full-information region U⋆,
the mechanism implements the strategy described in Section 3 to fulfill promises within this ball
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B(x, r).
In Fig. 7 we show sample trajectories of promised utilities under this mechanism. These

trajectories follow the same general behavior: starting from the initial promised utility on the
boundary of B(x, r), they slowly drift away from this boundary and asymptotically converge
towards the boundary the no-information region UNI where promised utilities are straightfor-
ward to fulfill. Specifically, Fig. 7 shows trajectories for the same choice of ball B(x, r+ δ) ⊆ U⋆

but different margins δ. Notably, if the mechanism converges for smaller values of this margin,
its social welfare is increased since it may reach utility vectors closer to the boundary of U⋆.
The margin δ for which our proofs ensure convergence are given by the constraints within The-
orem 3.1. While the order of magnitude from these constraints cannot be improved in general
given our proposed lower bounds, the specific constant C therein may be overly conservative.
In Fig. 7a and Fig. 7b we show the convergence of the mechanism for a conservative margin
and a tighter margin respectively. For conservative margins δ, the promised utilities easily drift
towards UNI . In comparison, for tighter margins as in Fig. 7b, sample trajectories lingers close
to the boundary of the region B(x, r) (first 500 iterations), where the algorithm achieves the
highest social welfare efficiency.7

As a remark, promised utilities are not guaranteed to remain within the ball B(x, r). Indeed,
we recall that the mechanism PUM from Section 3 instead considers an enlarged region R (see
Eq. (14)).

6 From the discounted infinite-horizon setting to the finite-
horizon setting

Up to minor changes, the mechanisms as well as the tools designed to characterize the social
welfare gap in the discounted setting also carry to the finite-horizon T setting. At the conceptual
level, our main finding is that the difference between the infinite-horizon discounted and finite-
horizon settings is essentially only that in the finite-horizon case, the unavoidable last round
T allocation alone forces Ω(1/T ) social welfare gap (see Theorem 6.2). This is because on the
last round, the central planner can no longer enforce future rewards/penalties: this corresponds
to a one-shot resource allocation problem without money for which incentive-compatibility is
impossible in general (see Myerson-Satterthwaite’s impossibility theorem). In comparison, in
the infinite-horizon setting, much faster rates including exponential ones are possible (see The-
orems 7.3 and 7.4): these are precluded by the last round allocation in the finite-horizon case.

A simple observation is that the utility regions VT are still linked by a dynamic programming
formulation. In turn, the promised utility framework still applies up to modifying the discount
factor to be horizon-dependent γ(T ) = 1− 1/T . Naturally, for longer horizons, agents are more
patient: γ(T ) is increasing in the horizon T . This is formalized by adapting Facts 2.2 and 2.3
to the finite-horizon case, which we defer to the Appendix (see E.1).

6.1 Lower bounds on the social welfare gap

We can now compare the regions VT for T ≥ 1 to the region Uγ(T ).

Lemma 6.1. For any T ≥ 1, we have VT ⊆ Uγ(T ).

7This empirical behavior confirms the intuition from Theorem 3.1: the curvature of regions on which promised
utility trajectories can be confined depends on the available margin δ. For smaller margins, smoother region with
larger curvature radius r are required.
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As a direct consequence of Theorem 6.1, all techniques developed earlier to give upper bounds
on Uγ(T ) also apply to VT . In particular, Theorem 4.1 (and Theorem C.3), Theorem 5.5, and the
second claim Eq. (17) from Theorem 5.8 all hold by changing Uγ to VT and γ to γ(T ) = 1−1/T .
In addition, we can easily prove that in the finite-horizon T setting, one cannot reach faster
rates than O(1 − γ(T )) = O(1/T ). Intuitively, this is because on the last allocation iteration,
the reports of the agents carry no information, hence the central planner can only reach a utility
vector within U0 for this iteration, which incurs a non-zero (constant) regret.

Lemma 6.2. Suppose that U0 does not already contain an optimal vector (see Theorem 2.4 for
a characterization). Then, there exists C > 0 such that for all T ≥ 1, we have SWG(T ) ≥ C

T .

6.2 Mechanisms for the finite-horizon setting

We now show that the positive results from the γ-discounted setting can be extended to the
finite-horizon case, yielding the same social welfare gap guarantees up to logarithmic factors.
The main argument is the following, which shows that utility vectors within a ball with almost
the same margin as in Theorem 3.1 within U⋆ are still achievable with an adjusted variant of
the mechanism introduced in Section 3.

Lemma 6.3. There exist c0 ≥ 1 and r0 > 0 (depending only on the utility distributions) such
that the following holds. Fix T ≥ 2, x ∈ U⋆, and r, δ > 0 such that B(x, r + δ) ⊆ U⋆. If

r0 ≥ r ≥ δ ≥ c0C
1− γ(T )
γ(T )r

(
1 + ln

r

δ

)
, (18)

where C is as defined in Theorem 3.1, then a variant of PUM(x, r, δ) can achieve any utility
vector in B(x, r).

In particular, we can simplify the statement as follows. Suppose that the assumptions of
Theorem 3.1 are satisfied with γ = γ̃(T ) = 1 − lnT/T and the constant C ′ = c0C, as well as
r0 ≥ r ≥ δ. Then, B(x, r) ⊆ VT .

As a result, all guarantees on the infinite-horizon mechanism—Theorems 5.1 and 5.3, The-
orem 5.4, and the first claim Eq. (16) from Theorem 5.8—hold for the finite-horizon case by
changing Uγ to VT and γ to 1− lnT/T .

For the sake of conciseness, we give the main structure of the variant mechanism here and
defer the complete description to the Appendix (see Algorithm 2). It constructs a ball Bt :=
B(x(t), rt) ⊆ Vt with an appropriate margin δt within U⋆ and ensures that when t iterations
remain, it only needs to fulfill a utility vector within this ball Bt. When only 1 iteration
remains, the ball must start within the region B1 ⊆ UNI ; however, as the horizon t ∈ [T ] grows,
the ball slowly converges to the target BT ≈ B(x, r). The specific trajectory depends on the
parameters r and δ and is illustrated in Fig. 8. At the high-level, it proceeds in two phases: (1)
first decrease the radius of the ball and the margin together, δt ≈ rt = Θ(1/

√
t), until the target

radius r is reached, (2) then decrease the margin via δt = Θ(1/(rt)) while keeping the radius
constant. This trajectory of the achievable balls within Vt for t ∈ [T ] illustrates the evolution of
the strategy of the central planner throughout the sequential allocation problem.

In comparison to Theorem 6.1, in general Theorem 6.3 essentially requires a sub-optimal
choice γ = 1 − lnT/T ; ideally, this should hold for γ = γ(T ) to match the social welfare
gap lower bounds from Theorem 6.1. We note that in some cases, Theorem 6.3 only requires
γ = 1 − O(1/T ), yielding tight results compared to the γ-discounted setting (the extra factor
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Figure 8: Illustration of the mechanism to approach the gray radius-r ball in the finite-horizon
T setting (see Theorem 6.3). For all t ∈ [T ] we construct a ball within Vt. The mechanism
has two phases. For t = 1, we can take the blue radius-r0 ball within UNI ⊆ V1. We first
start by reducing the radius to r until we reach the red ball. As t grows, the radius reduces as

rt =
√
C 1−γ(t)

γ(t) =
√

C
t−1 , which requires conserving a margin δt = rt depicted in the blue and

red dotted circles. The second phase is to decrease the margin from δt = r (as shown in the red
dotted circle) towards the desired margin δ, all while staying within the dashed region which

belongs to U⋆. In this phase, the margin decreases as δt = C 1−γ(t)
γ(t)r .

ln r
δ vanishes when δ = Θ(r), see Theorem 7.5 for a concrete example). In other cases, however,

this lnT term may not vanish, typically when utility distributions are somewhat smooth. While
we believe that this logarithmic gap is essentially necessary, we leave this question open. The
core of the problem is captured in the following simple scenario.

Open Question 1. Consider the n = 2 agent finite-horizon T resource allocation setting where
the utility distributions are uniform U([0, 1]) for both agents. Characterize the behavior (in T )
of SWG(T ).

Our results show that the social welfare gap is between Ω(1/T ) andO(lnT/T ). We conjecture
that the answer is lnT/T , which would imply that there is a separation between the infinite-
horizon and finite-horizon settings beyond the fact that faster rates than 1/T are not achievable
in the finite-horizon setting.

7 Examples and special cases

In this section, we apply the general methods described above to simple utility distributions of
interest.

7.1 Utility distributions with density

We start with smooth utility distributions. Balseiro et al. [2019] shows that if the utility dis-
tributions have density upper and lower bounded by a constant on the domain [0, v̄] then the
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convergence rate is Θ(1− γ). Using the previous results, we can give further details about this
convergence: in Theorem 5.4 we showed that having densities bounded below is sufficient to
have a convergence rate O(1−γ), and Theorem 5.8 implies that having densities bounded above
is sufficient to prove that the rate of convergence is Ω(1− γ).

Corollary 7.1. Suppose that the utility distributions D1, . . . ,Dn admit a density upper bounded
by some constant on [0, v̄] and U0 does not already include an optimal vector. Then, SWG(γ) =
Ω(1− γ).

If they admit a density lower bounded by some constant on [0, v̄], then SWG(γ) = O(1− γ).

For the finite-horizon setting, we have the following.

Corollary 7.2. Suppose that the utility distributions D1, . . . ,Dn admit a density upper bounded
by some constant on [0, v̄] and U0 does not already include an optimal vector. Then, for any

T ≥ 1, we have c
T ≤ SWG(T ) ≤ C ln(T+1)

T for some constants c, C > 0.

7.2 Discrete utility distributions

We next turn to the other extreme case of discrete utility distributions. In this case, Theorem 5.8
implies that the social welfare gap is typically Ω(

√
1− γ), which can be reached by Theorem 5.1.

In some cases, however, when significant ties between agents arise, the convergence can be much
faster (exponential) as detailed below. Geometrically, this corresponds to the case when the
boundary of U⋆ is perfectly flat at social-welfare-maximizing utility vectors.

Theorem 7.3. Suppose that all utility distributions D1, . . . ,Dn are discrete. Suppose that U0
does not already contain an optimal vector. If there exists i ∈ I such that for all j ̸= i, P(ui =
uj = maxl∈[n] ul > 0) = 0, then SWG(γ) = Θ(

√
1− γ). Otherwise, there is a constant c > 0

such that SWG(γ) = O
(
(1− γ)e−c/

√
1−γ
)
.

The second case of Theorem 7.3 corresponds to the case when with non-zero probability there
are (significant) ties between different agents. Ties are especially advantageous for the central
planner because it can therefore decide which agent to allocate to without incurring any social
welfare cost. As a result, exponential rates may also arise beyond purely discrete distributions,
as detailed below.

Theorem 7.4. If for all i ∈ I there exists j ̸= i with P(ui = uj = maxl∈[n] ul > 0) > 0,
then there exists a constant c > 0 that only depends only on the utility distributions such that

SWG(γ) = O
(
(1− γ)e−c/

√
1−γ
)
.

Achieving these faster rates requires an additional tool compared to Theorem 3.1. Indeed,
applying directly this result would only prove a convergence rate O(1 − γ): this is the fastest
rate that can be proved with Theorem 3.1 in its direct form. In practice, however, these can be
combined with gluing arguments to yield faster rates when the frontier of U⋆ is particularly flat.
Roughly speaking, as per Theorem 3.1, achieving exponentially small social welfare gap requires
using balls with larger radius, which is prohibited by the diameter of U⋆. However, this issue
may be solved by truncating this large-radius ball and gluing it to smaller-radius balls whose
achievability can directly be guaranteed by Theorem 3.1. We give an illustration of this gluing
strategy in Fig. 9. Repeatedly applying this process in turns yields exponentially small social
welfare gaps.
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Figure 9: Illustration of how the gluing strategy achieves faster convergence rates when the
frontier of the full-information region U⋆ is close to flat. The figure depicts a region U⋆ with
an exaggerated piece-wise affine boundary for illustration purposes. In Fig. 9a, the dashed gray
region corresponds to the region that can be shown to be achievable in Uγ using Theorem 3.1
directly, which is limited by the maximum-radius ball tangent to the region of optimal utility
vectors that can be fit within U⋆ (represented with a dotted circle). The necessary margin δ0
is inversely proportional to the radius of the corresponding black ball (Eq. (13)). The gluing
strategy artificially increases this radius as follows: In Fig. 9b we consider the dashed blue balls
which can be proved to be within Uγ directly using Theorem 3.1. Using the blue regions as
anchor, we then glue the red arc in Fig. 9c, resulting in a smaller margin δ2. This results in the
extra red-dashed region which we prove is within Uγ . The gluing strategy can be used with an
arbitrary number of layers to obtain exponentially small social welfare gap.

By Theorem 6.2, such exponential rates cannot be extended to the finite-horizon setting. In
this case, we obtain the following social welfare gaps.

Corollary 7.5. Suppose that all utility distributions D1, . . . ,Dn are discrete and that U0 does
not already contain an optimal vector. If there exists i ∈ I such that for all j ̸= i, P(ui = uj =

maxl∈[n] ul > 0) = 0, then SWG(T ) = Θ( 1√
T
). Otherwise, c

T ≤ SWG(T ) ≤ C ln(T+1)
T for T ≥ 1

for constants c, C > 0.

8 Conclusion and future work

We consider a sequential resource allocation problem without monetary transfers, for any number
of agents and general utility distributions and aim to understand the social welfare gap between
monetary and non-monetary mechanisms. Our results uncover a rather surprising richness of
the social welfare landscape, depending on geometrical properties of the utility distributions
of agents—essentially the smoothness of the Pareto-frontier of the full-information achievable
utility set. At the high-level, our results show that scenarios for which approximate ties between
utilities of agents are frequent are most favorable for non-monetary mechanisms; this intuition
is further quantified by corresponding social welfare gap characterizations. On the algorithmic
side, we propose unified resource allocation mechanisms (PUM) based on the promised utility
framework. Conveniently, while the social welfare gap depends heavily on utility distributions,
it suffices to use this generic mechanism for appropriately distribution-dependent parameters
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to achieve near-optimal social welfare gap guarantees among non-monetary mechanisms. Addi-
tionally, we unify the analysis of the infinite-horizon γ-discounted and finite T -horizon settings,
which formalizes the links between both settings using analogous resource allocation mecha-
nisms.

These general characterizations uncover new quantitative insights on the social welfare gap
for non-monetary mechanisms. First, our mechanisms can always achieve a social welfare gap
O(
√
1− γ) and O(1/

√
T ) for the infinite-horizon and finite-horizon settings respectively. At

the high-level this shows some quantitative efficiency of non-monetary mechanisms irrespective
of the number of agents or their utility distributions; in comparison, the folk theorem ensures
asymptotic convergence without specific rates. While this bound is typically tight for discrete
distributions, considerably smaller social welfare gaps are possible depending on the geometry
of the utility distributions: as small as Õ(1/T ) for finite T -horizon, and even exponentially
small in the infinite-horizon setting. Our quantitative bounds show that the main driver for
the convergence rate is whether the central planner has enough flexibility to penalize or reward
agents in future rounds, where this flexibility corresponds to scenarios when agents have similar
utility for the resource.

While we focused on the standard resource allocation setting, other models without monetary
transfers could also be studied. In particular, one could consider the setting in which the central
planner also has a utility for the resource but still aims to maximize social welfare. This is
equivalent to the mixed strategic/non-strategic setting in which a subset of the agents is strategic
and at least one of the agents is not: their utilities are directly revealed to the central planner.
As it turns out, our results also directly apply to this allocation problem. All lower bounds
on the achievable utility region can still be achieved in this setting since the central planner
has more information and hence can implement the same mechanisms. On the other hand, as
emphasized in the proofs, all of our upper bounds on the achievable utility regions are derived
in the setting for which a single agent i ∈ [n] is strategic and all other agents [n] \ {i} are not:
the only incentive-compatibility constraint used is that for agent i. Because this is a simpler
problem for the central planner, our upper bounds on the achievable utility region (showing that
some regions cannot be achieved) still hold. In summary, all our characterizations are still valid
for the mixed strategic/non-strategic allocation model.

Among other potential extensions, one could consider multiple resources, constructing mech-
anisms that do not rely on lotteries (in our constructions, the allocation at each iteration is a
lottery on the simplex ∆n), or considering correlations between the utilities of the agents for
the resource. Our mechanisms also heavily rely on the assumption that the central planner
has perfect knowledge of the geometry of the full-information utility set close to the optimal
welfare boundary, determined by the agent utility distributions. Note that only the local ge-
ometry of the welfare-maximizing boundary is useful for our constructions. From our analysis,
such perfect knowledge seems necessary to design near-optimal mechanisms given the intricate
dependency of the optimal convergence rates on the boundary geometry. A natural question
is to understand the trade-offs between maximizing social welfare efficiency and requiring min-
imal information from agent utilities for the central planner. As an initial remark, in light of
the proof of Theorem 5.1, the universal rates O(

√
1− γ) and 1/

√
T only require the knowledge

of a single near-optimal utility vector in the full-information setting. We recall that optimal
allocations in the full-information setting simply correspond to first-best allocations. Hence,
the only information that is required is an estimate of the utility gathered by each agent under
a first-best allocation. This is similar in flavor to mechanisms from artificial currencies which
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require an estimate of the budget to allocate to each agent.
Another interesting research direction is to tighten the link between the infinite-horizon and

finite-horizon settings. Our results show that there can be a clear separation between the two,
since exponential convergence rates are possible for the infinite-horizon setting but not for the
finite-horizon case: the gluing strategy we propose does not carry to the finite-horizon setting.
Except for these exponential rates, however, our analysis shows that the main tools for the
infinite-horizon setting can be used for the finite-horizon case up to logarithmic factors lnT
by taking γ(T ) = 1 − 1/T . While we give some examples in which there is no logarithmic
gap between these two settings, it is unclear whether such a gap is necessary in general. We
conjecture that this is the case, and formalize in Open Question 1 the simplest case for which
such a gap may exist.
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Appendix

In this Appendix, we give the proofs and further details on the results of the main paper. First,
in Section A, we prove the preliminary results from Section 2 on the promised utility frame-
work, including the proof of Theorem 2.4 which characterizes situations when there is no social
welfare gap between monetary and non-monetary mechanisms. Next, we prove the guarantees
from Section 3 in Section B on our proposed allocation resource mechanism, together with a
strengthened version of this guarantee Theorem B.2. In Section C, we next prove our main
geometric tool to prove lower bounds on the social welfare gap from Section 4, together with
a strengthened version Theorem C.3. Next, we derive our main characterizations for the dis-
counted infinite-horizon setting from Section 5 in Section D, including the universal O(

√
1− γ)

rate from Theorem 5.1, the characterizations for faster rates O(1−γ) from Theorems 5.3 and 5.5
and the full characterization from Theorem 5.8. As a consequence of the previous results, we
then prove the results on specific cases from Section 7. In particular, we detail when and how
exponential convergence rates can be obtained via the gluing strategy for the infinite-horizon
setting. Last, we prove our results on the finite-horizon setting in Section E. In particular, we
prove results from Section 6 showing how tools for the infinite-horizon setting can be used for
the finite horizon. As a consequence of these derivations, we prove the results for the special
cases in Section 7 in the finite-horizon setting.
Technical notations. For convenience, we introduce a few useful notations. For any S ⊆ [n],
denote by PS : Rn → RS the projection onto the coordinates of S. For y ∈ RS , and r > 0, we also
denote by BS(y, r) the ball B(y, r) in RS . Next, we denote Z = maxi∈[n] ui, Z−i = maxj ̸=i uj
for i ∈ [n]. Last, for S ⊆ [n] we denote ZS = maxi∈S ui and Z−S = maxi/∈S ui.

A Proofs from Section 2

The results Facts 2.1, 2.2, and 2.3, and Theorem 2.2 can be considered as known in the literature,
e.g. see Myerson [1981] and Balseiro et al. [2019] (Proposition 2.1, Proposition 2.2); these are
given for completeness. First, we check that the utility regions are convex.
Proof of Fact 2.1 Let θ ∈ [0, 1]. For any resource allocation setting, consider two realizable
utilitiesU1 andU2. From the revelation principle there exist two incentive-compatible allocation
strategies S1 and S2 realizing utilities U1 and U2 respectively. Consider the allocation strategy
S which first samples a Bernoulli B ∼ B(θ), then implements S1 if B = 1 and S2 otherwise,
for all times. By linearity, under truthful reporting, this allocation realizes the the utilities
θU1 + (1 − θ)U2. It only remains to check that truthful reporting is still a PBE for S, which
is a consequence of the linearity of the value function Vi as detailed below. Fix any agent i,
time t, utility ut(i), and history h(t). For any reporting strategy σi,t for time t, we denote by
σi,t ◦ truthi the concatenated strategy for agent i which uses strategy σi,t at time t and truthful
reporting for following rounds. We have

Vi,t(S, σi,t ◦ truthi, truth−i | ut(i),h(t))
= P[B = 1 | ut(i),h(t)] · Vi,t(S1, σi,t ◦ truthi, truth−i | ut(i),h(t))

+ P[B = 0 | ut(i),h(t)] · Vi,t(S0, σi,t ◦ truthi, truth−i | ut(i),h(t))
≥ P[B = 1 | ut(i),h(t)] · Vi,t(S1, truthi, truth−i | ut(i),h(t))

+ P[B = 0 | ut(i),h(t)] · Vi,t(S0, truthi, truth−i | ut(i),h(t))
= Vi,t(S, truthi, truth−i | ut(i),h(t)),
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since both S1 and S2 are incentive-compatible. In words, it is not advantageous to deviate from
truthful reporting at a single round t from any state. Then, truthful reporting is a PBE by
backwards induction (or e.g., using the performance difference lemma [Kakade and Langford,
2002]). ■

We next prove Fact 2.2 which gives necessary and sufficient conditions for a utility region R
to be achievable in the γ-discounted setting.
Proof of Fact 2.2 We start with showing that the condition is sufficient to show R′ ⊆ R ⊆ Uγ .
To do so, we use the allocation function p(· | U) for U ∈ R as the strategy at all times. Precisely,
fix an arbitrary vector U0 ∈ R. Suppose we have constructed U t−1 for t ≥ 1, recalling the
notation v(t) for the agent reports at time t, we pose

p(t) := p(v(t) | U t−1) and U t := W (v(t) | U t−1).

It is well defined since by induction U t ∈ R for all t ≥ 0 from Eq (3). We denote by S the
constructed strategy. We now check that truthful reporting for all agents σ = truth forms a
perfect Bayesian equilibrium.

