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Abstract

Online spatio-temporal matching of servers/services to customers is a problem that
arises at a large scale in many domains associated with shared transportation (e.g.,
taxis, ride sharing, super shuttles, etc.) and delivery services (e.g., food, equipment,
clothing, home fuel, etc.). A key characteristic of these problems is that the matching
of servers/services to customers in one stage has a direct impact on the matching in the
next stage. For instance, it is efficient for taxis to pick up customers closer to the drop
off point of the customer from the first stage of matching. Traditionally, greedy/myopic
approaches have been adopted to address such large scale online matching problems.
While they provide solutions in a scalable manner, due to their myopic nature, the
quality of matching obtained can be improved significantly (demonstrated in our ex-
perimental results). In this paper, we present a multi-stage stochastic optimization for-
mulation to consider potential future demand scenarios (obtained from past data). We
then provide an enhancement to solve large scale problems more effectively and effi-
ciently online. We also provide the worst-case theoretical bounds on the performance
of different approaches. Finally, we demonstrate the significant improvement provided
by our techniques over myopic approaches and two other multi-stage approaches from
literature (Approximate Dynamic Programming and Hybrid Multi-Stage Stochastic op-
timization formulation) on three real world taxi data sets.

Keywords: Online Matching, Online Linear Programming, Stochastic Optimization,
MDPs

I'This paper is an extension of our earlier paper at AAAI 2016 [1]]. We have extended the paper in the
following ways: (a) The earlier paper focused on an approach that considers only two stages. We have now
extended it to consider multiple stages; (b) We have added theoretical results on the hardness of offline and
online spatio-temporal matching problems; (c) We have proved a priori bounds for the algorithms in multi-
stage matching problems; (d) We have extended our experimental results to consider our updated approach
and also generated results on synthetic data sets to better understand where our approach works well and
where it does not work well; (¢) We have also provided the results on a new dataset (from New York) that is
publicly available and also compare against two other multi-stage approaches from literature (Approximate
Dynamic Programming and Hybrid Multi-Stage Stochastic optimization formulation.)
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1. Introduction

In many spatio-temporal problems associated with shared transportation [2} 3| 4]
which includes taxis, ride sharing, super shuttles, etc., customers have to be assigned
to servers (e.g., taxis, shuttles) in an online fashion to optimize the revenue or quality
of service. Also in case of emergency services [15] such as ambulances, fire trucks, etc.
and delivery services [6} [7]] involving pickup and delivery of food, equipment, clothing,
home fuel etc., effective online matching of customers to servers is of great value.

The wide usage of applications such as Uber, Lyft, etc. is a testament to the impor-
tance of doing matching well and in quick time. In these applications, a set of available
taxis are matched to the customers that are looking for taxis. A key observation that is
not exploited in such applications and in most existing literature is that after taking the
matched customer to their destination location, the taxi will be best served in next stage
of assignment to customers typically around the destination location. In this paper, we
are specifically interested in considering such dependence (e.g., assignment for a taxi
in the second stage is dependent on the assignment in the first stage) in matching across
multiple stages. Specifically, we focus on online matching in domains where:

e Customer demand is uncertain and time dependent, with data available about past
customer demand;

e Problems are at a societal scale (with thousands of customers and servers) with a
need to make online decisions; and

o There is a need or an opportunity to optimize revenue or quality of service (e.g., time
to pick up customers or time to delivery);

Given the challenging nature of the problems (stochasticity, dynamism, societal
scale, online, multi-stage), most existing work on relevant problems (described in Sec-
tion [2) has focused on myopic algorithms [8| 9] like greedy and randomized ranking.
While these approaches have good competitive ratios in case of online bipartite match-
ing (single stage), they have obvious inefficiencies in handling multi-stage problems
due to their myopic nature. To address these, there has been research on multi-stage
stochastic models and Approximate Dynamic Programming approaches that consider
expected demand for the future stages. However, these approaches have been limited
to small scale problems and in restricted settings 10, [11} [12} [13} 7} [14}[15]].