To do so, we check that for all i ∈ [n], any time t ≥ 0, the expected remaining utility of
agent i by reporting v at time t is exactly Wi(v | U t−1). Indeed, for any strategy σi for agent i,
we have

Vi,t(S, truth−i, σi | ui(t),h(t))

=
∑
t′≥t

(1− γ)E
[
γt

′−tui(t
′)Eu−i(t′)[pi(u−i(t

′), vi(t
′) | U t′−1)] | ui(t),h(t)

]
=
∑
t′≥t

(1− γ)E
[
γt

′−tui(t
′)Pi(vi(t

′) | U t′−1) | ui(t),U t−1

]
(i)

≤
∑
t′≥t

γt
′−tE[(1− γ)ui(t′)Pi(ui(t

′) | U t′−1) + γWi(ui(t
′) | U t′−1)

− γWi(vi(t
′) | U t′−1) | ui(t),U t−1]

(ii)
= (1− γ)ui(t)Pi(ui(t) | U t−1) + γ(Wi(ui(t) | U t−1)−Wi(vi(t) | U t−1))

+
∑
t′>t

γt
′−tE

[
Ut′−1,i − γWi(vi(t

′) | U t′−1) | ui(t),U t−1

]
In (i) we applied the incentive-compatibility equation Eq. (4), and in (ii) we took the expectation
over ui(t

′) ∼ Di within each expectation and used Eq. (2). Now note that by construction, for
t′ ≥ 1 we have

Wi(vi(t
′) | U t′−1) = Eu−i(t′)[Wi(u−i(t

′), vi(t
′) | U t′−1] = Eu−i(t′)[Ut,i].

As a result, with a telescoping argument, we obtain

Vi,t(S, truth−i, σi | ui(t),h(t)) ≤ (1− γ)ui(t)Pi(ui(t) | U t−1) + γ(Wi(ui(t) | U t−1),

where the only inequality used is that of (i), which is an equality for σi = truth, that is when
agent i reports truthfully. This exactly shows that Eq. (PBE) holds. We can now check that
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under truthful reporting,

Vi(S, truth) = E[Vi, 1(S, truth | ui(1))]
(i)
= E[(1− γ)ui(1)Pi(ui(1) | U0) + γ(Wi(ui(1) | U0)]

(ii)
= U0,i,

where in (i) we used the previous computations and in (ii) we used Eq. (2). Therefore we
checked that U0 ∈ Uγ for any arbitrary U0 ∈ R.

We now prove that it is necessary. Let R be an achievable region, that is R ⊆ Uγ . By
definition of Uγ , for all U ∈ Uγ there is a strategy S(U) that realizes U . By the revelation
principle, without loss of generality, truthful reporting is a perfect Bayesian equilibrium. We
define p(v | U) := p(1) where p(1) is the first allocation of the strategy S(U) having received

reports v. Let ũi(t)
i.i.d.∼ Di be independent sequences for all i ∈ [n]. We then let

W (v | U) := (1− γ)E

∑
t≥2

γt−2ũi(t)pi(t) | v(1) = v

 , v ∈ [0, v̄]n.

That is, W (v | U) is the expected remaining utility knowing that the first reports were v.
By construction, since S(U) realizes the utilities U , Eq. (2) is satisfied. Next, note that for
any first reports v(1) = v, the strategy S(U) starting from time 2 exactly realizes the utility
vector W (v | U) (the allocation problem is time-invariant): Eq. (3) holds. Last, we assumed
that truthful reporting satisfies Eq. (PBE). Consider any strategy σi which reports an arbitrary
value vi(1) = v(ui(1)) but truthfully reports at all times t ≥ 2. Taking the expectation of
Eq. (PBE) for strategy σi and t = 1, over the realization of the first allocation p(1) shows that
Eq. (4) holds. ■

We now turn to the second characterization from Fact 2.3, which characterizes the form of
the interim utility promise, following an argument from Myerson [1981].
Proof of Fact 2.3 Fix γ ∈ (0, 1). Given Fact 2.2, it suffices to show that Eqs. (2) to (4) are
equivalent to Eqs. (3) and (7).

We start by supposing that Eqs. (2) to (4) hold. We only need to show Eq. (7). Fix U ∈ R.
For readability we omit | U from all functions below. First, for any u, v ∈ [0, v̄] with u ≤ v,
applying Eq. (4) to u and v implies that

1− γ
γ

(Pi(u)− Pi(v))v ≤Wi(v)−Wi(u) ≤
1− γ
γ

(Pi(u)− Pi(v))u.

Note that the function Pi(·) takes values in [0, 1] since p(·) takes values in ∆n. Also, the
previous equation implies in particular that Pi(·) is non-decreasing and that Wi(·) is constant
on any interval on which Pi(·) is constant. We can therefore sum the previous equations for
u = ui and v = ui+1 for regular partitions 0 ≤ u1, . . . , uk = w for a fixed w ∈ [0, v̄] interpreting
the sums as Riemann integrals (possible because Pi is non-decreasing hence well-behaved) which
implies

Wi(w)−Wi(0) = −
1− γ
γ

∫ Pi(w)

Pi(0)
P<−1>
i (y)dy = −1− γ

γ

(
wPi(w)−

∫ w

0
Pi(x)dx

)
(19)
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This proves Eq. (5). We next use Eq. (2) to compute

Ui = Eui [(1− γ)uiPi(ui) + γWi(ui)]

= γWi(0) + (1− γ)Eui

[∫ ui

0
Pi(x)dx

]
= γWi(0) + (1− γ)Eui

[∫ v̄

0
Pi(x)1ui≥xdx

]
= γWi(0) + (1− γ)

∫ v̄

0
F̄i(x)Pi(x)dx.

Plugging this formula forWi(0) into Eq. (19) gives the desired formula for the interim allocation
Eq. (6). Eq. (7) holds by definition of the interim promise Wi(· | U).

Now suppose that Eqs. (3) and (7) hold. Using the previous computations, we note that
Eq. (2) is satisfied. It only remains to check the incentive-compatibility constraint Eq. (4).
Having fixed U ∈ R, for any i ∈ [n] and u, v ∈ [0, v̄], we have

(1− γ)uPi(v) + γWi(v) = Ui + (1− γ)
(
Pi(v)(u− v) +

∫ v

0
Pi(x)dx−

∫ v̄

0
F̄i(x)Pi(x)dx

)
= Ui + (1− γ)

(∫ u

0
Pi(x)dx−

∫ v̄

0
F̄i(x)Pi(x)dx

)
+ (1− γ)

∫ v

u
(Pi(x)− Pi(v))dx.

Only the last term depends on v, hence the quantity is maximized for v = u because Pi(·) is
non-decreasing. This proves Eq. (4) and ends the proof. ■

Last, we prove Theorem 2.2 which shows that the couplings from Eqs. (10) and (11) are
optimal.
Proof of Theorem 2.2 From Eq. (9), the optimal value of Eq. (8) is upper bounded by
α⊤E[Z̃]. For both couplings in Eqs. (10) and (11) we can easily check that for all realization
ω, Z ∈ {y : α⊤y = α⊤E[Z̃]}. Next, by independence of the variables Z̃i for i ∈ [n], we can
also prove that in both cases for all i ∈ [n], E[Zi | Z̃i] = Z̃i]. Hence these couplings satisfy the
constraints and achieve the value α⊤E[Z̃] which ends the proof. ■

A.1 Characterization of cases with no social welfare gap

We now turn to the main result in this section, which is the Theorem 2.4. This gives a charac-
terization of cases when U0 = V1 already contains an optimal utility vector.
Proof of Theorem 2.4 First note that the perfect Bayesian equations Eq. (PBE) characterizing
V1 for t = T = 1 are identical to those for U0 for t = 1, which is the only time step that matters
for the total utility V (S,σ) since γ = 0. Hence we directly have U0 = V1. We now turn to the
main claim of the result.

Proving 1.⇒ 2. We introduce the preorder ⪰ such that i ⪰ j if and only if P(ui ≥ uj) = 1 (it
is reflexive and transitive, but not antisymmetric). Let T = {i ∈ [n], ∄j ̸= i, j ⪰ i), which gives

∀i ∈ T,∀j ̸= i, P(ui > uj) > 0. (20)

This implies in particular that P(ui = 0) < 1. For every i ∈ T , recall the notation Supp(Di) for
the support of Di. We define

mi := inf(Supp(Di) \ {0}) and Mi := sup(Supp(Di) \ {0}). (21)
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Note that these are well-defined since Supp(Di)\{0} ̸= ∅, otherwise P(ui = 0) = 1. In particular,
Mi > 0. By assumption, there exists an optimal vector U0 ∈ U0. Hence, by the revelation
principle, there is an allocation function p(·) that reaches U0 and is incentive-compatible as per
Eq. (4). Now fix i ∈ T . Because U0 is an optimal vector, with probability one on u, we have
pi(u) > 0 only if i ∈ argmaxj∈[n] uj . We also recall that Pi(·) is non-decreasing by hypothesis.
As a result, for all u ∈ Supp(Di) we have

P(Z−i < u) ≤ Pi(u) ≤ P(Z−i ≤ u). (22)

In particular, this holds for u ∈ {mi,Mi}. In our setting, because γ = 0, the incentive-
compatibility constraint implies that for all u ∈ (0, v̄], u ∈ argmaxv∈[0,v̄] uPi(v) where Pi(vi) =
E[pi(vi,u−i)]. This implies that Pi is constant on (0, v̄] for all i ∈ [n]. Together with Eq. (22),
this shows that

P(Z−i < Mi) ≤ Pi(Mi) = lim
x→m+

i

Pi(x) ≤ lim
x→m+

i

Pi(Z−i ≤ x) = P(Z−i ≤ mi). (23)

Hence, either mi = Mi, or P(Z−i ≤ mi) = P(Z−i < Mi). In both cases, we obtained P(Z−i ∈
(mi,Mi)) = 0, while Supp(Di) ⊆ [mi,Mi]∪{0} hence P(ui ∈ [mi,Mi]∪{0}) = 1. For any j ̸= i,

0 = P(Z−i ∈ (mi,Mi)) ≥ P(uj ∈ (mi,Mi) and ∀k /∈ {i, j}, uk < Mi)

= P(uj ∈ (mi,Mi))
∏

k/∈{i,j}

P(uk < Mi).

However, Eq. (20) implies that for all k ̸= i, we have P(uk < Mi) > 0. Together with the
previous equation this gives P(uj ∈ (mi,Mi)) = 0, which holds for all j ̸= i.

Proving 2. ⇒ 3. We suppose that the second statement of Theorem 2.4 holds. Further,
suppose that scenario 3(a) does not hold, that is, ([n],⪰) does not have a maximum element.
We now construct the set M as the set of maximal elements, that is

M = {i ∈ [n] : j ⪰ i⇒ i ⪰ j}.

On M , the preorder ⪰ is symmetric, hence is an equivalence relation and induces equivalence
classes. We define S as a set containing exactly one representative for each equivalence class of
⪰ on M . Note that for any i ̸= j ∈ S we have neither i ⪰ j nor j ⪰ i. By assumption, we
also have |S| ≥ 2. For any i ∈ M , we have P(ui = 0) < 1, otherwise for all j ∈ M , j ⪰ i and
there would be only one equivalence class. Let T be the union of equivalence classes that are
singletons. Note that T coincides with the definition from the proof that 1.⇒ 2., hence elements
of T do not satisfy assumption 2(a) as seen in Eq. (20). Hence they must satisfy assumption
2(b): defining mi,Mi as in Eq. (21),

P(ui ∈ [mi,Mi] ∪ {0}) = 1 and P(uj ∈ (mi,Mi)) = 0, j ̸= i. (24)

For i ∈ M \ T , there exists j ∈ M with j ̸= i in its equivalence class. Then, i ⪰ j and j ⪰ i,
which implies that the distributions Di and Dj are identical and are equal to a Dirac. We can
define mi = Mi > 0 as the value such that P(ui = mi) = 1. Note that with these values,
Eqs. (21) and (24) hold for all i ∈ M . Note that M \ T only contains one equivalence class,
otherwise we would have i, j ∈ M \ T with say mi < mj which implies that i is not maximal.
In summary, |S \ T | ≤ 1.
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We next prove that for all i, j ∈ S, Mj /∈ (mi,Mi). Otherwise, by definition of Mj in
Eq. (21) for all ϵ > 0 we have P(uj ∈ (mi,Mj)) > 0 contradicting Eq. (24). Similarly, we have
mj /∈ (mi,Mi). This implies that all intervals (mi,Mi) for i ∈ S are disjoint. We order them by
increasing order S = {i1, . . . , ik} where Mi1 ≥ mi1 ≥Mi2 ≥ mi2 ≥ . . . ≥Mik ≥ mik .

For any i ∈ T and j ∈ S \ T , we must have mj ≤ mi, otherwise mj ≥ Mi which implies
j ⪰ i since P(uj = mj) = 1. This shows that the element j ∈ S \ T if it exists, appears last
j = ik. For any l ∈ [k − 1], we have il ∈ T so Supp(Dil) ⊆ [mil ,Mil ] ∪ {0}). Then, we must
have P(uil = 0) > 0, otherwise we would have il ⪰ il+1. We also note that mik−1

≥ Mik > 0.
By construction of S, for any i /∈ S there must exist j ∈ S such that j ⪰ i. If j = il where
l ∈ [k − 1] we must have P(ui = 0) = 1 since we just proved that P(uil = 0) > 0. Hence, in all
cases ik ⪰ i.

Up to renaming mil by ml, this ends the proof of the characterization 3(b). It is straight-
forward to check that the proposed allocation function p(·) is incentive-compatible and reaches
the utility vector

U =
∑
l∈[k]

P(uil′ = 0, l′ < l)E[uil ]ei.

In particular, U ∈ U0. We can easily check that it always allocates to the agent within {il, l ∈ [k]}
with maximum value, which is sufficient since ik ⪰ i for all i /∈ S. This ends the proof of 2.⇒ 3.

Proving 3.⇒ 1. This is immediate because the vector U ∈ U0 is optimal. ■

When U0 does not contain an optimal vector, the characterization from Theorem 2.4 does
not hold: there exist agents i ∈ [n] that do not satisfy assumptions 2(a) nor 2(b). However,
we can still give a simple characterization of the distributions Di for indices i ∈ [n] that satisfy
one of these conditions, as detailed in the following lemma. We recall that Ĩ denotes the set of
agents that do not satisfy 2(a) nor 2(b).

Lemma A.1. Let J = {i ∈ [n] \ Ĩ : ∀j ̸= i,P(ui > uj) > 0} and K = {i ∈ [n] \ (Ĩ ∪ J) : ∀j ̸=
i,P(ui ≥ uj) > 0}. There is an ordering of J = {j1, . . . , j|J |} and values 0 ≤ m ≤ mj1 ≤Mj1 ≤
mj2 ≤Mj2 ≤ . . . ≤ mj|J| ≤Mj|J| such that

• For i /∈ Ĩ ∪ J ∪K, P(ui = maxj∈[n] uj) = 0.

• For k ∈ K, P(uk ≤ m) = 1 and P(uk = m) > 0. Further for each k ∈ K there exists
j(k) ̸= k such that P(uj(k) ≥ m) = 1 and P(uj(k) > m) > 0.

• For j ∈ J , P(uj ∈ [mj ,Mj ] ∪ {0}) = 1 and P(ui ∈ (mi,Mi)) = 0 for all i ̸= j. Also, for
j ∈ J \ {j1}, P(uj = 0) > 0.

• Either P(uj1 = 0) > 0, K = ∅, or: mj1 = m and P(uj1 = m) > 0.

Proof By construction of K, if i /∈ Ĩ ∪ J ∪K there exists j ∈ [n] such that P(uj > ui) = 1.
This proves the first claim. We now suppose that K ̸= ∅. For k ∈ K since k /∈ Ĩ ∪ J ,
there exists j(k) ∈ [n] with j(k) ̸= k such that P(uk > uj(k)) = 0. Using the definition
of K we obtain P(uj(k) = uk) > 0. Since uk and uj(k) are independent, the two previous
equations imply that there exists a value mk such that P(uk ≤ mk) = 1 = P(uj(k) ≥ mk) and
P(uk = mk),P(uj(k) = mk) > 0. Further, if K contains two distinct elements k ̸= k′, then by
definition of K we have 0 < P(uk′ ≥ uj(k)) ≤ P(uk′ ≥ mk). As a result, we have mk′ ≥ mk.
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By symmetry, we obtain mk = mk′ . In other words, there is a single value m such that for all
k ∈ K:

P(uk ≤ m) = 1 and P(uk = m) > 0,

and if K ̸= ∅ there exists lK ∈ [n] such that P(ulK ≥ m) = 1 and P(ulK = m) > 0.
Next, we turn to elements of J . For j ∈ J , let mj := inf Supp(Dj) \ {0} and Mj :=

sup Supp(Dj). By definition of J , we know that for all i ̸= j, P(ui ∈ (mj ,Mj)) = 0. Using the
same arguments as in Theorem 2.4 we show that the intervals (mj ,Mj) for i ∈ J are all disjoint,
which ensures that there is an ordering J = {j1, . . . , j|J |} satisfying the desired inequalities. The
only remaining piece is to check that mj1 ≥ m, provided that K ̸= ∅. Indeed, since j1 ∈ J and
uk = m with non-zero probability for k ∈ K, we have m /∈ (mj1 ,Mj1). By definition of J , we
also have 0 < P(uj1 > ulK ) ≤ P(uj1 > m). Hence, Mj1 > m which implies Mj1 ≥ mj1 ≥ m.

By definition of J , for l ∈ [|J | − 1] one has P(ujl > ujl+1
) > 0. From the previous character-

ization of the supports of uj for j ∈ J , this implies that P(ujl+1
= 0) > 0. This proves the third

claim.
Suppose that K ̸= ∅ and J ̸= ∅. Then for k ∈ K by definition of K we also have 0 < P(uk ≥

uj1) = P(uj1 ≤ m). This implies either P(uj1 = 0) > 0 or mj1 = m and P(uj1 = m) > 0. ■

B Proofs from Section 3 for the main resource allocation mech-
anisms

We now prove Theorem 3.1 which gives conditions for a ball to be achievable within Uγ by the
mechanims PUM.
Proof of Theorem 3.1 Fix parameters γ, x, r, δ satisfying the assumptions. To show that
B(x, r) ⊆ Uγ , we construct an online allocation strategy that reaches these utilities. In fact, we
give an allocation strategy to reach utilities

R :=
{
y : 0 ≤ y ≤ z,z ∈ Conv(UNI , B(x, r))

}
.

Definition of the allocation function. We briefly recall the definition of the allocation
function as defined in the main document. For convenience for any U ∈ U⋆, we fix p(·;U) an
allocation function which reaches the utility vector U when having access to the full information
of agent’s utilities.

We start by specifying the allocation strategy for extreme points U of R that still belong
to the ball B(x, r). Following the promised utility definition above, we only need to specify
an allocation function p(· | U) and a direction α(U) for these utility vectors U . In particular,
these can be written as U = x+ ry where y ∈ Sn−1 is a unit vector. We define the allocation
function via

p(· | U) := p(·;x+ (r + δ)y) and α(U) = x−U = −ry.

We now extend the definition of the allocation function to the whole domain R. To do so,
note that any vector U ∈ R can be characterized by 0 ≤ U ≤ y where y ∈ Conv(UNI , B(x, r))
and is also an extreme point of R. In particular, y can be written as the convex combination
of 0, vectors E[ui]ei and some extreme point ỹ of R within the ball B(x, r) (we only need one
point from B(x, r) at most because the ball is strictly convex). Such a decomposition can be
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obtained via standard Carathéodory constructions. As a summary, we obtain

y =
∑
i∈[n]

qiE[ui]ei + q0ỹ, where q ≥ 0,
∑
i≤n

qi ≤ 1,

and Ui = siyi where si ∈ [0, 1] for i ∈ [n]. We define the allocation and promised utility function
by

p(· | y) =
∑
i∈[n]

qiei + q0p(· | ỹ) and pi(· | U) = sipi(· | y), i ∈ [n]. (25)

W (· | y) =
∑
i∈[n]

qiE[ui]ei + q0W (· | ỹ) and Wi(· | U) = siWi(· | y), i ∈ [n]. (26)

Checking that this is a valid allocation strategy for region R. Using the promised
utility framework, to show that this is a valid strategy for utilities within R, we only need to
show that Eqs. (3) and (7) are satisfied. That is, we check that the future promised utilities
remain within R and their expectation with respect to other agents’ utility matches the interim
future promise defined as in Eq. (6). We start by proving that this is the case for the extreme
points U of R in the ball B(x, r). For these utility vectors, because we used the choice of
allocation strategy from Eq. (11) we only need to check Eq. (3). We prove the stronger statement
that these stay within the ball B(x, r).

As above, we write U = x + ry with y ∈ Sn−1. Note that α(U) is the normal vector
to the boundary of R at U . Further, α(U) ∈ Rn

+. Indeed, fix i ∈ [n] and construct U (i)

such that U
(i)
i = 0 and U

(i)
j = Uj for all j ̸= i. By construction of R using the rectangles

we still have U (i) ∈ R so by convexity of R, 0 ≤ α(U)⊤(U − U (i)) = αi(U)Ui. Now because
B(x, r + δ) ⊆ U⋆ ⊆ Rn

+, we must have Ui > 0. This proves that αi(U) ≥ 0.
Intuitively, the choice of α(U) = x−U pushes the promised utilities towards the center of

the ball B(x, r). Further, we can also characterize the expectation of the promised utility vector
which we denote W̄ := E[W (vi | U)]. By the promise keeping equality Eq. (2),

γW̄ = γE[W (v | U)] = U − (1− γ)(E[uipi(v | U)])i∈[n].

Now because the incentive-compatibility constraint is enforced and by definition of the allocation
function, we have E[uipi(v | U)] = E[uipi(u;x + (r + δ)y)] = xi + (r + δ)yi for all i ∈ [n].
Combining this with the previous equation gives,

W̄ = U − 1− γ
γ

δy = x+

(
r − 1− γ

γ
δ

)
y. (27)

Hence, the term in δ from Eq. (27) also pushes future promise vectors towards the ball center.
Using the definition of the promised utilities given the interim promise utility from Eq. (6),

for any i ∈ [n] since Wi(vi | U) is non-increasing in vi,

|Wi(vi | U)− W̄i| ≤Wi(0 | U)−Wi(v̄ | U) =
1− γ
γ

∫ v̄

0
(Pi(v̄ | U)− Pi(v | U))dv ≤ 1− γ

γ
v̄.

Now let i1, i2 be the indices of largest and second-largest value of |αi(U)| respectively. By the
coupling formula from Eq. (11) and because α(U) ≥ 0, we have

∥W (v | U)− W̄ ∥1 ≤
1− γ
γ

v̄

(
n+

∑
j ̸=i1

αj(U)

αi1(U)
+
αi1(U)

αi2(U)

)
≤ 1− γ

γ
v̄

(
2n+

αi1(U)

αi2(U)

)
. (28)
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We now give an upper bound on αi1(U)/αi2(U). We recall that the region R contains all
extreme points E[ui]ei for i ∈ [n]. Hence, since α(U) is a supporting hyperplane of R at U , we
have,

0 ≤ α(U)⊤(U − E[ui1 ]ei1) ≤ αi1(U)(Ui1 − E[ui1 ]) + αi2(U)
∑
j ̸=i1

Uj

In the second inequality, we used the fact that for all j ̸= i1, we have 0 ≤ αj(U) ≤ αi2(U).
Because we can write U = x+ ry for y ∈ Sn−1, we have Ui1 ≤ xi1 + r. Similarly, for any i ∈ [n],
we have Ui ≤ xi+ r ≤ 2xi, where in the last inequality, we used the fact that x− rei ∈ R ⊆ Rn

+.
Then,

αi1(U)(E[ui1 ]− xi1 − r) ≤ 2αi2(U)
∑
j ̸=i1

xj ≤ 2nαi2(U)max
i∈[n]

xi,

which implies
αi1(U)

αi2(U)
≤

2nmaxi∈[n] xi

mini∈[n](E[ui]− xi − r)
. (29)

Putting this together with Eq. (28) gives

∥W (v | U)−W ∥2 ≤ ∥W (v | U)−W ∥1 ≤
1− γ
γ
· 2nv̄

(
1 +

maxi∈[n] E[ui]
mini∈[n](E[ui]− xi − r)

)
.

For convenience, we will write V := 2nv̄
(
1 +

maxi∈[n] E[ui]

mini∈[n](E[ui]−xi−r)

)
. We recall that by construction

of the promised utilities, Theorem 2.2 shows that W (v | U) lies in the hyperplane of equation
α(U)⊤(x − W̄ ) = 0, that is y⊤(x − W̄ ) = 0. Given Eq. (27), to show that for all v, we have
W (v | U) ∈ B(x, r), it suffices to show that(

r − 1− γ
γ

δ, sup
v
∥W (v | U)−W ∥2

)
∈ B(0, r).

To prove this, using δ ≤ rγ/(1− γ) we compute

r2 −
(
r − 1− γ

γ
δ

)2

−
(
1− γ
γ

V

)2

=
1− γ
γ2

[
2γδr − (1− γ)δ2 − (1− γ)V 2

]
≥ 1− γ

γ2
[
γδr − (1− γ)V 2

]
≥ 0.

This ends the proof that whenever U is an extreme point of R within the ball B(x, r), the future
promised utilities W (v | U) stay within the ball B(x, r) ⊆ R.

It remains to check that Eqs. (3) and (7) hold for all other utility vectors U ∈ R. As in
the definition of the allocation function, we write Ui = siyi where si ∈ [0, 1] for i ∈ [n], and
y =

∑
i∈[n] qiE[ui]ei + q0ỹ where q ≥ 0,

∑
i≤n qi ≤ 1, and ỹ is an extreme point of R within

the ball B(x, r). In the definition of the allocation function from Eq. (25), the only component
that is non-constant for v ∈ [0, v̄]n is the contribution of p(· | ỹ). By linearity, Eq. (7) is then a
consequence of the definitions Eqs. (25) and (26). We turn to Eq. (3). In the previous part, we
showed that W (· | ỹ) ∈ B(x, r) for all possible reports. As a result, by linearity this directly
shows that the future promised utilities stay in the the corresponding ellipsoid E(U) defined
below:

∀v ∈ [0, v̄]n, W (v | U) ∈

(si(qiE[ui] + q0xi))i∈[n] + z : q20
∑
i∈[n]

(sizi)
2 ≤ r2

 := E(U).
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We can easily show that E(U) ⊆ R by construction of the region R. This ends the proof. ■

In Theorem 3.3, we simplified the form of the constant C from Theorem 3.1 under Theo-
rem 3.2 which asks that all valuations are lower bounded by some fixed value v > 0. To give
some intuitions, the term C in Theorem 3.1 essentially measures how close the tentative ball
B(x, r) is to the limiting hyperplanes {x ∈ Rn : xi = E[ui]} for i ∈ [n]. Under Theorem 3.2, the
following result gives geometrical properties of the optimal set U⋆, which intuitively imply that
points in the optimal set U⋆ are sufficiently far from the hyperplanes {x ∈ Rn : xi = E[ui]} for
i ∈ [n].

Lemma B.1. Under Theorem 3.2, we have

U⋆ ⊆ Rn
+ ∩

⋂
i∈[n]

x : v
∑
j ̸=i

xj ≤ v̄(E[ui]− xi)

 .

Proof We already characterized the extreme points of U⋆ as 0 together with the utilities reached
by optimal allocation functions p(·) for α-weighted objectives for α ∈ Rn

+ \ {0}.
Now for i ∈ [n], consider the weights α such that αi = v̄, and αj = v for all j ̸= i.

From Theorem 3.2 the valuations always lie in [v, v̄], hence, the allocation function that always
allocates the resource to agent i is α-optimal. This allocation reaches the utility vector E[ui]ei.
Because this allocation is α-optimal, this proves the constraint U⋆ ⊆

{
x : α⊤x ≤ v̄E[ui]

}
. ■

We are now ready to give the proof of Theorem 3.3.
Proof of Theorem 3.3 Going back to the proof of Theorem 3.1, we aim to improve the upper
bound of αi1(U)/αi2(U) from Eq. (29) using Theorem B.1. Up to rescaling, we suppose without
loss of generality that αi1(U) = v̄. Now suppose by contradiction that αi2(U) < v. In particular,
for all j ̸= i1, we have αj(U) ≤ αi2(U) < v. Further, Theorem B.1, since U ∈ R ⊆ U⋆, we have

v
∑
j ̸=i1

Uj ≤ v̄(E[ui1 ]− Ui1)

Combining the previous remarks gives,

α(U)⊤(U − E[ui1 ]ei1) ≤ (αi2 − v)Ui2 + v
∑
j ̸=i1

Uj − v̄(E[ui1 ]− Ui1) ≤ (αi2 − v)Ui2 .

We briefly argue that Ui2 > 0. We recall that U = x+ ry for some element y ∈ Sn−1. Further,
because α(U) ∈ Rn

+, we must also have y ∈ Rn
+ otherwise U wouldn’t be α-optimal within

R. Because B(x, r + δ) ⊆ Rn
+ and r + δ > 0, we have Ui2 ≥ xi2 > 0. This proves that

α(U)⊤(U − E[ui1 ]ei1) < 0. This contradicts the fact that α(U) is the normal of a supporting
hyperplane at U of R, which contains in particular E[ui1 ]ei1 . In conclusion, αi1(U)/αi2(U) ≤
v̄/v. We can now use the same proof as for Theorem 3.1 with V := v̄(2n+ v̄/v). ■

To understand the optimal policies for some social welfare, it may be useful to focus locally
on this direction α = 1. In particular, it may be possible to ignore some irrelevant agents in
[n]. This leads to a stronger local version than the statement given in Theorem 3.1.
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Lemma B.2. Fix γ ∈ [0, 1). Let U an optimal vector and x ∈ U⋆ such that for all i /∈ I, we
have xi = Ui. Let r, δ > 0 and suppose that there is a partition I = I1 ⊔ . . .⊔ Iq with |Is| ≥ 2 for
all s ∈ [q] such that

∀s ̸= s′ ∈ [q], P
(
ZIs = ZIs′ = Z > 0

)
= 0, (30)

and for all s ∈ [q],

BIs((xi)i∈Is , r + δ) ⊆ PIs (U⋆ ∩ {y : ∀i /∈ Is, yi = Ui}) . (31)

Then, if Eq. (13) holds with C := 4n2v̄2
(
1 +

maxi∈[n] E[ui]

mins∈[q],i∈Is (E[ui]P(ZIs=Z>0)−xi−r)

)2
, we have

B(x, r) ∩ {y : ∀i /∈ I, yi = xi} ⊆ x+ {0}[n]\I ⊗
⊗
s∈[q]

BIs(0, r) ⊆ Uγ .

As a remark, note that while Theorem 2.4 essentially shows that only agents in Ĩ need to be
carefully treated (all others can be treated perfectly even with γ = 0), Theorem B.2 takes all
I agents into consideration. Precisely, we added agents i ∈ [n] such that P(ui = Z−i > 0) > 0.
Adding these agents can only help to satisfy the constraints from Theorem B.2. Indeed, by
construction there is some other agent j ̸= i with j ∈ I such that P(ui = uj = Z) > 0 hence we
can group i and j in the same set of the partition I = I1⊔ . . .⊔Iq. As a result, the set of optimal
vectors of U⋆ is perfectly flat along the direction (1k=j − 1k=i)k∈[n], hence we can always fit a

ball to satisfy Eq (31). In summary, taking agents I \ Ĩ into account within Theorem B.2 was
without loss. On the other hand, these I \ Ĩ agents bring extra flexibility that can be beneficial
for agents Ĩ to satisfy Eq (31). This flexibility will be useful in Section D.5 for discrete utility
distributions.
Proof of Theorem B.2 We define J and K as in Theorem A.1. Throughout, we use the
characterizations in this lemma. First, note that if k ∈ K and m > 0, then P(uk = Z−k > 0) ≥
P(uk = uj(k) = m)P(∀j /∈ {k, j(k)}, uj ≤ m) > 0, where we bounded the second term using
the definition of k ∈ K. Hence, this implies k ∈ I. Therefore, for any i /∈ I we have either (1)
i /∈ Ĩ ∪ J ∪K or (2) i ∈ K and m = 0, or (3) i ∈ J . In all cases, either xi = Ui = 0 or i ∈ J .

Then, for any V ∈ {y : ∀i /∈ I, yi = xi = Ui}, and any allocation p(·) that realizes V in the
full-information setting, we have

∀i /∈ I ∪ J, pi(u) = 0 (a.s.) (32)

∀i ∈ J \ I, pi(u) = 1∀j ̸=i,uj≤mi
1ui>0 (a.s.). (33)

This is because by assumption, U is an optimal vector. For convenience, we pose for i /∈ I,

p
(0)
i (u) =

{
0 i /∈ I ∪ J
1∀j ̸=i,uj≤mi

1ui>0 i ∈ J \ I.

It will be useful later to view [n] \ I as part of the partition as well hence we pose I0 := [n] \ I.
We can easily check that Eq. (30) is also satisfied for all r ̸= r′ ∈ {0, . . . , q} since

P (ZI0 = ZI > 0) ≤
∑
i∈I0

P (ui = Z > 0) = 0.
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We first focus on coordinates within Is for some fixed s ∈ [q]. Let V ∈ U⋆∩{y : ∀i /∈ Is, yi =
Ui} and p(·;V ) an allocation that realizes V in the full information setting. Because U is an
optimal vector, we have

E
[
Z−Is1Z−Is>ZIs

]
≤
∑
i/∈Is

Ui ≤ E
[
Z−Is1Z−Is≥ZIs

]
Because of Eq. (30), we have P(Z−Is = ZIs > 0) ≤

∑
s′ ̸=s P(ZIs′ = ZIs = Z > 0) = 0. Then,∑

i/∈Is

Vi =
∑
i/∈Is

Ui = E
[
Z−Is1Z−Is≥ZIs

]
.

As a result, on the event Es := {Z−Is ≥ ZIs}, without loss of generality, we can suppose that p
allocates to agents in [n] \ Is:

∀i ∈ Is, P(pi(u) > 0, Es) = 0. (34)

In the above, we used the fact that if Z−Is = ZIs = 0, we have ui = 0 for all i ∈ Is. Thus
allocating to agents in Is in that case is useless. We suppose that Eq. (34) will always be satisfied
by the allocations of the form p(·;V ) from now. Note that 1−P(Es) = P(ZIs > Z−Is) = P(ZIs ≥
Z−Is , ZIs > 0) = P(ZIs = Z > 0) > 0. In the last inequality, we used ∅ ⊊ Is ⊆ I.

Eq. (34) is also a characterization in the following sense. Consider the resource allocation
problem with only agents Is but such that there is no allocation on the event Es. Denote by
U⋆
s ∈ RIs

+ the utility region that can be achieved in this setting. Then,

U⋆
s = PIs (U⋆ ∩ {y : ∀i /∈ Is, yi = Ui}) . (35)

Indeed, Eq. (34) shows the inclusion ⊇ and for the inclusion ⊆, any allocation from the game with
agents Is can be completed on Es by allocating the resource to any agent in argmaxi/∈Is ui. In
particular, by assumption, we have BIs((xi)i∈Is , r+δ) ⊆ U⋆

s . In this setting with Is agents, we can
also define the region UNI

s that can be achieved without reports, that is UNI
s = Conv(E[ui](1−

P(Es))ei, i ∈ Is). The only difference with a standard resource allocation problem between
agents Is is the constraint on Es. However, the proof of Theorem 3.1 still holds in this setting
as specified below. We construct the utility region

Rs :=
{
y ∈ RIs : 0 ≤ y ≤ z, z ∈ Conv(UNI

s , BIs((xi)i∈Is , r))
}
.

We then specify an allocation strategy for extreme points U of Rs that still belong to the ball
B(x, r). We write U = x+ ry where ∥y∥ = 1 and pose

p(s)(· | U) := p(s)(·;x+ (r + δ)y) and α(U) = x−U ,

where p(s)(·; z) is an allocation function that realizes z ∈ U⋆
s in the full information setting.

We then extend the definition of p(s)(· | U) and W (s)(· | U) to the complete region Rs as in
Theorem 3.1 in Eqs. (25) and (26). The proof of Theorem 3.1 shows that if rγ

1−γ ≥ δ ≥ Cs
1−γ
γr ,

where Cs = 4|Is|2v̄2
(
1 +

maxi∈Is E[ui]
mini∈Is (E[ui](1−P(Es))−xi−r)

)2
, then the allocation and promised utility

functions constructed are valid on Rs (they satisfy Eqs. (3) and (7)). We can check that this is
the case since with the choice of parameters, C ≥ maxs∈[q]Cs.
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We now pose R0 := (xi)i∈I0 and construct an allocation mechanism to reach the utilities

R :=
⊗

0≤s≤q

Rs ⊇ x+ {0}I0 ⊗
⊗
s∈[q]

BIs(0, r),

by treating each cluster Is of agents separately. We pose for all U ∈ R, i ∈ [n] and u ∈ [0, v̄]n,

p(u | U) :=

{
p
(s)
i (uIs | U Is)

1(ZIs>Z−Is )
1−P(Es) i ∈ Is, s ∈ [q]

p
(0)
i (u) i ∈ I0.

W (u | U) :=

{
W

(s)
i (uIs | U Is) i ∈ Is, s ∈ [q]

xi i ∈ I0.

By design of the events Es, we still have p(u | U) ∈ ∆n (there are no collisions between different
partitions). By construction, Eq. (3) holds and Eq. (7) is satisfied for all i ∈ I. It only remains
to check that Eq. (7) holds for i ∈ I0 = [n] \ I, which is equivalent to checking both Eq. (2)
and the incentive-compatibility constraint Eq. (4). Eq. (2) is directly satisfied by Eqs. (32)

and (33). For the incentive-compatibility, note that for i /∈ I the definition of p
(0)
i (u) only uses

the information 1ui>0 about ui. Hence the interim promise P
(0)
i (ui) is constant on (0, v̄]. As a

result, the allocation is also incentive-compatible for agent i (this is always true if ui = 0).
Altogether, this shows that R ⊆ Uγ , which ends the proof. ■

C Proofs from Section 4 to prove lower bounds on the social
welfare gap

We now prove Theorem 4.1 that gives tools to prove upper bounds on the achievable region Uγ .
To prove this result, we first need to derive some properties of valid mechanisms for the central
planner.

Using the promised utility framework, we suppose that we are given a utility region R,
allocation functions p(· | U) and promised utility functions W (· | U) satisfying Eqs. (3) and (7).
We start by showing that to achieve the utilities from a point U in the boundary of U⋆ in the
full information setting, the allocation function needs to discriminate enough between low and
high agent utilities. In practice, this will be helpful to derive a lower bound on the range of
interim future promises if one aims to reach the boundary of U⋆. We recall the definition of Ĩ
as the set of indices that do not satisfy conditions 2(a) nor 2(b) from Theorem 2.4.

Lemma C.1. Let i ∈ Ĩ. Define qi := min{v ∈ [0, v̄] : P(ui ≤ v) ≥ 1/2} the median of Di. Then,
there exists ηi > 0 such that the following holds. Fix any allocation function p : [0, v̄]n → ∆n

that is non-decreasing (that is, for all i ∈ [n], Pi(ui) = Eu−i [pi(u)] is non-decreasing) and such
that (E[uipi(u)])i∈[n] is an optimal utility vector. Then,

Eui∼Di [|Pi(ui)− Pi(qi)|min(ui, qi)] ≥ ηi.

Proof Fix an index i ∈ Ĩ satisfying the assumptions. We decompose [0, v̄] \ Supp(Di) as a
union of disjoint intervals (a0, b0 = v̄] ∪ [a1 = 0, b1) ∪

⋃
k≥2(ak, bk). We note that ui ∼ Di is not

a constant random variable otherwise posing mi =Mi would satisfy 2(b), where ui = mi almost
surely, contradicting i ∈ Ĩ. This implies that b1 < a0.
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Now fix an optimal allocation p for the social welfare. Because it is optimal, with probability
one on u, we have pi(u) > 0 only if i ∈ argmaxj∈[n] uj . We also recall that Pi(·) is non-decreasing
by hypothesis. As a result, for all u ∈ Supp(Di) \ {ak, bk, k ≥ 0} we have

P(Z−i < u) ≤ Pi(u) ≤ P(Z−i ≤ u). (36)

Next, because Pi is non-decreasing, we have Pi(v̄) ≥ P(Z−i < a0) and{
∀u ∈ [ak, bk], P(Z−i < ak) ≤ Pi(u) ≤ P(Z−i ≤ bk), k ≥ 1

∀u ∈ [a0, v̄], P(Z−i < a0) ≤ Pi(u) ≤ Pi(v̄)
(37)

We now consider the problem of minimizing the desired quantity

Eui∼Di [|Pi(ui)− Pi(qi)|min(ui, qi)]

= Eui [qiPi(ui)1ui>qi ]− Eui [uiPi(ui)1ui<qi ] + (E[ui1ui<qi ]− qiP(ui > qi))Pi(qi),

under the constraints Eqs. (36) and (37). We can directly check that the optimum is achieved by
setting P ⋆

i (u) equal to the upper bounds from Eqs. (36) and (37) if u < qi, and set P ⋆
i (u) equal to

their lower bounds if u > qi. For qi, we have P ⋆
i (qi) = P(Z−i < qi) if E[ui1ui<qi ] ≤ qiP(ui > qi)

and P ⋆
i (qi) = P(Z−i ≤ qi) otherwise. We denote ηi := Eui∼Di [|Pi(ui) − Pi(qi)|min(ui, qi)] the

corresponding value of P ⋆
i . As a result, we obtained that for any optimal allocation function,

E[|Pi(ui)− Pi(qi)|min(ui, qi)] ≥ ηi.

Note that to prove the desired result, it would suffice to show that ηi > 0. The main
point is that this lower bound ηi is tight since the interim function P ⋆

i can be achieved by an
optimal allocation function that either allocates to the agent with index argmaxj ̸=i uj or i (only
if ui = Z−i). Hence, to end the proof it suffices to show that for any allocation function p that
is optimal for the social welfare, one has E[|Pi(ui)− Pi(qi)|min(ui, qi)] > 0. Suppose this is not
the case by contradiction, hence Pi(u) = Pi(qi) for Di-almost all u ∈ (0, v̄]. We recall that Pi is
non-decreasing. Therefore, letting mi = inf Supp(ui) \ {0} and Mi = supSupp(ui), if Mi > qi
we obtain that Pi is constant on the interval [qi,Mi). Similarly, if mi < qi then Pi is constant
on (mi, qi]. In all cases, we showed that Pi is constant on (mi,Mi). Hence, Eq. (36) implies that

P(Z−i ≤ mi) ≥ lim
x→m+

i

Pi(x) = lim
x→M−

i

Pi(x) ≥ P(Z−i < Mi).

Because mi ≤Mi, the previous equation implies P(Z−i ∈ (mi,Mi)) = 0. On the other hand, by
construction we have P(ui ∈ {0} ∪ [mi,Mi]) = 1. Since condition 2(a) from Theorem 2.4 does
not hold because i /∈ Ĩ, for all j ̸= i, we have

P(Z−i < Mi) =
∏
j ̸=i

P(uj < Mi) ≥
∏
j ̸=i

P(uj < ui) > 0.

Combining this with the previous equation implies P(Z−i ≤ mi) > 0. We now fix j ̸= i. We
have

0 = P(Z−i ∈ (mi,Mi)) ≥ P
(
Z−{i,j} ≤ mi

)
P(uj ∈ (mi,Mi)) ≥ P(Z−i ≤ mi)P(uj ∈ (mi,Mi)).
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Therefore, P(uj ∈ (mi,Mi)) = 0. This holds for all j ̸= i, hence condition 2(b) of Theorem 2.4
holds which contradicts the definition of i ∈ Ĩ. This ends the proof that ηi > 0 and the desired
result. ■

We note that having i ∈ Ĩ is necessary to obtain such a constant ηi > 0. Indeed, suppose
that condition 2(a) from Theorem 2.4 holds. In that case, there are optimal allocations that
never allocate the resource to agent i (since there is an agent j that always has at least the same
utility), which results in having Pi(u) = 0 for all u ∈ [0, v̄]. On the other hand, if condition 2(b)
holds, there is an interval [mi,Mi] such that P(ui ∈ [mi,Mi]∪{0}) = 1 but P(uj ∈ (mi,Mi)) = 0
for all j ̸= i. Then, taking into consideration the reports of agent i is not really necessary: we
can safely allocate the resource to agent i if and only if Z−i ≤ mi and ui > 0 (if ui = 0, then
truthful reporting is always an equilibrium for agent i). This optimal allocation then yields a
constant interim allocation probability Pi(u) = P(Z−i ≤ mi) for all u ∈ (0, v̄].

We now use Theorem C.1 to derive a the lower bound on the range of the interim future
promise Wi even when the realized utility is not on the boundary of U⋆, but somewhat close
to it. Having the realized utility vector U close to the boundary is necessary, otherwise, for
instance if U ∈ UNI , we can use a constant allocation function p(·) so that Wi(v) is constant
for v ∈ [0, v̄] for all i ∈ [n].