In this paper, we address the key limitations of previous work by providing the
following contributions:

e We first formalize the offline and online spatio-temporal matching problems. The
offline problem considers that the customer requests at every decision epoch are
known beforehand. The online problem on the other hand considers that only the
current decision epoch customer requests are known and the future decision epoch
requests arrive according to some partially known (through past demand scenarios)
distribution.

e We then provide a two-stage stochastic optimization formulation, which considers
samples of future customer demand (typically obtained from historical data) for find-
ing the assignment of servers to customers. We also provide a multi-stage extension.

e Given the large scale of problems of interest with thousands of servers and cus-
tomers, we provide a decomposition of the above formulation to improve parallelism



in handling future demand.

e We provide the theoretical results on competitive ratios for myopic and two-stage
algorithms for online spatio-temporal matching problems.

e Apart from considering randomly generated problems, we have also evaluated our
approach on datasets of three major taxi companies. We compare against myopic al-
gorithms (typically employed by standard taxi matching applications) such as greedy
and one-stage bipartite optimal assignment. In addition, we also compare against the
Approximate Dynamic Programming (ADP) approach that has been successfully
applied in many resource allocation problem [11} [12} [13]] and Hybrid Multi-Stage
Stochastic optimization (HSS) approach used for the truckload assignment prob-
lem [10]. We show that our multi-stage formulation can be solved in times that are
competitive to these approaches, while providing significantly better solutions.

We provide a detailed description of the related work, along with a background
of existing methods in Section [2| We provide a model and a linear optimization for-
mulation to represent the offline spatio-temporal matching problem in Section [3] We
then describe the online variant along with a linear optimization model in Section [4]
A decomposition method to improve the scalability in solving the optimization model
is also presented in the same section. In Section [5] we describe the key assumptions
and how they can be relaxed. Finally, in Section [6] we provide a detailed experimen-
tal analysis of our methods against existing benchmarks on three real world taxi data
sets and specially created synthetic scenarios. In the appendix, we provide detailed
proofs for all the propositions described in Sections [3|and ] In the appendix, we also
provide the details of Approximate Dynamic Programming (ADP) and Hybrid Multi-
Stage Stochastic optimization (HSS) approaches used in experimental comparison.

2. Related Work

We now describe the multiple threads of research in online sequential decision
making that are of relevance to this paper. Online algorithms [16] typically consider
requests that are revealed incrementally over time and algorithms have to make deci-
sions based on the requests that are revealed. The key threads of research that are of
relevance are: online matching, online multi vehicle pickup and delivery, online MDPs
and online stochastic optimization algorithms.

2.1. Online Matching

A matching, M in a graph G(V, E) is defined as the set of edges M C E such
that for every v € V there is at most one edge in M incident on v. In classical online
bipartite matching problem [8]], one side of the vertices is known and the other side of
the vertices arrive online. This is formally defined as a graph G(U, V, E) where vertices
in the set U are known and vertices in the set V' appear online. The goal is to maximize
the size of the matching M.

A simple generalization of the online bipartite matching is the weighted case where
vertices or edges have weights associated with them and the goal is to maximize the
total weight of the matching. This problem has applications in online advertising em-
ployed by Yahoo, Google etc. Specifically in such applications, the goal is to optimize



the allocation of a fixed advertising space to incoming advertisers who typically arrive
at different times.

We describe the commonly used approaches for solving online bipartite matching
problems. In the experimental section, we compare our proposed approach with the
following approaches.

1. Greedy: Greedy algorithm matches the incoming vertex with the best available
choice. In case of weighted models, it matches with the maximum weighted
vertex or edge. Greedy algorithm is shown to have a competitive rati of % [8].

2. Randomized Greedy: The randomized greedy algorithm perturbs the value of
matching by multiplying it by a random number w between O and 1. It then
greedily matches the servers to customer by using perturbed value. Goel et.al. [9]
show that the randomized greedy algorithm achieves a ratio of 1—% for the vertex
weighted bipartite matching.

In classical online bipartite matching, vertices appear one by one. In our model, dis-
cussed in the introduction, a group of requests (possibly more than one) arrive simul-
taneously at each decision epoch, therefore we can apply standard bipartite matching
algorithm on the currently available partial graph. We call this One-Stage Algorithm as
it only considers requests available at one stage (the current decision epoch). One-Stage
Optimal finds the maximum weighted bipartite matching between available vertices at
every decision epoch by solving a linear program. Although most work in online bi-
partite matching addresses the problem where one side is fixed [[17, [18] [19], results in
[20] show that greedy algorithm achieves a competitive ratio of 1/2 when both sides of
vertices appear online. Recently in Wang et al. [21] an algorithm based on water-filling
algorithm has been proposed which achieves a competitive ratio of 0.526 in case both
sides of vertices appear online.

While there are similarities, there are multiple differences in our work from re-
search in online matching:

e We consider a multi-stage problem, where there are multiple connected rounds of
bipartite matching. Therefore, unlike in online bipartite matching that assigns one
service to only one customer, in this paper, we match one service to multiple cus-
tomers (with one customer at any specific point) over time. A recent work by Dick-
erson et.al. [22] proposes a new model for Online Matching with (offline) Reusable
resources in which resources on one side are reusable, i.e., resources are matched
multiple times over time but their model assumes that each resource has a fixed po-
sition and comes back to its original position before it can be matched again. This
assumption is not valid for the problems of interest in this paper where position of
resource (server) depends on the previous match (assignment).

e In addition, the spatio-temporal aspect of requests (not present in traditional online
matching problems) adds further computational complexity to the matching prob-
lem.