Lemma C.2. Fix γ ∈ (0, 1] and an index i ∈ Ĩ. Define qi ∈ [0, v̄] as in Theorem C.1. Then,
there exists δi, ηi > 0 (ηi is the same as in Theorem C.1) such that the following holds. For
any allocation function p : [0, v̄]n → ∆n that is non-decreasing (that is, for all i ∈ [n] Pi : ui 7→
Eu−i [pi(u)] is non-decreasing) and such that

max
x∈U⋆

1⊤x− 1⊤(E[uipi(u)])i∈[n] ≤ δi,

the interim promised utility function Wi(·) for i ∈ [n] constructed via Eq. (6) using the interim
allocation functions Pi is non-increasing and satisfies

Eui∼Di |Wi(ui)−Wi(qi)| ≥
1− γ
2γ

ηi.

Proof The fact that the interim promise function Wi(· | U) is non-increasing is direct from the
definition in Eq. (6). We omit the terms | U in the rest of the proof for readability. From the
same definition, for any 0 ≤ a ≤ b ≤ v̄,

Wi(a)−Wi(b) =
1− γ
γ

(∫ b

0
(Pi(b)− Pi(v))dv −

∫ a

0
(Pi(a)− Pi(v))dv

)
=

1− γ
γ

(
(Pi(b)− Pi(a))a+

∫ b

a
(Pi(b)− Pi(v))dv

)
≥ 1− γ

γ
(Pi(b)− Pi(a))a.

As a result,

E|Wi(ui)−Wi(qi)| = E[(Wi(qi)−Wi(ui))1ui≥qi ] + E[(Wi(ui)−Wi(qi))1ui≤qi ] (38)

≥ 1− γ
γ

E [|Pi(ui)− Pi(qi)|min(ui, qi)] . (39)

Hence, we aim to lower bound the expectation on the right-hand side. First, recall that
maxx∈U⋆ 1⊤x = E[Z] = Emax(ui, Z−i), and that the maximum is attained for any first-best
allocation function. Next, for u ∈ [0, v̄], we have

1⊤(E[uipi(u)])i∈[n] ≤ E [uipi(u) + Z−i(1− pi(u))] = E [uiPi(ui) + Z−i(1− pi(u))] .
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Now for any value u ∈ [0, v̄], let zi(u) = inf{v : P(Z−i ≥ v) ≤ 1 − Pi(u)}. In particular, since
Pi(·) is non-decreasing, so is zi(·). We can check that

Eu−i [Z−i(1− pi(u))] ≤ Eu−i [Z−i1Z−i>zi(ui)] + zi(ui) [P(Z−i ≥ zi(ui))− (1− Pi(ui))] .

Because of the second term in the right-hand side, we define a variable Bi ∼ B(P(Z−i ≥ zi(ui))−
(1− Pi(ui))) which is independent from u−i. Putting the previous equations together yields

max
x∈U⋆

1⊤x− 1⊤(E[uipi(u)])i∈[n] ≥

E[max(ui, Z−i)− Z−i1Z−i>zi(ui) − ui1Z−i<zi(ui) − 1Z−i=zi(ui)(Z−iBi + ui(1−Bi))] =: A(Pi).

(40)

This inequality is tight in the following sense. For any non-decreasing function Pi, there is a
non-decreasing allocation function p(·) with interim allocation function Pi for agent i, and

max
x∈U⋆

1⊤x− 1⊤(E[uipi(u)])i∈[n] = A(Pi).

This allocation can directly be obtained from the definition of A(Pi): when Z−i < zi(ui) we
allocate to agent i, when Z−i > zi(ui) we allocate to some agent in argmaxj ̸=i uj , and if
Z−i = zi(ui) we allocate to one of these two cases depending on the value of Bi. In summary,
for any δ ≥ 0,{

Pi(·) : ∃ non-decreasing p(·),max
x∈U⋆

1⊤x− 1⊤(E[uipi(u)])i∈[n] ≤ δ, Pi(·) = Eu−i [pi(·,u−i)]

}
= {non-decreasing Pi : [0, v̄]→ [0, 1], A(Pi) ≤ δ} . (41)

As a result, we now only focus on non-decreasing interim allocation functions Pi satisfying
A(Pi) ≤ δ. The set of non-decreasing functions on [0, v̄]→ [0, 1] is closed for the product measure
(point-wise convergence) and so is the set of functions satisfying the constraint A(Pi) ≤ η by the
dominated convergence theorem. Further, Tychonov’s theorem implies that the set of functions
[0, v̄] → [0, 1] is compact for the product measure. This therefore implies that the following
optimization problem

inf
non-decreasing Pi:[0,v̄]→[0,1]

A(Pi)≤δ

Eui∼Di [|Pi(ui)− Pi(qi)|min(ui, qi)] =: B(δ)

achieves its minimum, and further that B(δ) → B(0) as δ → 0. Note that δ = 0 corresponds
to the case when the allocation is exactly optimal for the social welfare. This is the case that
was covered by Theorem C.1, which shows that B(0) ≥ ηi for some constant ηi > 0 (that only
depends on i, and the distributions D1, . . . ,Dn). In particular, there exists δi > 0 such that
B(δi) ≥ ηi/2. Through Eq. (41), this exactly shows that for any non-decreasing allocation
function p satisfying the constraint 1⊤x− 1⊤(E[uipi(u)])i∈[n] ≤ δi, we have

E [|Pi(ui)− Pi(qi)|min(ui, qi)] ≥
ηi
2
.

Together with Eq. (39) this ends the proof. ■

Theorem C.2 gives a lower bound on the range required for the interim future promised
utilities. In fact it shows a stronger statement about their dispersion which is necessary for
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our proofs. We now make use of these range lower bounds to show that some regions of U⋆

cannot be achieved by Uγ . Intuitively, because future promised utilities need to remain within
the achievable region Uγ (see Eq. (3)) if interim promised utilities are somewhat scattered, this
gives a local upper bound on the maximum curvature of Uγ .
Proof of Theorem 4.1 We start by specifying c1 and c2. By the second characterization of
Theorem 2.4, we have Ĩ ̸= ∅, otherwise, U0 would already contain an optimal vector. Fix such
an index i ∈ Ĩ. Let δi, ηi > 0 be the constants for which Theorem C.2 holds. We pose c1 := δi
and c2 := η2i /16.

Next, fix some parameters γ,x, r and δ satisfying the assumptions of the lemma. Since
U⋆ \ B◦(x, r) is compact, so is the component C. By contradiction, we suppose that Uγ ∩ (C \
B◦(x, r + 1−γ

γ δ)) ̸= ∅. We consider a solution U0 to the following optimization problem

max
y∈C∩Uγ

∥y − x∥. (42)

The maximum is attained because both C and Uγ are compact. Further, by assumption,

∥U0 − x∥ ≥ r + 1− γ
γ

δ.

Because U0 ∈ Uγ , there exists a mechanism for the central planner that reaches this utility.
Using the promised utility framework, we fix a non-decreasing allocation function p(· | U) and
a promised utility function W (· | U) for all U ∈ Uγ that satisfy Eq. (3) (promises stay within
Uγ) and Eq. (7) (interim promises Wi(vi | U) as defined in Eq. (6)).

Step 1. Let U1 := (E[uipi(v | U0)])i∈[n] ∈ U⋆. As a first step, we aim to show that

1⊤U1 ≥ max
z∈U⋆

1⊤z − δi. (43)

By Eq. (3) and the convexity of Uγ , we have

U2 := E[W (u | U0)] = U0 +
1− γ
γ

(U0 −U1) ∈ Uγ . (44)

In the equality, we used the form of the interim promises Eq. (6), or equivalently, Eq. (2). We
next write U0 = x+ r0y0 where r0 ≥ r+ 1−γ

γ δ and y0 ∈ Sn−1. We argue that it suffices to show

that y⊤
0 (U1−U0) ≥ 0 to obtain Eq. (43). Indeed, if this holds, then for any U ∈ [U0,U1], one

has
∥U − x∥ ≥ y⊤

0 (U − x) = y⊤
0 (U −U0) + r0 ≥ r0 ≥ r.

Because U⋆ is convex, [U0,U1] ⊆ U⋆. Combining this with the previous equation shows that
[U0,U1] ∈ U⋆ \ B◦(x, r). Hence U1 belongs to the same component C as U0. By assumption,
C ⊆ {y : 1⊤y ≥ maxz∈U⋆ 1⊤z − c1} and we posed c1 = δi. This proves Eq. (43). We now show

y⊤
0 (U1 −U0) ≥ 0. (45)

By contradiction suppose that this does not hold, then Eq. (44) implies that y⊤
0 (U2−U0) > 0.

The same arguments as above then show that for any U ∈ [U0,U2],

∥U − x∥ ≥ y⊤
0 (U −U0) + r0 > r0.

The previous arguments further show that U2 ∈ C. Recall from Eq. (44) that U2 ∈ Uγ . Hence,
the previous inequality contradicts the definition ofU0 as a maximizer of the problem in Eq. (42).
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Step 2. We are now ready to apply Theorem C.2 to the allocation p(· | U0) since the resulting
utility vector U1 satisfies the necessary conditions as checked in Step 1. We obtain

Eui∼Di |Wi(ui | U0)−Wi(qi | U0)| ≥
1− γ
2γ

ηi, (46)

where qi := min{v ∈ [0, v̄] : P(ui ≤ v) ≥ 1/2}. Define pB = 1/2−P(ui<qi)
P(ui=qi)

, with the convention

0/0 = 0 and let B ∼ B(pB) be a Bernoulli variable independent from all other variables. Define

U+ = 2Eu[W (ui,u−i | U0)1ui<qi +BW (ui,u−i | U0)1ui=qi ]

U− = 2Eu[W (ui,u−i | U0)1ui>qi + (1−B)W (ui,u−i | U0)1ui=qi ].

From Eq. (3), by convexity of Uγ , and because P(ui < qi)+P(ui = qi, B = 1) = 1/2, both utility
vectors satisfy U+,U− ∈ Uγ . The goal of this step is to show that either U+ or U− have a
better objective than U0 for the optimization problem Eq. (42), to reach a contradiction. We
first give a few properties about U− and U+. We note that

U2 = E[W (u | U0)] =
U+ +U−

2
. (47)

Next, recalling that the interim allocation function Wi(· | U0) is non-increasing, we have

∥U+ −U−∥
≥ (U+)i − (U−)i

= (U+)i −Wi(qi | U0) +Wi(qi | U0)− (U−)i

= 2Eui [(Wi(ui | U0)−Wi(qi | U0))1ui>qi ] + 2Eui [(Wi(qi | U0)−Wi(ui | U0))1ui<qi ]

= 2Eui |Wi(ui | U0)−Wi(qi | U0)|.

Combining with Eq. (46) yields

∥U+ −U−∥ ≥
1− γ
γ

ηi, (48)

We now lower bound ∥U2 − x∥. By Eq. (44), and recalling that U0 = x+ r0y0, we obtain

y⊤
0 (U2 − x) = r0 −

1− γ
γ

y⊤
0 (U1 −U0).

Within Step 1, we also showed that U1 ∈ C ⊆ B(x, r+ δ), where in the last step we used one of
the assumptions. Hence, y⊤

0 (U1 −U0) = y⊤
0 (U1 − x)− r0 ≤ (r + δ)− r0 ≤ δ. Putting the two

previous equations together yields

∥U2 − x∥ ≥ y⊤
0 (U2 − x) ≥ r0 −

1− γ
γ

δ ≥ r, (49)

where in the last inequality we used the assumption on r0. We now argue that U2 ∈ C. Indeed,
since U0,U2 ∈ U⋆, by convexity [U0,U2] ⊆ U⋆. Next, for any U = (1 − θ)U2 + θU0 for
θ ∈ [0, 1],

y⊤
0 (U − x) = y⊤

0 (U2 − x) + θy⊤
0 (U0 −U2) ≥ r +

1− γ
γ

θy⊤
0 (U1 −U0) ≥ r.
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In the first inequality, we used Eq. (49), and in the second we used Eq. (45). As a result, using
similar arguments as before, we have [U0,U2] ∈ U⋆ \B◦(x, r), hence U0 ∈ C implies U2 ∈ C as
well. Next, by Eq. (47) we can write U+ = U2+∆ and U− = U2−∆ where∆ := (U+−U−)/2.

Suppose that (U2 − x)⊤∆ ≥ 0. Then,

∥U+ − x∥2 = ∥U2 − x∥2 + ∥∆∥2 + 2(U2 − x)⊤∆

≥ ∥U2 − x∥2 +
(
1− γ
2γ

ηi

)2

≥ r20 +
1− γ
γ

(
1− γ
4γ

(η2i + 4δ2)− 2r0δ

)
> r20 +

1− γ
γ

(
1− γ
4γ

η2i − 2r0δ

)
where in the second inequality we used Eq. (48) and in the third inequality we used Eq. (49).
We now recall that by hypothesis δ = min(c2

1−γ
γr , r). Hence, from the choice of c2, 2r0δ ≤ 4rδ ≤

1−γ
4γ η

2
i . Putting the two previous inequalities together, we obtain ∥U+−x∥ > ∥U0−x∥ = r0. We

recall that U2 ∈ C and by assumption (U2 − x)⊤(U+ −U2) ≥ 0. Since we also have U+ ∈ U⋆,
the same arguments as in Step 1 show that U+ ∈ C. This contradicts the definition of U0 as
the maximizer of the problem in Eq. (42).

In the other case when (U2−x)⊤∆ ≤ 0, the same arguments show that ∥U−−x∥ > ∥U0−x∥
and U− ∈ C, reaching the same contradiction. This ends the proof of the desired result:

Uγ ∩
(
C \B◦

(
x, r +

1− γ
γ

δ

))
= ∅. (50)

Proof of the second claim. We now prove the second claim of the lemma as a simple conse-
quence of Eq. (50). First, note that because Uγ is compact, the maximum in maxy∈Uγ d

⊤(y−x)
is well defined. Fix U = x+ ∥U − x∥d ∈ C such a maximizer. Consider any point y ∈ Uγ such
that d⊤(y − x) ≥ ∥U − x∥. Then, by convexity of U⋆, we have [U ,y] ⊆ U⋆. Further,

(U − x)⊤(y −U) = ∥U − x∥d⊤(y − x)− ∥U − x∥2 ≥ 0.

Then, the same arguments as in Step 1 show that since U ∈ C, we must also have y ∈ C.
Because we have y ∈ Uγ , Eq. (50) implies that y ∈ B◦(x, r + 1−γ

γ δ). In particular,

d⊤(y − x) ≤ ∥y − x∥ ∥d∥ <
(
r +

1− γ
γ

δ

)
∥d∥.

This ends the proof. ■

In some cases, it may be useful to design lower bounds based on a subproblem instead of the
full resource allocation problem as stated in Theorem 4.1. Intuitively, we may want to focus on
the impact of a single agent i, which corresponds to a 2-agent setting in which one has utility
ui and the other has utility Z−i. In practice, this setup will be very useful, and we specify the
corresponding lower bounds in the result below. This is a simple consequence of Theorem 4.1.
For any x = (xi, x−i) ∈ R2 and r > 0, we define the sets

B(x, r; i) := {y ∈ Rn : (yi − xi)2 + (1⊤−iy−i − x−i)
2 ≤ r2}

B(x, r; i) := {y ∈ Rn : (yi − xi)2 + (1⊤−iy−i − x−i)
2 < r2}.
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Lemma C.3. Fix an index i ∈ Ĩ. There exist two constants c1, c2 > 0 such that the following
holds.

For γ ∈ (0, 1), r > 0, and (xi, x−i) ∈ R2, suppose that U⋆ \ B◦(x, r; i) has a connected
component C ⊆ {y : 1⊤y ≥ maxz∈U⋆ 1⊤z − c1}. If

C ⊆ B(x, r + δ; i), δ = min

(
c2
1− γ
γr

, r

)
,

then we have

Uγ ∩
(
C \B◦

(
x, r +

1− γ
γ

δ; i

))
= ∅.

In particular, for any U ∈ C, writing (Ui,1
⊤
−iU−i) = x+ ∥(Ui,1

⊤
−iU−i)− x∥(di, d−i),

max
y∈Uγ

di(yi − xi) + d−i(1−iy
⊤
−i − x−i) <

(
r +

1− γ
γ

δ

)
∥d∥.

Proof In the proof of Theorem 4.1, we first used the characterization from Theorem 2.4 to
show that there exists some index i ∈ Ĩ (Ĩ ̸= ∅). From then, the only incentive-compatibility
constraint that was used within the proof was that of agent i. Precisely, it only uses Eq. (7) for
agent i to use the fact that the interim promised utility is given according to Eq. (6) for which
Theorem C.1 gives bounds.

As a result, the lower bounds also hold in a setting in which agents j ̸= i are non-strategic,
that is, the central planner observes all utilities uj for j /∈ i. If we denote by Ũγ,i the utility
region that can be achieved in this setting, we clearly have Uγ ⊆ Ũγ,i since there are fewer
constraints. From the perspective of maximizing the total utility, this corresponds to the setting
in which there are effectively two agents, agent i with the same utility distribution ui ∼ Di and
an agent −i that has utilities u−i := Z−i. We denote by D−i its distribution and introduce the
linear mapping

Φ : U ∈ Rn 7→ (Ui,1
⊤
−iU−i).

Let U∗
i and Uγ,i be the regions achievable with full information, and in the γ-discounted strategic

setting for this 2-agent allocation problem. We first show that U⋆
i = Φ(U⋆). Since these are both

convex sets, it suffices to focus on extreme points: by definition of D−i, for any d ∈ R2
+ \ {0},

max
x∈Uγ,i

d⊤x = Emax (diui, d−iZ−i) = max
x∈U⋆

(di, d−i1−i)
⊤x = max

x∈U⋆
d⊤Φ(x).

Importantly, we also have
Φ(Uγ) ⊆ Φ(Ũγ,i) = Uγ,i. (51)

The first inequality is immediate from Uγ ⊆ Ũγ,i and the equality comes from the definition of
D−i and Φ. Before applying the proof of Theorem 4.1, we only need to check that Di still does
not satisfy the conditions 2(a) nor 2(b) from Theorem 2.4 in the new 2-agent setting for the
direction d := (1, 1). Using the assumption i ∈ Ĩ, for all j ∈ [n] we have P(ui > uj) > 0 hence
since ui and uj are independent, there exists mj such that P(ui > mj),P(uj ≤ mj) > 0. Then,

P(ui > u−i) ≥ P(ui > max
j ̸=i

mj , ∀j ̸= i, uj ≤ mj) =
∏
j ̸=i

P(uj ≤ mj) ·min
j ̸=i

P(ui > mj) > 0.
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Hence 2(a) does not hold. Now suppose by contradiction that 2(b) holds and let [mi,Mi] the
guaranteed interval such that P(ui ∈ [mi,Mi] ∪ {0}) = 1 and

0 = P(u−i ∈ (mi,Mi)) = P(Z−i ∈ (mi,Mi)).

In the proof of Theorem 2.4 (within the proof of 1.⇒ 2.), we showed that this implies P(uj ∈
(mi,Mi)) = 0 for all j ̸= i, which contradicts the hypothesis i ∈ Ĩ.

Therefore, we are ready to apply the proof of Theorem 4.1 for the 2-agent game for direction
1 = (1, 1) and agent i. Indeed, we can check that in the 2-agent setting, B(x, r) = Φ(B(x, r; i))
and similarly for their open counterparts. Hence, using U⋆

i = Φ(U⋆),

U⋆
i \B◦(x, r) = Φ(U⋆ \B◦(x, r; i)),

and as a result Φ(C) is a connected component of U⋆
i \B◦(x, r), which satisfies

Φ(C) ⊆ Φ({y : 1⊤y ≥ max
z∈U⋆

1⊤z − c1}) = {y ∈ R2 : 1⊤y ≥ max
z∈U⋆

i

1⊤z − c1},

Φ(C) ⊆ Φ(B(x, r + δ; i)) = B(x, r + δ).

Thus, the proof of Theorem 4.1 gives

Φ(Uγ) ∩
(
Φ(C) \B◦

(
x, r +

1− γ
γ

δ

))
⊆ Uγ,i ∩

(
Φ(C) \B◦

(
x, r +

1− γ
γ

δ

))
= ∅,

where in the inclusion we used Eq. (51). This gives the desired result. The second claim is a
direct translation of the second claim from Theorem 4.1 that we obtained on this 2-agent game.
■

To simplify the use of Theorems 3.1 and 4.1, we give simple equivalent computational con-
straints to prove that a ball belongs to U⋆, directly in terms of the distributions D1, . . . ,Dn.

Lemma C.4. Let x and r > 0. B(x, r) ⊆ U⋆ if and only if mini∈[n] xi ≥ r and

∀α ∈ Rn
+ \ {0}, E

[
max
i∈[n]

αiui

]
≥ α⊤x+ ∥α∥r.

Proof Any convex set C is the intersection of its supporting hyperplanes. Hence,

B(x, r) ⊆ U⋆ ⇐⇒ ∀α ̸= 0, max
y∈U⋆

α⊤y ≥ max
y∈B(x,r)

α⊤y

⇐⇒ B(x, r) ⊆ Rn
+ and ∀α ∈ Rn

+ \ {0}, E
[
max
i∈[n]

αiui

]
≥ α⊤x+ ∥α∥r.

This ends the proof. ■

D Characterizations in the discounted infinite-horizon setting

In this section, we prove our main results concerning lower bounds for the reachable region Uγ
compared to the full-information reachable set U⋆. Before doing so, we need to introduce a
pruning procedure that will help “pre-condition” the allocation problem.
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D.1 A pruning procedure

For a given vector U ∈ U⋆, we consider the following recursive pruning process. First let
I(U) = {i ∈ [n] : Ui > 0} and initialize U (0) = U . For any k ≥ 0, if there exists i ∈ I(U) with

U
(k)
i ≥ E[ui], we let ik+1 := i. If P(ui = 0) = 0, pose U (k+1) := 0, otherwise

U (k+1) :=
U (k) − E[uik ]eik

P(uik = 0)
.

If for all i ∈ I(U), Ui < E[ui], the process stops. We denote by K the index of the last
constructed index iK and denote Ũ := U (K+1) the final constructed vector. We pose J(U) =
{i ∈ I(U) : Ũi > 0}.

Properties of this pruning process are given below in Theorem D.1. The last claim shows
that the pruning procedure preserves the regions Uγ while deleting agents. Essentially, this
shows that without loss of generality, we can assume that 0 < Ui < E[ui] for all i ∈ [n] (those
are properties satisfied by (Ũj)j∈J(U)), which will be useful to derive general lower bounds.

Lemma D.1. Let U ∈ U⋆ and construct construct i1, . . . , iK , Ũ and J(U) according to the
pruning process above.

1. For all k ∈ [K], U (k) ∈ U⋆. In particular, U
(k)
i ≤ E[ui] for all i ∈ I(U). Also, for

k ∈ [K − 1], P(uik = 0) > 0.

2.

∀k ∈ [K], Uik = E[uik ]
∏
l<k

P(uil = 0) and U = (Ui1i/∈J(U))i∈[n] +
∏

k∈[K]

P(uik = 0) · Ũ .

3. Ũ ∈ U⋆. Equivalently, (Ũj)j∈J(U) belongs to the achievable set Ũ⋆ for the full-information
game in which only agents J(U) are present.

4. Fix γ ∈ [0, 1) and denote by Ũγ the achievable set for the γ-discounted game in which only
agents J(U) are present. Then, U ∈ Uγ if and only if (Ũj)j∈J(U) ∈ Ũγ.

Proof Suppose that for some k ∈ {0, 1, . . . ,K} we have U (k) ∈ U⋆. By construction, U
(k)
ik
≥

E[uik ]. However, since U (k) ∈ U⋆ we also have U
(k)
ik
≤ E[uik ]. This proves U

(k)
ik

= E[uik ]. Also,
ik ∈ I(U) hence E[uik ] ≥ Uik > 0. As a result, P(uik > 0) > 0 and any allocation function p(·)
that realizes U (k) allocates to agent ik whenever uik > 0, Dik -almost surely. This implies that
for any i ̸= ik,

U
(k)
i = E[uipi(u)] = E[uipi(u)1uik

=0] = P(uik = 0)E[uipi(0,u−ik)].

If P(uik = 0) = 0, then we had U (k) = E[uik ]eik and the process ends with k = K. Otherwise,
the previous equation already shows that the allocation in which we force uik = 0, that is

p′ : u ∈ [0, v̄]n 7→ (pi(0,u−ik)1i̸=ik)i∈[n], (52)

realizes U (k+1). Indeed, it only suffices to check E[uikp′i(u)] = 0 = U
(k+1)
ik

. As a result, U (k+1) ∈
U⋆. This proves the first claim of the lemma as well as Ũ = U (K+1) ∈ U⋆, which is the third

claim. The above arguments also show U
(k)
ik

= E[uik ] for all k ∈ [K], and that U
(k)
i = 0 for all

i /∈ I(U) and i ∈ {i1, . . . , ik−1}. We can then prove the second claim by simple induction.
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Proving that U ∈ Uγ ⇒ Ũ ∈ Uγ. To prove the last claim, further suppose that U (k) ∈ Uγ for
γ ∈ [0, 1) and some k ∈ {0, 1, . . . ,K}. If P(uik = 0) = 0, we know that U (k+1) = 0 ∈ U0 ⊆ Uγ .
From now, we suppose that

Pk := P(uik = 0) > 0.

Let p(· | V ) andW (· | V ) be valid incentive-compatible allocation and promised utility functions

for all V ∈ Uγ (that is, satisfying Eqs. (2) to (4)). Let Ik = {i ∈ [n], U
(k)
i > 0}. We denote

Rk = Uγ ∩ {V : Vik = E[uik ], ∀i /∈ Ik, Vi = 0}. In particular, U (k) ∈ Rk. For any V ∈ Rk,

E[uik ] = Vik = (1− γ)E[uikpik(u | V )] + γE[Wik(u | V )]

≤ (1− γ)E[uik ] + γE[uik ] = E[uik ].

In the inequality, we used the fact that W (v | U (k)) ∈ Uγ ⊆ U⋆, hence Wik(v | U (k)) ≤ E[uik ].
The above computations show that before, Dik -almost surely, p(· | U (k)) allocates to ik whenever
uik > 0. Also, almost-surely W (u | U (k)) ∈ Rk as well. Without loss of generality, we can
assume that this the case deterministically for all u ∈ [0, v̄]n (up to modification of the promised
utility function on zero-measure regions). We now define

R′
k :=

{
V − E[uik ]eik

Pk
, V ∈ Rk

}
.

We construct the following allocation and promised utility functions similarly as in Eq. (52),

p′(v | V ′) := (pi(0,v−ik | E[uik ]eik + PkV
′)1i̸=ik)i∈[n],

W ′(v | V ′) :=
1

Pk
(Euik

∼Dik
[Wi(uik ,v−ik | E[uik ]eik + PkV

′)]1i̸=ik)i∈[n],

for all V ′ ∈ R′
k and v ∈ [0, v̄]n. We can check that

W ′(v | V ′) =
V − E[uik ]eik

Pk
, where V = Euik

[W (uik ,v−ik | E[uik ]eik + PkV
′)] ∈ Rk.

Here we used the fact that Rk is convex since Uγ is convex. Thus, Eq. (3) is satisfied, that is all
promised utilities stay within R′

k. Then, the same arguments as for Eq. (52) show that for any
V ′ ∈ R′

k, letting Ṽ := E[uik ]eik + PkV
′ we have

(E[uip′i(u | V ′)])i∈[n] =
(E[uipi(u | Ṽ )])i∈[n] − E[uik ]eik

Pk
.

On the other hand,

E[W ′(u | V ′)] =
EuEu′

ik
[W (u′ik ,u−ik | Ṽ )]− E[uik ]eik

Pk
=

Eu[W (u | Ṽ )]− E[uik ]eik
Pk

Combining the two previous equations we obtain

(1− γ)(E[uip′i(u | V ′)])i∈[n] + γE[W ′(u | V ′)]

=
(1− γ)(E[uipi(u | Ṽ )])i∈[n] + γE[W (u | Ṽ )]− E[uik ]eik

Pk

=
Ṽ − E[uik ]eik

Pk
= V ′,
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where in the second equality we used the fact that p and W satisfy Eq. (2). The previous
equation shows that p′ and W ′ also satisfy Eq. (2). Last, for any i ̸= ik and u, v ∈ [0, v̄] we have

(1− γ)uP ′
i (v | V ′) + γW ′

i (v | V ′) =
(1− γ)uPi(v | Ṽ ) + γWi(v | Ṽ )

Pk
.

Hence, because p,W is incentive-compatible (Eq. (4)), so is p′,W ′ (we recall that for ik, the
utility of agent ik is always 0). This ends the proof that U (k+1) ∈ R′

k ⊆ Uγ . The induction then
shows that Ũ ∈ Uγ , and hence (Ũj)j∈J(U) ∈ Ũγ .

Proving that Ũ ∈ Uγ ⇒ U ∈ Uγ. Now suppose that (Ũj)j∈J(U) ∈ Ũγ , which implies in

particular Ũ ∈ Uγ . Let R′ = Uγ ∩ {V : ∀i /∈ J(U), Vi = 0}. Let p′ and W ′ be valid incentive-
compatible allocation and promised utility functions for V ∈ Uγ . We can easily check that for
any V ′ ∈ R′, then almost surelyW ′

i (u | V ′) = 0 for all i /∈ J(U), which impliesW ′(u | V ′) ∈ R′.
Without loss of generality, we suppose this is the case (up to modifying W on zero-measure
regions).

We next define Pk :=
∏

k∈[K] P(uik = 0) and V 0 :=
∑

k∈[K] Euik

∏
l<k P(uil = 0)eil , we pose

R := {V 0 + PkV
′,V ′ ∈ R′}.

We consider the allocation p′ which always tries to allocate to agents i1, i2, . . . , iK with this pri-
ority order whenever they have non-zero utility, then resorts to using the allocation p. Formally,
for all v ∈ [0, v̄]n and V ∈ R, letting V ′ = (V − V 0)/Pk ∈ R′ we pose

p(v | V ) :=

{
eil if maxk∈[K] v

(t)
ik
> 0, l = min{k ∈ [K] : v

(t)
il
> 0}

p′(v | V ′) otherwise,

W (v | V ) := V 0 + PkW
′(v | V ′).

We now check that p,W are valid for utility vectors in R. By construction of W , it directly
satisfies Eq. (3). Next, for any V ∈ R, with the same notation V ′ = (V −V 0)/Pk ∈ R′ we have

(1− γ)(E[uipi(u | V )])i∈[n] + γE[W (v | V )]

= (1− γ)(V 0 + Pk(E[uip′i(u | V ′)])i∈[n]) + γ(V 0 + PkE[W ′(v | V ′)]) = V 0 + PkV
′ = V .

In the second equality, we used the fact that p′,W ′ satisfy Eq. (2). This shows that p,W
also satisfy it. All that remains to check is the incentive-compatibility constraint Eq. (4). For
any k ∈ [K], assuming all other agents are truthful, agent ik is allocated the good whenever
uil = 0 for all l < k and its report satisfies vik > 0. Hence we only need to check that incentive-
compatibility when uiK = 0, which is immediate. For any i /∈ {ik, k ∈ [K]} and u, v ∈ [0, v̄], we
directly have

(1− γ)uPi(v | V ) + γWi(v | V ) = Pk

(
(1− γ)uP ′

i (v | V ′) + γW ′
i (v | V ′)

)
,

hence the incentive-compatibility is guaranteed by that of p′,W ′. This ends the proof. ■
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D.2 A universal O(
√
1− γ) convergence rate

With the pruning procedure and Theorem 3.1, we now show that without any assumptions, the
distance between the boundary of Uγ and the optimal region U⋆ is at most O(

√
1− γ). This

implies Theorem 5.1.

Theorem D.2. For any U ∈ U⋆, construct i1, . . . , iK , Ũ and J(U) according to the pruning
process. If |J(U)| ≤ 1, we have U ∈ U0. Otherwise, there exist γ0 ∈ [1/2, 1) and C > 0 such
that

∀γ ∈ [γ0, 1), d(U ;Uγ) ≤ C
√
1− γ.

Precisely, introducing the constant C̃ = 4|J(U)|2v̄2
(
1 +

maxj∈J(U) E[ui]

minj∈J(U)(E[uj ]−Ũj)

)2

< ∞, we have

C = 2C̃
√
|J(U)|

∏
k∈[K] P(uik = 0) and γ0 = max

(
1/2, 1−minj∈J(U) Ũ

2
i /(32C̃)

)
< 1.

Proof Fix U ∈ U⋆ and define i1, . . . , iK , Ũ , and J(U) according to the pruning process. If
|J(U)| ≤ 1, it is clear that (Ũj)j∈J(U) ∈ Ũ0, and Theorem D.1 ensures that U ∈ U0. We suppose
that this is not the case from now. By construction of the pruning process, for all j ∈ J(U), we
have Ũj ∈ (0,E[uj ]), and Ũi = 0 for all i /∈ J(U). We therefore consider the reduced problem
in which only agents in J(U) are present. By Theorem D.1, Ũ ∈ U⋆, hence the utility vector
(Ũj)j∈J(U) can still be reached in this simplified setting with full information. We denote by

Ũ⋆ = {(xj)j∈J(U) : x ∈ U⋆} the reachable utilities in this setting. By slight abuse of notation,

we will still denote by Ũ the vector (Ũj)j∈J(U).

Note that R :=
∏

j∈J(U)[0, Ũj ] ⊆ Ũ⋆. Let C̃ = 4|J(U)|2v̄2
(
1 +

maxj∈J(U) E[ui]

minj∈J(U)(E[uj ]−Ũj)

)2

and

pose r := δ :=
√
C̃ 1−γ

γ . Next, using γ ≥ γ0, we have

2(r + δ) ≤ 4

√
2C̃(1− γ) ≤ min

j∈J(U)
Ũi.

As a result, with x = Ũ − (r + δ)1, we have B(x, r + δ) ⊆ R ⊆ Ũ⋆. Since γ ≥ 1/2, the choice
of parameters x, r, δ satisfies the assumptions of Theorem 3.1. Thus, B(x, r) ⊆ Ũγ . In turn,
Theorem D.1 implies that with P :=

∏
k∈[K] P(uil = 0), we have

(Ui1i/∈J(U))i∈[n] + P ·BJ(U)(x, r) ⊆ U⋆,

where BJ(U)(x, r) = {y : (yj)j∈J(U) ∈ B(x, r), ∀i /∈ J(U), yi = 0}. Hence,

d(U ,U⋆) ≤ P · d(Ũ , Ũ⋆) ≤ P · d(Ũ , B(x, r)) = P (
√
|J(U)|(r + δ)− r) ≤ 2P

√
|J(U)|r.

This ends the proof of the theorem. ■

D.3 Improved rates for smooth full-information regions U⋆

We first prove the following lemma.

Lemma D.3. If U⋆ is twice-differentiable locally around an optimal point U , then it contains a
ball tangent to U of radius O(1/∥H(U)∥) where ∥H(U)∥ is the operator norm of the directional
Hessian H(U) of the boundary at U .
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Proof Up to restricting to a subset of agents, suppose without loss of generality that Ui > 0
for all i ∈ [n]. In particular, U⋆ has non-empty interior. Consider the Taylor expansion of the
boundary of U⋆ at U in coordinates given by the tangent hyperplane at U . Then, the boundary
of U⋆ is locally upper bounded by 1

2x
⊤H(U)x + o(∥x∥2) ≤ ∥H(U)∥ · ∥x∥2 where H(U) is the

directional Hessian at U and ∥H(U)∥ is its operator norm. Recalling that U⋆ is convex and has
non-empty interior, this shows that U⋆ contains a ball tangent at U of radius O(1/∥H(U)∥). ■

Next, we prove the geometric result Theorem 5.2, which is a direct application of Theo-
rem 3.1.
Proof of Theorem 5.2 Fix B(x, r) a ball tangent at U = x + r1 to U⋆. Let C > 0 be the
corresponding constant in Eq. (13) from Theorem 3.1. The constraint Eq. (13) is satisfied for
r(γ) = 1−δ(γ) and δ(γ) = 2C 1−γ

γr for 1−γ sufficiently small. Therefore, Theorem 3.1 implies that

B(x, r(γ)) ⊆ Uγ . We conclude by noting SWG(γ) ≤
√
n ·d(U , B(x, r(γ)) =

√
nδ(γ) = O(1−γ).

■

We next prove Theorem 5.3, which gives more flexible and combinatorial conditions under
which faster rates O(1 − γ) can be achieved. The most complete statement of this result is
given below (and in particular implies Theorem 5.3, see condition (SC3) below). We recall the
notation PS : Rn → RS for the projection on coordinates S.

Theorem D.4. Suppose that there exists a partition I = I1 ⊔ I2 ⊔ · · · ⊔ Iq with |Is| ≥ 2 for
all s ∈ [q], an optimal vector U ∈ U⋆ and r > 0, such that (SC1) Eq. (30) holds and taking
x := (Ui − r

∑
s∈[q]

1
∥1Is∥

1i∈Is)i∈[n], we have for all s ∈ [q],

BIs(xIr , r) ⊂ PIs (U⋆ ∩ {y : ∀i /∈ Is, yi = Ui}) .

Then SWG(γ) = O(1− γ).
Condition (SC1) is equivalent to the following condition (SC2): Eq. (30) holds, and for all

s ∈ [q] and ∅ ⊊ B ⊊ Is,

E
[
ZB1ZB≤ZIs\B=Z≤(1+η)ZB

]
=

η→0
Ω(η).

Last, (SC1) or (SC2) are implied by the following condition (SC3): there exists a partition
I = I1 ⊔ I2 ⊔ · · · ⊔ Iq such that for all s ∈ [q], |Is| ≥ 2 and Is is strongly connected in G.

Proof of Theorem D.4 For s ∈ [q], we define the function ϕ : RIs → R via

ϕ(s)(β) := max
y∈PIs (U⋆∩{y:∀i/∈Is,yi=Ui})

β⊤y = E
[
1ZIs=Z>0 ·max

i∈Is
βiui

]
, β ∈ RIs . (53)

In the equality, we use the characterizations from Theorem B.2. We also recall that by Eq. (30),
we have P(ZIs = Z[n]\Is > 0) = 0. Note that ϕ is convex as the maximum of linear functions.

Proving that the (SC1) is sufficient. Suppose that (SC1) holds and fix parameters satisfy-
ing the assumptions. Theorem B.2 implies that for 1−γ sufficiently small and δ = 2C(1−γ)/(γr)
for some constant C > 0, B(x, r− δ)∩{y : ∀i /∈ I, yi = Ui} ⊆ Uγ . In turn, we obtain the desired
result SWG ≤

√
n · d(U ,Uγ) ≤

√
nδ = O(1− γ).
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Proving that (SC3)⇒(SC2)⇒(SC1). Suppose that (SC3) holds and denote I = J1 ⊔ J2 ⊔
· · · ⊔ Jq̃ the guaranteed partition. To prove (SC2) and (SC1) we will use a slightly different
partition by merging some sets. Precisely, consider the undirected graph F on [q̃] such that
s ̸= s′ ∈ [q] are connected if and only if P(ZJs = ZJs′ = Z > 0) > 0. We let q be the number of
connected components C1, . . . , Cq of F . For s ∈ [q] we let Is :=

⋃
t∈Cs

Jt, that is we merge the
partition according to the graph F . Note that if s ̸= s′ are connected within F then

0 < P(ZJs = ZJs′ = Z > 0) ≤
∑

i∈Js,j∈Js′

P(ui = uj = Z > 0).

Hence, there exists i ∈ Js and j ∈ Js′ such that P(ui = uj = Z > 0). This implies that i → j
and j → i in the graph G, and hence Js is strongly connected to Js′ via this double edge. This
proves that the sets of the constructed partition I = I1⊔ I2⊔ · · ·⊔ Iq are still strongly connected
within G.

We can directly check that Eq. (30) is satisfied by construction of I1, . . . , Iq: for any s ̸= s′ ∈
[q]

P(ZIs = ZIs′ = Z > 0) ≤
∑

t∈Cs,t′∈Cs′

P(ZJt = ZJt′ = Z > 0) = 0.

In the last equality we use the fact that Cs and Cs′ are disconnected in F .
We next define an allocation function p such that p(u) is the uniform distribution on

argmaxj∈[n] uj . We then define U = (E[uipi(u)])i∈[n] as the utility vector realized by p. Note
that by construction, U is optimal and we have Ui > 0 for all i ∈ I. In particular, for all s ∈ [q]
we have ϕ(s)(1Is) = 1⊤IsU Is .

Suppose that there exists c1, c2 > 0 such that for any s ∈ [q] and β ∈ Hs := {δ ∈ RIs :
1⊤Isδ = 0}, with ∥β∥ ≤ c1, we have

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is ≥ c2∥β∥2. (54)

Because the function β 7→ ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is is convex in γ and has value 0 for
β = 0, this implies that for all β ∈ Hs,

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is ≥ c2min(∥β∥2, c1∥β∥) ≥ c3min(∥β∥2, ∥1Is∥∥β∥), (55)

for c3 = min(c2, c1c2/∥1Is∥). Let r = min(2c3mins∈[q] ∥1Is∥,mini∈I Ui). We note that xIs =

U Is − r
1Is

∥1Is∥
. Since β⊤1Is = 0, we have

(1Is + β)⊤xIs + ∥1Is + β∥r = (1Is + β)⊤U Is + r(∥1Is + β∥ − ∥1Is∥)

= ϕ(s)(1Is) + β⊤U Is + r∥1Is∥
(√

1 + (∥β∥/∥1Is∥)2 − 1
)

≤ ϕ(s)(1Is) + β⊤U Is +
2r

∥1Is∥
min(∥β∥2, ∥1Is∥∥β∥) ≤ ϕ(s)(1Is + β).

In the last inequality, we used Eq. (55). As a result, Theorem C.4 shows that we have
BIs(xIs , r) ⊆ PIs (U⋆ ∩ {y : ∀i /∈ Is, yi = Ui}). We can also easily check that it contains U .
Hence, this proves (SC1).

We now show that Eq. (54) holds. We proceed independently for each s ∈ [q]. Fix β ∈
Hs \ {0}. We first show that there is a subset ∅ ⊊ B ⊊ Is such that

min
i∈B

βi − max
i∈Is\B

βi ≥
∥β∥
2n2

. (56)

62



Let ϵ = 1
2n2 ∥β∥. We consider the partition of R into (−∞, 0], (nϵ,∞) and n length-ϵ intervals

partitioning [0, nϵ). To prove Eq. (56) it suffices to show that there is one of these intervals of
length ϵ that does not contain an element of the form βi for i ∈ Is, but has elements below
and above it. Suppose that this is not the case. Then, {βi ≥ 0, i ∈ Is} occupy consecutive
intervals of the partition. Since 1⊤Isβ = 0, β has both positive and negative entries, this shows
that the consecutive intervals occupied by {βi, i ∈ Is} must start at [0, ϵ). There are at most
|Is| − 1 ≤ n − 1 such intervals (one point must belong to (−∞, 0)), hence we proved that all
elements from {βi ≥ 0, i ∈ Is} lie consecutively within the n intervals within [0, (n− 1)ϵ). Then,
since 1⊤Isβ = 0, we have ∑

i∈Is:βi<0

|βi| =
∑

i∈Is:βi≥0

βi ≤ |Is|(n− 1)ϵ < n2ϵ.

Therefore, we obtain the following contradiction

∥β∥ ≤ ∥β∥1 ≤
∑
i∈Is

|βi| < 2n2ϵ = ∥β∥.

In the rest of the proof, we fix a subset ∅ ⊊ B ⊊ Is satisfying Eq. (56). We let γ1 := mini∈B βi
and γ2 := maxi∈Is\B βi. By assumption, we have γ1 ≥ γ2 + ϵ. Provided that ∥β∥ ≤ 1/2, we
have |γ2| ≤ 1/2. We suppose that this is the case from now. Recall that p is the allocation that
realizes U in the full information setting. We also introduce the notation î for the agent that
effectively receives the allocation (that is, î ∼ p(u)). Using Eq. (53), we have

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is (57)

= E
[(

max
i∈Is

(1 + βi)ui − (1 + βî)uî1î∈Is

)
1Z=ZIs

]
≥ E

[(
max
i∈Is

(1 + βi)ui − (1 + βî)uî1î∈Is

)
1
ZB≤ZIs\B=Z≤ 1+γ1

1+γ2
ZB

]
(i)

≥ 1

n
E
[(
(1 + γ1)ZB − (1 + γ2)ZIs\B

)
1
ZB≤ZIs\B=Z≤ 1+γ1

1+γ2
ZB

]
(ii)

≥ 1 + γ2
n

E
[(
(1 + ϵ/2)ZB − ZIs\B

)
1ZB≤ZIs\B=Z≤(1+ϵ/4)ZB

]
(iii)

≥ ϵ

8n
E
[
ZB1ZB≤ZIs\B=Z≤(1+ϵ/4)ZB

]
. (58)

In (i), the additional factor 1/n comes from the fact that if we have a tie Z = ZIs\B, there is at

least a probability 1/n that î ∈ Is \ B by definition of p. In (ii) and (iii) we used |γ2| ≤ 1/2 so
that (1 + γ1) ≥ (1 + γ2)(1 + ϵ/2) and 1 + γ2 ≥ 1/2. We compute for any η ≥ 0,

E
[
ZB1ZB≤ZIs\B=Z≤(1+η)ZB

]
≥ max

j∈Is\B
E
[
ZB1ZB≤ZIs\B≤(1+η)ZB

1uj=ZIs\B=Z

]
≥ max

i∈B,j∈Is\B
E
[
ui1uj=Z1uj∈[ui,(1+η)ui]

]
.