2Competitive ratio of an algorithm is defined as the ratio of the worst case solution obtained by the
algorithm and the optimal solution.



e Finally, in terms of approaches, unlike work in online matching which has primar-
ily considered myopic approaches, we pursue multi-stage approaches that consider
potential future requests.

2.2. Online Multi Vehicle Pickup and Delivery Problem

Online Multi Vehicle Pickup and Delivery problems typically represent problems
where there are multi-capacity servers that transport multiple goods/loads from their
origins to destinations. When servers are used to move people instead of goods, the
problem is referred to as dial-a-ride problem [23| |24} 125]] and when all the origins or
all the destinations are located at a depot, the problem is referred to as vehicle routing
problem [[7]].

The general representation of the dial-a-ride problems is ideally suited to represent
problems faced by companies such as super shuttle (transports people from an airport
to different locations in the city), uber pooling (transports customers from near by start
locations to near by destination locations). These problems are hard to solve and the
traditional approaches for these problems can solve only very small instances of 96
requests and 8 vehicles [26].

The integer programming formulation, without any spatial or temporal aggrega-
tion [26]], is difficult to solve and is not scalable to large scale problems and online de-
cision making even for unit capacity. So in the online setting, the problems are solved
by either using the heuristics [27, 28 29] or by optimizing at each timestep using
only current set of available requests [6, 130]. Even after considering discretization of
timesteps, exact formulation of this problem involves product of variables. Even af-
ter linearizing the product terms , the formulation (shown in is a mixed
integer program that is not scalable.

Therefore existing work [[10}131,[12] and even our paper considers matching supply
and demand at the level of zones, cities or areas (abstraction of locations) and not at
the level of individual locations. That is to say, all demand and/or supply of a specific
type within an area are deemed equivalent to improve scalability.

There are multiple key differences in assumptions/constraints made in existing
work on truckload assignment problem (and other similar ones) as compared to the
problem of interest in this paper (e.g. taxi matching). These differences in assumptions
are significant as the computational complexity class changes due to these assump-
tions/constraints.

e Zone assignment constraints: In the existing models used for truckload assignment
problem, at any timestep, truck can only be assigned to load in the same zone
This is a strong assumption which makes the formulation a pure network flow prob-
lem that can be solved in polynomial time. The complexity in truckload assignment
comes due to other generalizations (such as returning trucks to their base locations,
each truck serving multiple loads etc.). On the other hand, due to requirement of

3Some works [32]] consider in the evaluation (not in the formulation) that the loads (tasks/requests) if
not served will be available at the future timesteps. But, in the cases where waiting time is few minutes, i.e.,
demands are available only for one timestep and disappear if not assigned (for example in taxi case), using
existing formulations, requests can not be served from the neighboring zones



smaller duration (about 5 minutes) for picking up customers, zones cannot be very
large and a server from a neighboring zone can be assigned to the customer in a zone
(if it is the nearest server). These assumptions/constraints of our problem result in
NP-hardness and thereby increase the complexity.

Time to compute dispatch strategies: Since truckload tasks typically take any-
where from 1 day to 4 days, the time available to compute a dispatch strategy is in
the order of tens of minutes or even an hour. In the problem of interest of this paper,
decisions on dispatch have to be decided in real time (in less than a minute) and the
number of servers is in the order of thousands and demand is in the order of at least
300-400 customers per minute.

Representation of current and future assignments in formulation: The differ-
ences in the assumptions/constraints also introduce a key change in the formulations
for modelling the problems. Unlike our approach, the existing work on truckload
(and other similar domains) employ pure network flow formulations (i.e., only as-
signing demand from the same zone as supply) for both current and future time steps,
or only for the future time step [10]. This is the reason for better approximations pro-
vided by our formulation, as shown in the non-trivial improvements in results (on an
average 9%) provided by our approach over Hybrid Multi-Stage Stochastic opti-
mization (HSS) [10] on three different taxi data sets.

Linear or piecewise linear approximation of value function: Existing work on
the Approximate Dynamic Programming in solving fleet optimization MDPs [31}
12,132]] approximates the future value using the linear or piece-wise linear functions.
While this seems to have provided good results in the truck fleet optimization prob-
lems, it is not a good approximation in the taxi fleet optimization. The value function
approximation considered for fleet management problem is separable over zones but
as in our case servers can be assigned from the nearby regions, the value of having
one extra server in a zone will depend on the number of servers present in the nearby
zones. Experimentally, our approaches provide on an average 9% improvement over
ADP as well.