By assumption, because G is strongly connected, there exists an outgoing edge from B. This
implies that the right-hand side of the previous equation is Ω(η). This proves the condition
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(SC2). Because there are only a finite number of subsets ∅ ⊊ B ⊊ Is and s ∈ [q], this shows
that there exists c3, c4 > 0 such that for all s ∈ [q] and ∅ ⊊ B ⊊ Is,

E
[
ZB1ZB≤ZIs\B=Z≤(1+η)ZB

]
≥ c3η, η ∈ [0, c4].

Together with the previous estimates, this shows that for s ∈ [q], and any β ∈ Hs satisfying
∥β∥ ≤ min(1/2, c4n

3/2), we have ϵ ≤ c4 hence we can prove Eq. (54) as follows

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is ≥
c3
32n

ϵ2 =
c3

32n4
∥β∥2.

Proving that (SC1)⇒(SC2). Suppose that we are given U and a radius r > 0 satisfying
(SC1). We use similar notations as before: let p(·) be an allocation function that realizes U and
denote by î ∼ p(u) the agent that receives the resource with this allocation. By Theorem C.4,
and using the same arguments as before, for s ∈ [q] and every β ∈ Hs, we have

ϕ(s)(1Is + β) ≥ ϕ(Is)(1Is) + β⊤U Is + r∥1Is∥
(√

1 + (∥β∥/∥1Is∥)2 − 1
)
.

Using the inequality
√
1 + x − x ≥ (

√
2 − 1)x for x ∈ [0, 1], this shows that for β ∈ Hs with

∥β∥ ≤ ∥1Is∥,

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is ≥
(
√
2− 1)r

∥1Is∥
∥β∥2.

Next fix any ∅ ⊊ B ⊊ Is. We consider the value βB = (η1i∈B − η′1i∈Is\B)i∈Is where η ≥ 0

and we posed η′ := η|B|/|Is \ B|, so that 1⊤Isβ = 0. For sufficiently small η ≥ 0, we have

∥β∥ = η
√

2|B| ≤ ∥1Is∥. Then,

ϕ(s)(1+ β)− ϕ(s)(1)− β⊤U = E
[(

max
i∈Is

(1 + βi)ui − (1 + βî)uî1î∈Is

)
1Z=ZIs

]
≤ E

[(
max((1 + η)ZB, (1− η′)ZIs\B)− (1 + η)ZB1î∈B − (1− η′)ZIs\B1î∈Is\B

)
1Z=ZIs

]
≤ E

[(
(1 + η)ZB − (1− η′)ZIs\B

)
1ZB≤ZIs\B=Z≤ 1+η

1−η′ZB

]
≤ (η + η′)E

[
ZB1ZB≤ZIs\B=Z≤ 1+η

1−η′ZB

]
.

For η ≥ 0 sufficiently small, we have 1+η
1−η′ ≤ 1+2(η+ η′). Therefore, for ζ ≥ 0 sufficiently small,

taking η ≥ such that ζ = η + η′, we obtained

E
[
ZB1ZB≤ZIs\B=Z≤(1+2ζ)ZB

]
≥ (

√
2− 1)r|B|

2∥1Is∥ (1 + |B|/|Is \B|)
2 ζ.

This proves (SC2). ■

We now prove Theorem 5.4 which gives simpler conditions for reaching the fast rates O(1−γ).
Proof of Theorem 5.4 We show that condition (SC3) from Theorem 5.3 is satisfied. For any
i ∈ I, let j ∈ I be the corresponding index satisfying the assumption for i. In the first case, we
obtain directly

P(ui = uj = Z = mi) ≥ P(ui = mi)P(uj = mi)
∏

k/∈{i,j}

P(uk ≤ mi) > 0.
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Hence mi > 0 implies i → j and j → i. In the second case, let fi be the lower bound on
the density of the absolutely-continuous part of ui and uj on [ai, bi]. Since ai > m, we have
P(Z ≤ ai) > 0. This shows that for all k ∈ [n], P(uk ≤ ai) > 0. Then,

E
[
ui1uj=Z1uj∈[ui,(1+η)ui]

]
≥ aiP(∀k /∈ {i, j}, uk ≤ ai)P(ai ≤ ui ≤ uj ≤ ui + ηai)

≥ ai
∏

k/∈{i,j}

P(uk ≤ ai) · f2i (bi − ai − ηai)ηai = Ω(η).

This shows that i→ j. The same arguments also show that j → i.
In summary, G contains a subgraph G′ in which i → j implies j → i and such that every

node has an outgoing edge. We then use the partition of I given by the connected components
of G′, that all have at least 2 elements and are strongly connected. Hence (SC3) is satisfied. ■

D.4 General rates for arbitrary utility distributions

Theorems B.2 and 3.1, and Theorems C.3 and 4.1 can be used more generally to prove any
convergence rates between

√
1− γ and 1− γ, as characterized in Theorem 5.8. Before doing so,

we introduce an additional notation. Fix a partition I = I1 ⊔ I2 ⊔ · · · ⊔ Iq with |Is| ≥ 2 for all
s ∈ [q], which we denote P. In the main text, we introduced the quantity f(η;P) to quantify
the central planner’s ability to meet future promises using the partition P to group agents. For
technical purposes, we introduce another related quantity as follows:

f̃(η;P) := min
s∈[q]

min
0⊊B⊊Is

E
[
ZB1ZB≤ZIs\B=Z≤(1+η)ZB

]
.

These functions are identical up to constant factors as checked below.

Lemma D.5. Fix a partition I = I1 ⊔ . . . ⊔ Iq with |Is| ≥ 2 for all s ∈ [q], which we denote P.
For any η ≥ 0, we have

1

n2
f(η;P) ≤ f̃(η;P) ≤ f(η;P).

Proof Fix η ≥ 0 and s ∈ [q]. Using the min-cut/max-flow duality theorem, we have

min
i̸=j∈Is

(
max flow from i to j on H|Is

)
= min

i̸=j∈Is
min

{i}⊆B⊆Is\{j}

∑
k∈B,l∈Is\B

f(η; k, l)

= min
∅⊊B⊊Is

∑
i∈B, j∈Is\B

f(η; i, j).

We next note that for any ∅ ⊊ B ⊊ Is, we have

E
[
ZB1ZB≤ZIs\B=Z≤(1+η)ZB

]
= E

[
max

i∈B, j∈Is\B
ui1ui=ZB

1uj=Z1uj∈[ui,(1+η)ui]

]
.

Therefore,

1

n2

∑
i∈B, j∈Is\B

f(η; i, j) ≤ max
i∈B, j∈Is\B

f(η; i, j) ≤ E
[
ZB1ZB≤ZIs\B=Z≤(1+η)ZB

]
≤

∑
i∈B, j∈Is\B

f(η; i, j) ≤
∑

i∈B, j∈Is\B

f(η; i, j).
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Taking the minimum over all s ∈ [q] and ∅ ⊊ B ⊊ Is then gives the desired result. ■

We are now ready to prove the complete characterization from Theorem 5.8
Proof of Theorem 5.8 We prove the upper and lower bound separately.

Proof of the first claim. Fix a partition P̃ of I = J1 ⊔ J2 ⊔ · · · ⊔ Jq̃ with |J2| ≥ 2 for s ∈ [q̃].
As a first step, we construct a new partition I = I1⊔ I2⊔ · · · ⊔ Iq which we denote P by merging
together parts Js and Js′ satisfying P(ZJs = ZJs′ = Z > 0) > 0. This is the same procedure
as within the proof of (SC3) =⇒ (SC2) for Theorem D.4. This proof then shows that the
resulting partition P satisfies Eq. (30). Further, if two parts Js and Js′ are merged, there exists
js ∈ Js and js′ ∈ Js′ such that P(ujs = ujs′ = Z > 0) > 0. In particular, f(η; js, js′) = Ω(1) as
η → 0: in words, there is a link between the two merged parts with capacity is independent of
η in H. Since there are finitely-many merged parts, this implies that there is a constant ζ > 0
(dependent only on the graph H) such that for all η ≥ 0,

f(η;P) ≥ ζ · f(η; P̃). (59)

We may now focus on the partition P only. We will later use Eq. (59) to translate the
obtained guarantee to f(η; P̃). Precisely, we aim to apply Theorem B.2 with the partition P,
which now satisfies Eq. (30). We follow similar arguments as in the proof of Theorem 5.3. In
particular, we define the function ϕ(s) : RIs → R as in Eq. (53). We consider the allocation
function p(u) that allocates uniformly on argmaxj∈[n] uj and let U be the utility vector realized
by p.

We next introduce the parameters used. Let

C2 := 16n2v̄2
(
1 +

maxi∈[n] E[ui]
mins∈[q],i∈Is(E[ui]P(ZIs = Z > 0)− Ui)

)2

(60)

and r0 = mins∈[q],i∈Is(E[ui]P(ZIs = Z > 0)−Ui)/2. Next, for convenience, we pose c0 =
1

16n5 and

c′ = 1
8n2 . Let Cr := c′

√
C2
2 , Cη = 4c0c

′Cr, and Cδ = 4Cr
c′2 = 2C2

Cr
. Last, we pose f0 = f(c′/2;P).

We define

η(γ) := inf {1} ∪
{
η ∈

[
Cr

min(r0, c0f0/4)

√
1− γ, 1

]
: ∀η′ ∈ [η, 1], f(η′;P) ≥ Cη

√
1− γ η

′

η

}
.

First, if η(γ) ≥ c′

2
√
2
> 0, by Theorem D.2 we have SWG(γ) ≤ C1

√
1− γ, for the corresponding

constant C1. Hence ensuring that C ≥ 2
√
2C1
c′ gives the desired result. We now suppose that we

have η(γ) < c′

2
√
2
. Note that f is right-continuous, hence we have f(η′;P) ≥ Cη

√
1− γ η′

η(γ) for

all η′ ∈ [η(γ), 1]. In the following, we check that the assumptions of Theorem B.2 are satisfied
for γ ∈ [1/2, 1) with the parameters:

r = Cr

√
1− γ
η(γ)

, δ = Cδ

√
1− γ η(γ), and x =

(
Ui − (r + 2δ)

1i∈Is
∥1Is∥

)
i∈[n]

.

First note that by assumption we have η(δ) ≤ c′

2
√
2
=
√

Cr
2Cδ

so that r ≥ 2δ. In particular, since

γ ≥ 1/2 the constraint rγ
1−γ ≥ δ from Eq. (13) is satisfied.

66



We now fix s ∈ [q] and let Hs := {δ ∈ RIs : 1⊤Isδ = 0}. From the proof of Theorem D.4 (see
Eq. (58)) for any β ∈ Hs with ∥β∥ ≤ 1/2, we have

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is ≥ n2c0 E
[
ZB1ZB≤ZIs\B=Z≤(1+c′∥β∥)ZB

]
∥β∥

≥ n2c0f̃(c′∥β∥;P)∥β∥
(i)

≥ c0f(c
′∥β∥;P)∥β∥,

where in (i) we used Theorem D.5. Because the function β 7→ ϕ(s)(1Is +β)−ϕ(s)(1Is)−β⊤U Is

is convex in γ and has value 0 for β = 0, this implies that for all β ∈ Hs,

ϕ(s)(1Is + β)− ϕ(s)(1Is)− β⊤U Is ≥ c0min(f(c′∥β∥;P), f0) · ∥β∥.

As a result, for any β ∈ Hs,

As(β) := ϕ(s)(1Is + β)− (1Is + β)⊤xIs − (r + δ)∥1Is + β∥
(i)

≥ c0min(f(c′∥β∥;P), fs)∥β∥ − (r + δ)(∥1Is + β∥ − ∥1Is∥) + δ∥1Is∥
(ii)

≥ c0min(f(c′∥β∥;P), fs)∥β∥ −
4r

∥1Is∥
min(∥β∥2, ∥1Is∥∥β∥) + δ∥1Is∥.

In (i) we used ϕ(s)(1Is) = 1⊤IsU Is (see proof of Theorem D.4), 1⊤Isβ = 0, and the previous

inequality. In (ii) we used r ≥ 2δ and 1⊤Isβ = 0. We now distinguish between three cases. First
suppose that ∥β∥ ≤ η(γ)/c′. Then,

As(β) ≥ δ∥1Is∥ −
4r

c′2∥1Is∥
η(γ)2 =

√
1− γη(γ)

(
Cδ∥1Is∥ −

4Cr

c′2∥1Is∥

)
≥ 0.

Next suppose that η(γ)/c′ ≤ ∥β∥ ≤ 1/2. Note that by assumption, we have η(γ)/c′ ≤ 1/2.
Therefore, since f(·;P) is non-decreasing we have f(c′∥β∥;P) ≤ f0. Further, since c′∥β∥ ≥ η(γ),
we also have f(c′∥β∥) ≥ Cη

√
1− γc′∥β∥/η(γ). Hence,

As(β) ≥ cf(c′∥β∥)∥β∥ −
4r

∥1Is∥
∥β∥2 ≥

(
c0c

′Cη −
4Cr

∥1Is∥

) √
1− γ
η(γ)

∥β∥2 ≥ 0.

In the last inequality, we used the definition of Cη. Last, for ∥β∥ ≥ 1/2, we obtain As(β) ≥
(c0f0 − 4r)∥β∥. Now by construction of η(γ), we have

r = Cr

√
1− γ
η(γ)

≤ min(r0, cf0/4).

This therefore shows that for all β ∈ Hs we have As(β) ≥ 0. Finally, we check that the second
constraint from Eq. (13) is satisfied. By construction and because γ ≥ 1/2,

δ = 2C2
1− γ
r
≥ C2

1− γ
γr

.

Further, since r ≤ r0, we can check that

4n2v̄2
(
1 +

maxi∈[n] E[ui]
mins∈[q],i∈Is(E[ui]P(ZIs = Z > 0)− xi − r)

)2

≤ C2.
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Finally, we have checked that all assumptions to apply Theorem B.2 are satisfied. Therefore,

x+ {0}[n]\I ⊗
⊗
s∈[q]

r
1Is
∥1Is∥

∈ Uγ .

As a result,

SWG(γ) = max
x∈U⋆

1⊤x− max
x∈Uγ

1⊤x ≤ 2δ
∑
s∈[q]

∥1Is∥ ≤ n
√
nCδ

√
1− γη(γ).

Ensuring that C ≥ n
√
nCδ max

(
1, Cr

min(r0,c0f0/4)

)
and up to multiplying Cη by a factor 1/ζ, the

previous equation together with Eq. (59) this implies the desired result. Note that the term
C(1− γ) takes care of the case when η(γ) = Cr

min(r0,c0f0/4)

√
1− γ.

Proof of the second claim. For i ∈ I, we define the functions g+i and g−i on R+ via

g+i (η) := E
[
ui1ui≤Z−i≤(1+η)ui

]
and g−i (η) := E

[
ui1Z−i<ui≤(1+η)Z−i

]
.

Last, we define gi(η) = g+i (η) + g−i (η). Let c̃η = min{1} ∪ {E[ui1ui=Z−i ]/2 : i ∈ I,P(ui = Z−i >
0) > 0} > 0. Ensuring cη ≤ c̃η implies that for any i ∈ I such that P(ui = Z−i > 0) > 0, we
have (for any η0 > 0)

sup {0} ∪ {η ∈ [0, η0] : gi(η) ≤ cη
√
1− γ} ≤ sup {0} ∪ {η ∈ [0, η0] : gi(η) ≤ c̃η} = 0.

Hence, the desired inequality is trivial in that case. In the rest of the proof, we therefore focus
on an index i ∈ I with P(ui = Z−i > 0) = 0. In particular, we necessarily have i ∈ Ĩ. We now
introduce the function

ϕ(y) := max
x∈U⋆

y⊤(xi,1
⊤
−ix−i) = E [max (yiui, y−iZ−i)] , y ∈ R2 \ {0}.

We fix d := (1, 1) and f := (1,−1) so that d⊤f = 0. Let U be an optimal vector and let
p(·) be an optimal allocation that realizes U . In the 2-agent game it induces the utility vector
V = (Ui,1−iU−i). We denote î ∼ p(u) the agent that receives the allocation. Then, for any
η ≥ 0, using the fact that ϕ(d) = d⊤V and the same arguments as in the proof of Theorem D.4,
we have

ϕ(d+ ηf)− ϕ(d)− ηf⊥V = E
[
max ((1 + η)ui, (1− η)Z−i)− (1 + η)ui1î=i − (1− η)Z−i1î̸=i

]
= E

[
((1 + η)ui − (1− η)Z−i)1î̸=i1(1+η)ui≥(1−η)Z−i

]
(i)
= E

[
((1 + η)ui − (1− η)Z−i)1ui<Z−i≤ 1+η

1−η
ui

]
.

In (i) we used the fact that P(ui = Z > 0) = 0 hence almost surely, p only allocates to i if
ui > Z−i or if ui = Z−i = 0 in which case ui = 0 and the contribution is null. For η ≥ 0
sufficiently small (independently of γ), we have 1+η

1−η ≤ 1 + 3η. Then,

ϕ(d+ ηf)− ϕ(d)− ηf⊥V ≤ 2η E
[
ui1ui<Z−i≤(1+3η)ui

]
= 2ηg+i (3η).
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In the last inequality we used the fact that P(ui = Z−i > 0) = 0. Similarly, for η ≤ 0, with |η|
sufficiently small, we have

ϕ(d+ ηf)− ϕ(d)− ηf⊥V = E
[
((1− η)Z−i − (1 + η)ui)1î=i1(1+η)ui≤(1−η)Z−i

]
= E

[
((1− η)Z−i − (1 + η)ui)1Z−i<ui≤ 1−η

1+η
Z−i

]
≤ 2|η|E

[
ui1Z−i<ui≤(1+3|η|)Z−i

]
= 2|η|g−i (3|η|).

We next introduce c1, c2 > 0 the constants guaranteed from Theorem C.3. We now pose cη =

min
(
c̃η,

√
3c2
48

)
, cr = 3

√
3c2, and fix 0 < η0 ≤ min(1,

√
2c2r/(3c2), c1/(

c2√
2cr

+ cr
9
√
2
)) sufficiently

small such that all the previous estimates hold for |η| ≤ η0. Now let γ ∈ [9/10, 1) and define

η′i(γ) := sup {0} ∪
{
η ∈ [0, η0] : gi(η) = g+i (η) + g−i (η) ≤ cη

√
1− γ

}
.

If η′i(γ) = 0, we always have SWG(γ) ≥ c
√
1− γ ·η′i(γ) for any choice of constants. Suppose that

is not the case and fix λi(γ) ∈ (0, η′i(γ)). By construction, since g+i and g−i are non-decreasing,
we have gi(λi(γ)) ≤ cη

√
1− γ. We then pose

r := cr

√
1− γ
λi(γ)

, ξ :=
c2
2cr

√
1− γ λi(γ), and x := V − (r + ξ)

d

∥d∥
.

For convenience, we introduce the function

ψ(y) := max
z∈B(x,r)

y⊤z = y⊤x+ r∥y∥

We then compute for any η,

ψ(d+ ηf)− ϕ(d)− ηf⊤V = r(∥d+ ηf∥ − ∥d∥)− ξ∥d∥ = r∥d∥
(√

1 + η2 − 1
)
− ξ∥d∥

In the first equality, we used the fact that U is optimal, hence d⊤V = ϕ(d). Next, using
1 + x/2 ≥

√
1 + x ≥ 1 + x/3 for all x ∈ [0, 1], we obtain that for η with |η| ≤ 1,

1

3
r∥d∥η2 − ξ∥d∥ ≤ ψ(d+ ηf)− ϕ(d)− ηf⊤V ≤ 1

2
r∥d∥η2 − ξ∥d∥.

Putting this with the previous equations, for any η with |η| ≤ η0, we obtained

ϕ(d+ ηf)− ψ(d+ ηf) ≤ |η|
(
2gi(3|η|)−

∥d∥
3
|η|r
)
+ ξ∥d∥.

In particular, for η ∈ {±λi(γ)/3)}, we have

ϕ(d+ ηf)− ψ(d+ ηf) ≤ λi(γ)

3

(
2cη
√
1− γ − cr∥d∥

9

√
1− γ

)
+

c2
2cr
∥d∥λi(γ)

√
1− γ

(i)
= λi(γ)

√
1− γ

(
2cη
3
−
√
c2∥d∥
6
√
3

)
(ii)
= −λi(γ)

√
1− γ cη

2
< 0.

In (i) we used the definition of cr and in (ii) we used the definition of cη and ∥d∥ =
√
2. As a

result, x+ r d+ηf
∥d+ηf∥ /∈ {(ui,1⊤−iu−i),u ∈ U⋆} for η ∈ {±λi(γ)/3}. We can then define C′ as the

union of all connected components of U⋆ \B◦(x, r; i) that are included within{
u : d⊤(ui,1

⊤
−iu−i) > d⊤

(
x+ r

d+ ηf

∥d+ ηf∥

)
, η =

λi(γ)

3

}
.
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Note that for |η| sufficiently small, we have

d⊤
(
x+ r

d+ ηf

∥d+ ηf∥

)
= max

z∈U⋆
1⊤z − ξ∥d∥ − r∥d∥

(
1− 1√

1 + η2

)
.

Now by construction of η0, for |η| = λi(γ)3, since λi(γ) < ηi(γ) ≤ η0, we have

ξ∥d∥+ r∥d∥

(
1− 1√

1 + η2

)
≤ ξ∥d∥+ 1

2
r∥d∥η2 ≤ c2

2cr
∥d∥λi(γ) +

cr
18
∥d∥λi(γ) ≤ c1.

This proves that C′ ⊆
{
u : 1⊤u ≥ maxz∈U⋆ 1⊤z − c1

}
. Pose δ = c2

1−γ
γr = 2

γ ξ ≥ 2ξ. Since
γ ≥ 9/10,

δ

r
≤ 3ξ

r
=

3c2
2c2r

λi(γ)
2 ≤ 3c2

2c2r
η20 ≤ 1.

That is, δ ≤ r. We next prove C′ ⊆ B(x, r + δ; i). To do so, it suffices to check that

ϕ(d+ ηf) ≤ (d+ ηf)⊤x+ (r + δ)∥d+ ηf∥, η ∈
[
−λi(γ)

3
,
λi(γ)

3

]
.

Using the previous computations, for any η such that |η| ≤ λi(γ)/3, we have

ϕ(d+ ηf)−(d+ ηf)⊤x− (r + δ)∥d+ ηf∥

≤ 2|η|gi(3|η|)−
1

3
(r + δ)∥d∥η2 − (δ − ξ)∥d∥

(i)

≤ 2cηλi(γ)

3

√
1− γ − ξ∥d∥

(ii)

≤ 0,

where in (i) we used |η| ≤ λi(γ)/3 and δ ≥ 2ξ, and in (ii) we used the definition of cη and
ξ. This proves C′ ⊆ B(x, r + δ; i). We have now checked all the assumptions for Theorem C.3
which implies

Uγ ∩
(
C′ ∩B◦

(
x, r +

1− γ
γ

δ; i

))
= ∅.

Next, note that by construction, U ∈ C and (Ui,
mb1⊤−iU−i) = x+ (r + ξ) d

∥d∥ . Hence, by Theorem C.3,

max
y∈Uγ

1⊤y < d⊤x−
(
r +

1− γ
γ

δ

)
∥d∥ = max

y∈U⋆
1⊤y −

(
ξ − 1− γ

γ
δ

)
∥d∥

Hence, for 1− γ ≤ 1/10, we obtain

SWG(γ) = max
y∈U⋆

1⊤y − max
y∈Uγ

1⊤y ≥ ξ

2
∥d∥ = c2∥d∥

2cr

√
1− γ λi(γ).

Because this holds for all λi(γ) ∈ (0, η′i(γ)), this also holds for η′i(γ).
In summary, we proved that for each i ∈ I, there exists constants cη(i), η0(i), c(i) > 0

depending only on the utility distributions such that for 1− γ ≤ 1/10,

SWG(γ) ≥ c(i)
√
1− γ · sup {0} ∪ {η ∈ [0, η0(i)] : gi(η) ≤ cη(i)

√
1− γ}
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We take cη, η0, c to be the minimum of these quantities for all i ∈ I, which shows that the above
equation holds by replacing gi with mini∈I gi, and cη(i), η0(i), c(i) with cη, η0, c. The last step
of the proof is to relate the functions g and mini∈I gi. For a given η ∈ [0, η0], there is i ∈ I such
that

g(η) =
∑

j∈I\{i}

f(η; i, j) + f(η; j, i)

≥ E
[
ui1Z−i=Z1Z−i∈[ui,(1+η)ui]

]
+ E

[
Z−i1ui=Z1ui∈[Z−i,(1+η)Z−i]

]
≥ g+i (η) +

g−i (η)

1 + η
≥ 1

2
min
i∈I

gi(η),

where in the last inequality we used η0 ≤ 1/2. Therefore, up to halving the parameter cη, this
proves the desired result. ■

We now derive some immediate consequences from Theorem 5.8. First, we prove Theorem 5.5
that gives necessary conditions for having rates O(1− γ).
Proof or Theorem 5.5 If g(η) =

η→0
o(η), then sup {0} ∪ {η ∈ [0, η0] : g(η) ≤ cη

√
1− γ} =

ω(
√
1− γ), which gives the desired lower bound ω(1− γ) on the convergence rate. ■

Next, we can prove the 2-agent scenario characterization from Theorem 5.6.
Proof of Theorem 5.6 Since I = {1, 2} and f(η; 1, 2), f(η; 2, 1) = Θ(ηp), we have g(η) =
Θ(ηp). Also, using the partition P = {{1, 2}} which groups all agents together we also obtain
f(η;P) = Θ(ηp), where p ≥ 1. A direct computation then shows that Theorem 5.8 implies

SWG(η) = Θ((1− γ)(1+
1
p
)/2

) as desired. ■

Next, we prove Theorem 7.1.
Proof of Theorem 7.1 We use Theorem 5.8. Suppose that we have density upper bounds.
From the distributional assumptions, for any i, j ∈ I we have f(η; i, j) =

η→0
O(η). Hence, we

also have g(η) =
η→0

O(η). This implies that g(η) =
η→0

O(η). Hence sup{η ∈ [0, η0] : g(η) ≤

cη
√
1− γ} = Ω(

√
1− γ) as γ → 1 and Theorem 5.8 provides the desired first claim. The second

claim is taken directly from Theorem 5.4. ■

D.5 Remaining proofs for discrete distributions

In this section, we give the remaining proof of Theorem 7.3 from Section 7. The tools developed
until now already imply the following.

Corollary D.6. Suppose that all D1, . . . ,Dn are discrete and that U0 does not already contain
an optimal vector (see Theorem 2.4 for a characterization). If there exists i ∈ I such that for all
j ̸= i, P(ui = uj = Z > 0) = 0, then SWG(γ) = Θ(

√
1− γ). Otherwise, SWG(γ) = O(1− γ).

Proof We let m := maxi∈[n]min(Supp(Di)) be the minimum of the support of Z. We start
with the first case. The assumption implies that for some i ∈ I, P(ui = Z−i > 0) = 0. As a
result, there exists η1 > 0 such that

P(ui > 0, Z−i ∈ [ui/(1 + η1), (1 + η1)ui]) = 0.
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This implies that for all η ∈ [0, η1], we have gi(η) = 0. Then, Theorem 5.8 implies

SWG(γ) ≥ c
√

1− γmin(η0, η1).

The other inequality is already guaranteed by Theorem D.2, which ends the first claim.
We now consider the second alternative. In this case, the first bullet point from Theorem 5.4

is satisfied for all i ∈ I. This implies the second claim of the corollary. ■

We now use a gluing method to improve the convergence rate in the second case of Theo-
rem D.6. In this case, the frontier of U⋆ at optimal points is flat, which will allow to fit local
caps from larger radius balls close to this flat surface. Here, the form of the resulting frontier
can be explicitly constructed, which allows for a simpler analysis. The intuition is however the
same as that from the gluing approach described in Section 7 and gives the same convergence
rates up to constants (potentially in exponents). The proof of Theorem 7.4 is detailed below.
In particular, it implies the second claim of Theorem 7.3.
Proof of Theorem 7.4 Suppose that the distributions satisfy the assumptions that for all
i ∈ I, there exists j ̸= i with P(ui = uj = Z > 0) > 0. We denote the set of optimal utility
vectors by

U⋆(1) :=

{
x ∈ U⋆,1⊤x = max

y∈U⋆
1⊤y

}
.

We next construct the (undirected) graph G on I such that for any i ̸= j ∈ I, i is connected to
j if and only if P(ui = uj = Z > 0) > 0. By assumption, for all i ∈ I there exists j ̸= i such
that P(ui = uj = Z > 0) > 0. In particular, this implies j ∈ I. This shows that G does not have
any isolated node. We then consider the partition I = I1 ⊔ . . . ⊔ Iq by connected components
of G. Since there is no isolated node, we have |Is| ≥ 2 for all s ∈ [q]. By construction, since
two components are not connected, Eq. (30) is satisfied. Following the same arguments as in
Theorem B.2, it suffices to focus on each set Is independently for all s ∈ [q]. Precisely, we focus
on the game where only agents Is are present but the central planner cannot allocate on the
event Es := {Z−Is ≥ ZIs}. Suppose we showed that the region Rs ⊆ RIs

+ is achievable in this
setting for all s ∈ [q], then the proof of Theorem 4.1 implies that for any optimal vector U , the
region

R := U [n]\I ⊗
⊗
s∈[q]

Rs (61)

is achievable in the original setting with [n] agents: R ⊆ Uγ .
We therefore focus on a single connected component Is for s ∈ [n] from now. We fix any

optimal vector U and let Hs = {y : ∀i /∈ Is, yi = Ui}. For any x ∈ RIs and r > 0, we also
denote BIs(x, r) the corresponding ball on the space RIs . We first show that U⋆(1) ∩ Hs has
(full) dimension |Is| − 1. Note that since Is is connected, there exist values m1 > . . . > mT > 0
such that letting

Jt := {i ∈ Is : P(ui = mt = Z) > 0} , t ∈ [T ],

we have (1) |Jt| ≥ 2 for t ∈ [T ] and (2) no set Jt is disjoint from the others, that is Jt∩
⋃

t′ ̸=t Jt′ ̸= ∅
for all t ∈ [T ]. We now define the event Ft = {∀i ∈ Jt, ui = mt = Z}. By construction, P(Ft) > 0
and all events F1, . . . ,FT are disjoint. On each event Ft, an optimal allocation can choose to

allocate to any agent in Jt. Let p
(0)(·) an optimal allocation such that E[uip

(0)
i (u)] = Ui for all

i /∈ Is and that for any t ∈ [T ], allocates uniformly among agents Jt on the event Ft. Denote
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U (0) the utility vector realized by p(0). The previous arguments imply

S := U (0) +
∑
t∈[T ]

P(Ft)

{(
mt

(
qi −

1

|Jt|

)
1i∈Jt

)
i∈[n]

, q ∈ ∆Jt

}
⊆ U⋆(1),

where the sum between sets are Minkowski sums. Here each sum corresponds to the freedom
that an optimal allocation has on the event Ft to use any allocation within ∆Jt . From the
assumptions (1) and (2) on the sets J1, . . . , JT , with r̃0 = mint∈[T ] P(Ft)mt/n, we have

U (0) +
{
(yi1i∈Is)i∈[n] ,y ∈ BIs(0, r̃0),1

⊤
Isy = 0

}
⊆ U⋆(1) ∩Hs. (62)

We recall that for any x ∈ U⋆, any 0 ≤ y ≤ x satisfies y ∈ U⋆. This also holds in the
setting where only agents Is are present and there is no allocation on the event Es. We denote
by U⋆

s the corresponding achievable region. In the proof of Theorem B.2, we showed (Eq. (35))
that U⋆

s = PIs (U⋆ ∩Hs) , where PIs : Rn → RIs is the projection on the Is coordinates. For

convenience, we also write U s := U
(0)
Is

. As a result, from Eq. (62) we can check that with

r0 = r̃0/(8∥1∥), for any z ∈ BIs(U s, r0) ∩ {y : 1⊤Is(y −U s) = 0} := Ss,

BIs

(
z − r0

1Is
∥1Is∥

, r0

)
⊆ PIs(U⋆ ∩Hs) = U⋆

s .

Note that for all i ∈ Is, we have E[ui]P(ZIs = Z > 0) − (z − r0 1Is
∥1Is∥

)i − r0 ≥ P(Ft)mt(1 −
1/|Jt|)− 2r0 − r0 ≥ 8r0 − 3r0 ≥ 2r0, where t is such that i ∈ Jt. Then, with

C = 4n2v̄2
(
1 +

maxi∈[n] E[ui] + r0

r0

)2

and δ = 4C 1−γ
r0

, provided that δ ≤ r0/2 then Eq. (13) is satisfied with r = r0 − δ and δ:

rγ

1− γ
≥ r ≥ r0

2
≥ δ = 4C

1− γ
r0
≥ C 1− γ

γr
.

Here, we used γ ≥ 1/2 and r0 − δ ≥ r0/2. Let C1 := 5nv̄. The inequality δ ≤ r0/4 holds

whenever γ ≥ γ1 := max(1 − min(
r20
16C , (

r0
8C∥1∥)

2, r0
4C1

), 1/2). Then, for γ ∈ [γ1, 1), the proof of
Theorem B.2 shows that

BIs

(
z − r0

1Is
∥1Is∥

, r0 − δ
)
⊆ Us,γ , (63)

where Us,γ is the achievable region for the setting with only agents Is and in which the central
planner cannot allocate on the event Es, with discount factor γ. We define the following function
f : R→ R,

f(r) := δ
cosh

(
cf r√
1−γ

)
cosh

(
cf r0√
1−γ

) = 4C
1− γ
r0

cosh
(

cf r√
1−γ

)
cosh

(
cf r0√
1−γ

) , r ≥ 0.

where cf = min
(

1
4C1

, 1
)
. We then pose γ0 = max(γ1, 1 − min(r20c

2
f , (

cfC
C1

)2)) and consider

γ ∈ [γ0, 1). We focus on the following region

Rs =

{
y ∈ RIs : 0 ≤ y ≤ z − f(r) 1Is

∥1Is∥
, ∥z −U Is∥ = r,z ∈ Ss

}
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and now construct an allocation and promised utility function on Rs. For any z ∈ Ss, we denote
by p(·;z) an allocation that realizes z in the full information setting (within the game when
only agents Is are present). We start by specifying the strategy on the boundary points of Rs.
For z ∈ Ss, let r = ∥z −U s∥ and U = z − f(r)1Is/∥1Is∥. We pose

p(· | U) := p(·; z) and α(U) := − 1Is
∥1Is∥

− f ′(r) z −U s

∥z −U s∥

Note that α(U) was selected (up to the sign) as the normal to the frontier manifold Ms :=
{z′ − f(∥z′ − U s∥)1Is/∥1Is∥, z′ ∈ Ss}. We then extend the definition of the allocation and
promised utility functions to all U ∈ Rs as follows. Let V ∈Ms such that 0 ≤ U ≤ V . We let

pi(· | U) :=
Ui

Vi
pi(· | V ) and Wi(· | U) :=

Ui

Vi
Wi(· | V ), i ∈ Is,

with the convention 0/0 = 0 when Ui = Vi = 0. To prove that Rs ⊆ Us,γ it suffices to show that
for all U ∈ Rs and v ∈ [0, v̄]Is ,

W (v | U) ∈ Rs ∪
⋃
z∈Ss

{
y : 0 ≤ y ≤ x,x ∈ BIs

(
z − r0

1Is
∥1Is∥

, r0 − δ
)}

, (64)

and Eq. (7) is satisfied for all U ∈ Rs. Here, we used Eq. (63) that already guarantees that
the second term in the right-hand side of Eq. (64) is contained within Uγ . By the linearity of
the definitions of the allocation and promised utility function, it suffices to check that for all
boundary utility vectors U ∈ Ms, Eq. (7) is satisfied (this is guaranteed by Eq. (11)) and to
check that the following holds:

W (v | U) ∈ Rs ∪
⋃
z∈Ss

BIs

(
z − r0

1Is
∥1Is∥

, r0 − δ
)
, U ∈Ms,v ∈ [0, v̄]Is , (65)

Fix such a vector U ∈ Ms and write U = z − f(r)
1Is

∥1Is∥
where r = ∥z − U s∥. By the

promise-keeping equality Eq. (2) (which is a consequence of the construction),

W̄ := E[W (u | U)] = U − 1− γ
γ

f(r)
1Is
∥1Is∥

. (66)

By construction, we also have α(U)⊤(W (v | U) − W̄ ) = 0 for v ∈ [0, v̄]Is . Last, the proof of
Theorem 3.1 (Eq. (28)) shows that

∥W (v | U)− W̄ ∥ ≤ 1− γ
γ

v̄

(
2n+

αi1(U)

αi2(U)

)
, v ∈ [0, v̄]Is ,

where αi1(U) and αi2(U) are the first and second largest components in absolute value of α(U).
Note that from γ ≥ γ1 and the definition of γ1, we have∥∥∥∥α(U)− 1Is

∥1Is∥

∥∥∥∥ = |f ′(r)| = cf
δ√
1− γ

| sinh(cfr/
√
1− γ)|

cosh(cfr0/
√
1− γ)

≤ 1

2∥1∥
.

As a result, this shows that for all i ∈ Is we have αi(U)∥1Is∥ ∈ [1/2, 3/2]. Therefore, we
obtained

∥W (v | U)− W̄ ∥ ≤ 1− γ
γ

v̄(2n+ 3∥1∥) ≤ 2C1(1− γ), v ∈ [0, v̄]Is . (67)
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Now let d(v) := ∥P1⊥
Is
(W (v | U)−U s)∥ − ∥P1⊥

Is
(W̄ −U s)∥, where P1⊥

Is
denotes the projection

onto the orthogonal space to 1IsR. Because α(U)⊤(W (v | U)− W̄ ) = 0, we can write

W (v | U)− W̄ = d(v)
z −U s

∥z −U s∥
+ d(v)f ′(r)

(−1Is)
∥1Is∥

+W 0(v),

where W 0(v) ∈ Span(1Is , z −U s)
⊥. Using Eq. (66) we have

−1⊤Is
∥1Is∥

(W (v | U)−U s) = f(r) + f(r)
1− γ
γ

+
−1⊤Is
∥1Is∥

(W (v | U)− W̄ )

= f(r) + f(r)
1− γ
γ

+ d(v)f ′(r).

Using Taylor expansion’s theorem, there exists r̃ ∈ [min(r, r+ d(v)),max(r, r+ d(v))] such that

f(r)
1− γ
γ
≥
−1⊤Is
∥1Is∥

(W (v | U)−U s)− f(r + d(v)) = f(r)
1− γ
γ
− f ′′(r̃)

2
d(v)2

(i)
= f(r)(1− γ)−

c2ff(r̃)

2(1− γ)
d(v)2

(ii)

≥ (1− γ)
(
f(r)− 2c2fC

2
1f(r̃)

)
(iii)

≥ (1− γ)
(
f(r)− f(r + |d(v)|)

2

)
In (i) we used the definition the fact that cosh′′(x) = cosh(x) and in (ii) we used |d(v)| ≤
∥W (v | U) − W̄ ∥ together with Eq. (67). Last, in (iii) we used the definition of cf together
with the fact that f(r̃) ≤ f(r + |d(v)|). Now note that

f(r + |d(v)|) ≤ f(r)e
cf |d(v)|
√
1−γ ≤ f(r)e2cfC1

√
1−γ ≤ 2f(r). (68)

In summary, since γ ≥ 1/2, we showed that

f(r + d(v)) ≤
−1⊤Is
∥1Is∥

(W (v | U)−U s) ≤ f(r + d(v)) + 2f(r)(1− γ). (69)

First suppose that |r+d(v)| ≤ r0. We let z(v) := U s+P1⊤
Is
(W (v | U)−U s) ∈ Ss. The previous

equation implies that W (v | U) ≤ z(v)− f(∥z(v)−U s∥) 1Is
∥1Is∥

. Also, 2f(r)(1− γ) ≤ f(r0) = δ,

hence, we also obtain 0 ≤ W (v | U). Together with the previous inequalities, this gives
W (v | U) ∈ Rs.

We now treat the remaining case when |r + d(v)| ≥ r0. We first show d(v) ≥ 0. Otherwise,
we have 2C1(1− γ) ≥ d(v) ≥ r0, which is absurd since γ ≥ γ1. For this boundary case, we let

z(v) := U s + r0
P1⊤

Is
(W (v | U)−U s)

∥P1⊤
Is
(W (v | U)−U s)∥

,

and aim to show that

W (v,U) ∈ BIs

(
z(v)− r0

1Is
∥1Is∥

, r0 − δ
)
. (70)
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Note that f(r0) = δ and by Eq. (69) there exists f̃ ∈ [0, 2f(r0)(1− γ)] ⊆ [0, f(r0)] such that

R(v) :=

∥∥∥∥W (v,U)−
(
z(v)− r0

1Is
∥1Is∥

)∥∥∥∥2 = (r + d(v)− r0)2 + (f(r + d(v)) + f̃ − r0)2

(i)

≤ (r + d(v)− r0)2 + (r0 − f(r + d(v)))2

= (r0 − δ)2 + (r + d(v)− r0)2 − (2r0 + f(r0)− f(r + d(v)))(f(r + d(v))− f(r0))
(ii)

≤ (r0 − δ)2 + (r + d(v)− r0)2 − r0(f(r + d(v))− f(r0)).

In (i) we used Eq. (68) to have δ = f(r0) ≤ f(r+d(v)) ≤ 2f(r) ≤ 2δ which implies in particular
r0− f(r+ d(v))− f̃ ≥ r0− 3δ ≥ r0/4 since δ ≤ r0/4, and in (ii) we again used f(r+ d(v)) ≤ 2δ
and r0 ≥ δ. Now because f is convex, we have f(r+d(v))−f(r0) ≥ f ′(r0)(r+d(v)−r0). Further,
by definition of γ ≥ γ0, we have

cf r0√
1−γ
≥ 1. As a result, we obtain f ′(r0) ≥

cf δ√
1−γ
· e−1/e
e+1/e ≥

cf δ

2
√
1−γ

.

Altogether, this implies

R(v)− (r0 − δ)2 ≤ (r + d(v)− r0)(r + d(v)− r0 − r0f ′(r0))
(i)

≤ (r + d(v)− r0)(2C1(1− γ)− 2cfC
√

1− γ)
(ii)

≤ 0

where in (i) we used r+ d(v)− r0 ≤ d(v) ≤ 2C1(1− γ) and in (ii) we used the definition of γ0.
This ends the proof of Eq. (70).

In both cases, we proved that Eq. (65) holds. Therefore, we have Rs ⊆ Us,γ . This holds for
all s ∈ [q], hence the tensored region R defined in Eq. (61) is achievable in the original setting

with [n] agents: R ⊆ Uγ . In particular, with U1 := U [n]\I⊗
⊗

s∈[q]

(
U s − f(0) 1Is

∥1Is∥

)
, we obtain

SWG(γ) = max
x∈U⋆

1⊤x−max
x∈Uγ

1⊤x ≤ f(0)
∑
s∈[q]

∥1Is∥ ≤
4n∥1∥(1− γ)

r0 cosh
(

cf r0√
1−γ

) = O
(
(1− γ) e−cf r0/

√
1−γ
)
,

which ends the proof of the theorem. ■

E Extension to the finite-horizon setting

In this section, we show how the techniques developed in previous sections for the γ-discounted
infinite-horizon setting can be used for the finite-horizon setting.

We start by proving the following finite-horizon counterpart to Fact 2.2 and 2.3 which allows
to use the promised utility framework for the finite-T horizon setting also.

Fact E.1. Fix R ⊆ U⋆ and T ≥ 2. Then R ⊆ VT if and only if there exists functions p(· | U)
and W (· | U) for all U ∈ R satisfying Eqs. (2) and (4) for γ = γ(T ), and instead of the original
constraint Eq. (3) they satisfy

∀U ∈ R,∀v ∈ [0, v̄]n, W (v | U) ∈ VT−1. (71)

Equivalently, R ⊆ VT if and only if the promised utility function satisfies Eq. (7) where the
interim promised utility was defined via Eq. (6) with γ = γ(T ), and satisfies Eq. (71).
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Proof Suppose that Eqs. (2) and (4) for γ = γ(T ), and Eq. (71) are satisfied. Then, for any
U ∈ R, we can use the allocation function p(v(1) | U) for the first time t = 1 and reports
v(1), then realize the utility vector W (v(1) | U) since it belongs to the achievable region VT−1

by Eq. (71). This strategy is incentive-compatible at least for time t = 1 hence from Eq. (2),
it realizes the vector U , that is, U ∈ VT . On the other hand, if U can be realized, fix an
incentive-compatible strategy to realize U . Let p(· | U) be the allocation function for the first

time t = 1 and define W (v | U) = 1
T E
[∑

t≥2 ũi(t)pi(t) | v(1) = v
]
the remaining utility for

times in [2, T ]. We can easily check that these satisfy all the desired equations.
The second claim can be proved with the same arguments as in the proof of Fact 2.3. ■

We next prove Theorem 6.1 which shows that for T ≥ 2, we have VT ⊆ Uγ(T ), where
γ(T ) = 1− 1/T .
Proof of Theorem 6.1 For t ≥ 2, we let p(t)(· | U) and W (t)(· | U) be allocation and
promised utility functions for U ∈ Vt satisfying Eqs. (2) and (4) for γ(t) and Eq. (71) for t.

For T = 1, we have directly V1 = U0 = Uγ(1). For T ≥ 2, note that p(T ) and W (T )

already satisfy almost all the equations to show that the region VT belongs to Uγ(T ). The only
difference is in Eq. (71) which implies that the promised utilities stay in VT−1. Precisely, to
show VT ⊆ Uγ(T ) it suffices to show that VT−1 ⊆ VT . This is also immediate if T = 2 since
V1 = U0 ⊆ Vt for all t ≥ 1. We now suppose that T ≥ 3 and that we showed VT−2 ⊆ VT−1.

We introduce an allocation function and promised utility function on VT−1 via

p(· | U) := p(T−1)(· | U) and W (· | U) :=
T − 2

T − 1
W (T−1)(· | U) +

1

T − 1
U , U ∈ VT−1.

We now check that this is a valid allocation strategy. Indeed, with U ∈ VT−1, for all i ∈ [n],

(1− γ(T ))E[uipi(u)] + γ(T )E[W (u | U)]

=
U

T
+
T − 1

T

(
(1− γ(T − 1))E[uip

(T−1)
i (u)] + γ(T − 1)E[W (T−1)(u | U)]

)
= U .

Hence Eq. (2) holds. Here, in the last inequality we used the fact that p(T−1) and W (T−1)

satusfy Eq. (2) for γ = γ(T − 1). Similarly, for any i ∈ [n] and u, v ∈ [0, v̄],

(1− γ(T ))uPi(v | U) + γ(T )Wi(v | U)

=
Ui

T
+
T − 1

T

(
(1− γ(T − 1))uP

(T−1)
i (v | U) + γ(T − 1)W

(T−1)
i (v | U)

)
,

hence the incentive-compatibility Eq. (4) also holds from that of p(T−1) and W (T−1). Last, for
any u ∈ [0, v̄]n, we have W (T−1)(v | U) ∈ VT−2 ⊆ VT−1 and U ∈ VT−1. Because VT−1 is
convex, this implies W (v | U) ∈ VT−1. That is, Eq. (71) also holds, which ends the inductive
proof that VT−1 ⊆ VT . This proves the desired result. ■

As a consequence of Theorem 6.1, all techniques developed earlier to give upper bounds on
Uγ(T ) also apply to VT . We next show the simple universal 1/T lower bound for the finite-horizon
setting.
Proof of Theorem 6.2 Let U ∈ VT and consider an allocation strategy that realizes U . For
any t ∈ [T ], we recall the notation p(t) ∈ ∆n and u(t) for the allocation distribution and the
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agent utilities respectively at time t. The main remark is that the suboptimality of U is at least
that of the first allocation p(1) and this corresponds to an allocation from V1:

max
x∈U⋆

1⊤x− 1⊤U = E

 1

T

∑
t∈[T ]

max
x∈U⋆

1⊤x− 1⊤(pi(t)ui(t))i∈[n]


≥ 1

T
E
[
max
x∈U⋆

1⊤x− 1⊤(pi(1)ui(1))i∈[n]

]
(i)

≥ 1

T

(
max
x∈U⋆

1⊤x−max
x∈U0

1⊤x

)
.

In (i) we used the fact that (E[pi(1)ui(1)])i∈[n] ∈ V1 = U0. By assumption, the term in the
bracket in the last inequality is nonzero, otherwise U0 would contain an optimal vector. ■

We next turn to the lower bound tools on Uγ and show that they still hold in the finite-
horizon T setting up to logarithmic factors. We start by showing that Theorem 3.1 still holds
with a variant of the mechanism PUM. The proof proceeds by giving a trajectory of achievable
regions for all times in t ∈ [T ], illustrated in Fig. 8: one can approximate balls within U⋆ by
constructing balls within Vt converging to the original ball as t ∈ [T ] grows. The corresponding
mechanism FH-PUM (Finite-Horizon Promised Utility Mechanism) is described formally within
the following proof and summarized in Algorithm 2.
Proof of Theorem 6.3 Let x and r, δ > 0 satisfying the requirements. The assumptions
imply that 0 < xi ≤ E[ui] for all i ∈ [n]. Now let r0 := mini∈[n] E[ui]/(6n) and let x(0) := 3r01.
We can note that

B(x(0), 3r0) ⊆ [0, 6r0]
n ⊆ {y : 0 ≤ y ≤ (E[ui]/n)i∈[n]} ⊆ U0.

Also, up to renaming the constant r0 to r0/2, the assumption gives r + δ ≤ 2r ≤ r0. We next

introduce the constant c̃0 := (1 +
maxi∈[n] E[ui]

r0
)2.

Step 1. We start with the case in which the assumption that Eq. (13) holds with the same
constant C̃ := c̃0C where C is the same constant as in the original statement of Theorem 3.1,
and we have δ ≤ r ≤ r0/2. We will later see that from there we can easily extend to the general
case.

We define the set T =

{
t ∈ {2, . . . , T}, r ≥

√
C̃(1−γ(t))

γ(t) =
√

C̃
t−1

}
. Note that by hypothesis,

we have 2r ≥ r + δ ≥ r + C̃ 1−γ(T )
γ(T )r ≥ 2

√
C̃(1−γ(T ))

γ(T ) . Thus, T ∈ T . Because 1−γ(t)
γ(t) is decreasing

in t, there exists T1 ∈ [T ] such that T = {T1, T1 + 1, . . . , T}. We next let

T0 = max

t ∈ [T ], 2

√
C̃(1− γ(t))

γ(t)
≥ r0

 ,

which is well defined since γ(1) = 0 and hence the set always contains time t = 1. We note that
for T1, we have

2

√
C̃(1− γ(T1))

γ(T1)
< 2r ≤ r0,

Therefore, T0 < T1 (by construction T1 ≥ 2). We now specify our allocation mechanism.

78



Input: Ball B(x, r), margin δ with B(x, r+ δ) ⊆ U⋆, target utility U0 ∈ B(x, r), horizon T

1 Initialization: r0 :=
mini∈[n] E[ui]

6n , x(0) := 3r01, δ̃ :=
δ
2 , z = x+ δ̃ U0−x

∥U0−x∥ , constant

C̃ := 4(1 +
maxi∈[n] E[ui]

r0
)2C where C is defined as in Theorem 3.1.

2 Let U ← U0, T0 = max{t ∈ [T ] : 2
√

C̃
t−1 ≥ r0}, and x(T0) = z(0)

3 for t = T0 + 1, . . . , T do

4 if r <
√

C̃
t−1 then Define rt = δt :=

√
C̃
t−1 ;

5 else Define rt := r and δt := max( C̃
r(t−1) , δ̃) ;

6 Define y(t) := z + rt+δt−(r+δ̃)

2r0−(r+δ̃)
(x(0) − z) and x(t) := (1− 1

t )x
(t−1) + 1

ty
(t)

7 Main mechanism: for t = T, T − 1, . . . , 1 do
8 if U ∈ UNI then Observe new reports v = (vi)i∈[n] and select allocation ( vi

E[ui]
)i∈[n] ;

9 else

10 Decompose U = s⊙
(∑

i∈[n] qiE[ui]ei + q0(x
(t) + rty)

)
where q ≥ 0,

∑n
i=0 qi ≤ 1,

y ∈ Sn−1, s ∈ [0, 1]n.
11 Fix an allocation function p̃(·) realizing utility y(t) + (rt + δt)y for full-information

case
12 Compute interim functions P̃i(·) := Eu−i [p̃i(·,u−i)] and W̃i(·) according to Eq. (6)

for i ∈ [n]

13 Observe new reports v = (vi)i∈[n] and select allocation s⊙
(∑

i∈[n] qiei + q0p̃(v)
)

14 Define W̃ using Eq. (11) for γ = 1− 1
t , α = −rty, and Z̃i = W̃i(vi) for i ∈ [n]

15 Update U ← s⊙
(∑

i∈[n] qiE[ui]ei + q0W̃
)

16 if U /∈ UNI and U /∈ Rt−1 as defined in Eq. (73) then Mechanism fails. break;
Algorithm 2: Promised Utility Mechanism FH-PUM(x, r, δ) for the T -horizon setting

Definition of the allocation strategy. We use a trivial allocation for times in [T0]: we will
only use the fact that B(x(0), 3r0) ⊆ U0 ⊆ VT0 . For times in (T0, T ], we let

rt :=


√

C̃(1−γ(t))
γ(t) =

√
C̃
t−1 t ∈ {T0, . . . , T1 − 1}

r t ∈ {T1, . . . , T}.

To prove the desired result, we inductively prove that B(x(t), rt) ⊆ Vt for appropriately chosen
parameters x(t). Precisely, we first introduce the parameter

δt :=

{
rt t ∈ {T0 + 1, . . . , T1 − 1}
max

(
C̃ 1−γ(t)

γ(t)rt
, δ
)

t ∈ {T1, . . . , T}.

We pose x(t) := x(0) for all t ∈ [T0] and for t > T0 we introduce

y(t) := x+
rt + δt − (r + δ)

2r0 − (r + δ)
(x(0) − x).

Note that by construction, rt + δt ≥ r + δ: this is immediate for t ∈ [T1, T ] and for t ∈ (T0, T1)
since t < T1 one has rt + δt = 2rt > 2r ≥ r + δ. We then construct the sequence of vectors x(t)
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via
x(t) := γ(t)x(t−1) + (1− γ(t))y(t), t ∈ {T0 + 1, . . . , T}. (72)

To prove that B(x(t), rt) ⊆ Vt, we construct an allocation mechanism on the region

Rt := {y : 0 ≤ y ≤ z, z ∈ Conv(UNI , B(x(t), rt)}. (73)

Next, by construction, note that

B(y(t), rt + δt) =
rt + δt − (r + δ)

2r0 − (r + δ)
B(x(0), 2r0) +

2r0 − (rt + δt)

2r0 − (r + δ)
B(x, r + δ). (74)

By convexity of U⋆, since we have B(x(0), 2r0), B(x, r+δ) ⊆ U⋆ this also implies that B(y(t), rt+
δt) ⊆ U⋆. This is precisely the reason behind the definition of y(t).

We now construct an allocation function p(t)(· | U) and a promised utility function W (t)(· |
U) for U ∈ Rt in a similar fashion to those constructed in the proof of Theorem 3.1. We first
specify the allocation strategy when U is an extreme point of Rt that still belongs to B(x(t), rt).
We write U = x(t) + rty where y ∈ Sn−1 and let

p(t)(· | U) := p(·;y(t) + (rt + δt)y) and α(U) = x(t) −U = −rty, t ∈ (T0, T ], (75)

where p(·; z) refers to an allocation that realizes z in the full information setting (we checked
earlier that we always used an allocation p(·;z) with z ∈ U⋆). We then extend the definition
of the allocation mechanism to the complete region Rt exactly as in the original proof using
Eqs. (25) and (26).

Checking that the allocation strategy is valid. We now check that this is a valid allo-
cation. Using the same linearity arguments as in the proof of Theorem 3.1, it suffices to show
that for extreme points U of Rt within B(x(t), rt), the promised utilities lie in B(x(t−1), rt−1)
to show that for all U ∈ Rt, Eq. (7) is satisfied, and

∀v ∈ [0, v̄]n, W (t)(v | U) ∈ Rt−1. (76)

Fix such an extreme point U = x(t)+rty where y ∈ Sn−1. First, recall that B(y(t), rt+δt) ⊆
U⋆. We now check that Eq. (13) is also satisfied. Note that by construction the sequences rt
and δt are both non-increasing on (T0, T ]. This is clear by definition of T1 for the sequence (rt)t.
For δt, we only need to check that δT1−1 = rT1−1 ≥ δT1 . To do so, we use δT1 ≤ rT1 ≤ rT1−1.

By Eq. (74), we have y
(t)
i + rt + δt ≤ max(x

(0)
i + 2r0, xi + r + δ). Now by hypothesis Eq. (13)

is satisfied for the parameters x, r, δ and γ = γ(T ), and the constant C̃ instead of C. Hence,

δ ≥ C̃ 1−γ(T )
γ(T )r which implies δT = δ. Hence, because δt is non-increasing in t, we have δt ≤ δ for

all t ∈ [T0, T1], which implies

y
(t)
i + rt ≤ max(x

(0)
i + 2r0, xi + r) ≤ max(E[ui]− r0, xi + r),

where in the last inequality we used the fact that B(x(0), 3r0) ⊆ U0. The previous remarks imply
that

C̃ = c̃04n
2v̄2
(
1 +

maxi∈[n] E[ui]
mini∈[n](E[ui]− xi − r)

)2

≥ 4n2v̄2

(
1 +

maxi∈[n] E[ui]

mini∈[n](E[ui]− y
(t)
i − rt)

)2

.
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Last, we check that
γ(t)rt
1− γ(t)

(i)

≥ rt ≥ δt ≥ C̃
1− γ(t)
γ(t)rt

.

where in (i) we used the fact that t ≥ T0 + 1 ≥ 2, hence γ(t) ≥ 1/2. Altogether, the previous
arguments show that Eq. (13) is satisfied for the parameters y(t), rt, δt and γ = γ(t).

Next, compared to the definition of Theorem 3.1, these would be identical if the allocation
was for U ′ := y(t) + rty instead of U = x(t) + rty. To clarify this comparison, we introduce
the allocation function p′(· | U ′) := p(·;U) and denote by W ′(· | U ′) the promised utility
function resulting from this choice of allocation function and the same direction choice α(U) as
in Eq. (75). Having checked that all conditions apply, the proof of Theorem 3.1 implies that for
all v ∈ [0, v̄]n, W ′(v | U ′) ∈ B(y(t), rt). Now by definition of the promised utility functions (see
Eqs. (6) and (11)), for any v ∈ [0, v̄]n,

W (t)(v | U) = W ′(v | U ′) +
U −U ′

γ(t)
= W ′(v | U ′)− y(t) − x(t)

γ(t)
.

As a result, using rt ≤ rt−1, we obtain

W (t)(v | U) ∈ B

(
y(t) +

x(t) − y(t)

γ(t)
, rt

)
= B(x(t−1), rt) ⊆ B(x(t−1), rt−1).

This ends the proof of Eq. (76) hence Rt ⊆ Vt. As a summary, we obtained the induction: if
B(x(t−1), rt−1) ⊆ Vt−1, then B(x(t), rt) ⊆ Vt where x(t) is defined in Eq. (72). We recall that
the initialization at t = T0 is immediate from B(x(0), r0) ⊆ U0 ⊆ VT0 .

Putting the recursive construction together. Using the induction formula Eq. (72), we
can check that x(t) = atx

(0)+ bt(x
(0)−x)+ ctx for t ∈ [T0, T ] where aT0 = 1, bT0 = cT0 = 0 and

at = γ(t)at−1

bt = γ(t)bt−1 + (1− γ(t)) rt+δt−(r+δ)
2r0−(r+δ)

ct = γ(t)ct−1 + (1− γ(t)),
t ∈ [T0 + 1, . . . , T1 − 1].

Using the convexity inequality ln(1− x) ≤ −x for x ≤ 1, we obtain

0 ≤ aT = 1− cT =

T∏
t=T0+1

γ(t) ≤ e−
∑T

t=T0+1
1
t ≤ T0 + 1

T + 1
. (77)

The recursion for bt requires more work. First, recall that r + δ ≤ r0 and rt + δt ≥ r + δ.
Therefore, if we define the inductive sequence b̃T0 := 0 and

b̃t = γ(t)b̃t−1 + (1− γ(t))rt + δt − (r + δ)

r0
,

we have 0 ≤ bt ≤ b̃t for all t ∈ [T0, T ]. Note that the induction can be rewritten as follows,

r0tb̃t = r0(t− 1)b̃t−1 + rt + δt − (r + δ).
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As a result, letting T2 = min{t ≥ T1, δt = δ}, we obtain

r0T b̃T =
T∑

t=T0+1

(rt + δt − r − δ) = 2

T1−1∑
t=T0+1

rt − (T1 − T0 − 1)(r + δ) +

T2−1∑
t=T1

δt − (T2 − T1)δ

(i)

≤ 4

√
C̃(T1 − 2) +

C̃

r

(
1 + ln

T2 − 2

T1 − 1
1T2>T1

)
,

where in (i) we used rt =
√
C̃/(t− 1) for t ∈ (T0, T1) and δt = C̃/((t− 1)r) for t ∈ [T1, T2), and

used sum-integral inequalities. Now by definition of T1 and T2, we have
√

C̃
T1−2 > r ≥

√
C̃

T1−1

and if T2 > T1, we have δ < C̃ 1−γ(T2−1)
γ(T2−1)r = C̃

r(T2−2) . As a result, we obtained

0 ≤ bT ≤
4
√
C̃(T1 − 2)

r0T
+

C̃

r0rT

(
1 + ln

r

δ

)
≤ C̃

r0rT

(
5 + ln

r

δ

)
. (78)

Step 2. We now consider the original case in which B(x, r + δ) ⊆ U⋆, δ ≤ r ≤ r0/2, and
Eq. (18) holds with the constant c0 = 8c̃0 +20c̃0/r0 +4(T0 +1)r0/C. We denote by C the term
in the statement of Theorem 3.1 for parameters x and r. Fix any z ∈ B(x, δ/2). Then, with
δ̃ = δ/2, we still have B(z, r + δ̃) ⊆ U⋆, and

r ≥ δ̃ ≥ c0C

2

1− γ(T )
γ(T )r

≥ 4c̃0C
1− γ(T )
γ(T )r

.

Note that the constant corresponding to the parameters z, r in the statement of Theorem 3.1 is
at most 4C (note that ∥z−x∥ ≤ δ/2 and since B(x, r+δ) ⊆ U⋆, this still leaves a margin at least
δ/2 to the boundary of U⋆ for B(z, r)). Therefore, the previous step shows that B(z(T ), r) ⊆ VT
where

z(T ) = aTx
(0) + bT (x

(0) − z) + cTz.

Because this holds for all z ∈ B(x, δ/2),we obtained

B

(
aTx

(0) − bT1+ cTx, r +
δ

2

)
⊆ VT . (79)

Now using Eqs. (77) and (78), we have

∥aTx(0) − bT1+ cTx− x∥ ≤ T0 + 1

T + 1
∥x− x(0)∥+

C̃(5 + ln r
δ )

r0rT
∥x− x(0)∥

≤
(T0 + 1)r20 + C̃(5 + ln r

δ )

r0rT

√
nmax

i∈[n]
E[ui]

As a result, recalling the definition of c0, we obtain

∥aTx(0) − bT1+ cTx− x∥ ≤
c0C(1 + ln r

δ )

2r(T + 1)
≤ δ

2
.

Together with Eq. (79) this implies the desired result B(x, r) ⊆ VT . This proves the first claim.
The corresponding mechanism FH-PUM(x, r, δ) is summarized in Algorithm 2.
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For the second claim, we simply note that by assumption, we have r ≥ δ ≥ c0C
r(T−1) . In

particular, r
δ ≤

r2

c0C
(T − 1) ≤ r20

c0C
T . Hence, up to modifying the constant c0, the result holds if

we replace the lower bound from Eq. (18) with c0C
1−γ̃(T )
γ̃(T ) where γ̃(T ) := 1− (1 + lnT )/T . ■

As a remark, note that when the margin δ is of the same order as r within Theorem 6.3,
then the logarithmic term ln r

δ is a constant, which essentially means that we can use the same
techniques to prove lower bounds on VT as for Uγ(T ) = U1−1/T , up to worsening constants. This
is significant since from Theorem 6.1, we also have VT ⊆ Uγ(T ): in these cases, characterizing
VT or Uγ(T ) with our tools is essentially equivalent. On the other hand, as per the second claim
of Theorem 6.3, the extra factor ln r

δ can be of order lnT , which potentially induces additional
logarithmic factors to translate results from the inifinite-horizon setting to the finite-horizon
setting.

Similarly as for Theorem 3.1, the optimized version Theorem B.2 also holds in the finite-
horizon setting up to worsening the constants.

Lemma E.1. Fix T ≥ 2. There exist constants c0 ≥ 8 and r0 > 0 such that the following holds.
Suppose that all assumptions from Theorem B.2 are satisfied with the exception that Eq. (13) is
replaced with Eq. (18). Then, using the same notations,

B(x, r) ∩ {y : ∀i /∈ I, yi = xi} ⊆ x+ {0}[n]\I ⊗
⊗
s∈[q]

BIs(0, r) ⊆ VT .

Alternatively, suppose that all assumptions from Theorem B.2 are satisfied with γ = γ̃(T ) =
1− lnT/T and the constant C ′ = c0C, as well as r0 ≥ r ≥ δ. Then the previous conclusion also
holds.

Proof The same proof as in Theorem B.2 carries to the finite-horizon setting: we can construct
an allocation mechanism that treats separately agents by clusters I1, . . . , Iq as described in the
proof. The only difference is that instead of applying Theorem 3.1 we apply Theorem 6.3, which
required exactly the assumptions made within Theorem E.1. ■

As a conclusion, up to logarithmic factors, all lower bounds developed in the previous sections
apply to the finite-horizon setting choosing γ = γ(T ) = 1 − 1/T . We now prove Theorems 7.2
and 7.5 as examples of how the results from the γ-discounted setting can help for the finite-
horizon setting.
Proof of Theorem 7.2 It suffices to prove the result for T ≥ 2. The lower bound is directly
taken from Theorem 6.2 and the upper bound is a consequence of the second claim of Theorem 7.1
together with Theorem E.1. ■

Proof of Theorem 7.5 It suffices to prove the result for T ≥ 2. The first claim is a conse-
quence of the first result from Theorem D.6 together with Theorem 6.1 for the lower bound and
Theorem 6.3 for the upper bound. Note that there is no extra lnT factor (we can take directly
γ = γ(T ) = 1− 1/T ) in the upper bound because the proof of the convergence rate O(

√
1− γ)

comes from Theorem D.2, which only uses Theorem 3.1 with parameters r = δ. As a result, the
extra term ln r

δ from Theorem 6.3 vanishes. The second claim is a consequence of the second
claim of Theorem D.6 together with Theorem E.1 for the upper bound. The lower bound is
directly Theorem 6.2. ■
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