2.3. Online MDPs

Another relevant thread of research is Online Markov Decision Processes (MDPs).

In the online setting, rewards and transition functions of MDP for future timesteps are
unknown. To learn these unknown reward and transition functions, following two cases
are considered.

The more popular sub-thread has focused on the cases where the reward and the
transition function are assumed to be stochastically stationary and the instances of
the reward and the transition function are revealed depending on the action. In this
case, Reinforcement Learning [33]] has presented numerous techniques for learning
the policies, which are guaranteed to maximize the expected value.

In the second sub-thread [34} 135, [36] the revealed reward and transition functions are
adversarial to the executed action.

While it is possible to represent our problem as an online MDP, the number of states

and actions are exponential in the number of agents. Since the number of agents is in



the thousands, it is even difficult to specify the model. For the large scale MDPs, exist-

ing works have used state aggregation [37]] and Approximate Dynamic Programming

methods [13] to compute policies. As described in Section[2.2] Approximate Dynamic

Programming methods have been widely applied for the resource allocation problems.

We used linear and piecewise linear value function approximation which are shown to

work well for truckload assignment and fleet management problem [32, [12]. We pro-

vide a comparison with this approach in our experiment section. In summary, following
are the differentiating factors of the work presented in this paper:

e While it is possible to represent our problem as an online MDP, the number of states
and actions are exponential in the number of agents. We provide an experimental
comparison of our model with the Approximate Dynamic Programming approach
which is generally used to solve the large scale MDPs.

e We neither associate adversarial behavior with the nature nor do we assume station-
arity with respect to reward and transition functions. Instead, we assume that the
behavior is similar to what has been observed in the training demand settings.

Given that both Online MDPs and our work are focussed on online sequential decision

making under uncertainty, existing work in online MDPs can benefit by adapting the

following two key ideas mentioned in this paper in order to scale to problems with

multiple agents:

e Exploiting anonymity (lack of identity) and homogeneity of agents to address the
exponential complexity associated with increasing the number of agents.

e Exploiting decomposability across multiple samples of the future state space evolu-
tion.

2.4. Online Stochastic Optimization

Stochastic programming is used to model the optimization problems that involve
uncertainty. These models take advantage of the fact that the probability distributions
which represent the data are known or can be estimated [38]]. To represent the future
uncertainty, multiple samples (scenarios) from the known or estimated probability dis-
tribution are considered.

The complexity of these multi-stage stochastic programs increases with increasing
the number of stages and sample scenarios [39]. Online anticipatory algorithms [40l
41,142]143]] are generally used to solve large scale stochastic integer programs when the
set of feasible decisions at each stage is finite [40]]. The assumption is that there exists
an offline deterministic algorithm for the application. Online anticipatory algorithms
relax the non anticipativity constraints in the stochastic program and make decisions
online at a time ¢ in three steps:

e Sample the distribution to obtain a subset of future scenarios.
e Optimize each scenario for each possible decision.
e Select the best decision over all scenarios.

The above algorithm requires evaluating each decision for each possible sample which
is computationally expensive. Hence, in general, the following two approximations are
used.



e Consensus: Instead of optimizing each sample for each decision, consensus opti-
mizes each sample once. Only decisions which are optimal for a sample receive pos-
itive score, other decisions are given zero score. The decision having highest score
is executed at time ¢t.

o Regrets: Regrets algorithm assumes the availability of an application specific regret
function which gives fast approximation on the regret value of any decision. Now
similar to consensus, regrets algorithm optimizes each sample once but unlike con-
sensus, it assigns score to all decision using the application specific regret function.

Online Anticipatory algorithms have been used in the applications like online ve-
hicle routing, packet scheduling, reservation systems but these applications typically
have a small set of feasible decisions at each stage (50-100 requests) [41} 144} 40].

Unfortunately, in our case, the number of feasible decisions are in millions (tens
of thousands of servers and hundreds/thousands of requests). Furthermore, if we are
to optimize for each sample separately (using the optimization problem presented in
Section [3)), we can only handle very few samples within the online time constraints.
Thus, the key differentiating factor of this paper is in providing approaches (relaxation
and Benders Decomposition on top of the linear optimization) that improve scalability
considerably to handle millions of decisions. Though Benders Decomposition is typ-
ically used to solve the large scale stochastic optimization problems [45] 46| 47], the
novelty is to use this for our updated formulation to obtain competitive results.

3. Offline Spatio-Temporal Matching (OSTM)

We first provide an intuitive description of the OSTM problem. We assume that the
time is divided into discrete blocks of duration A minutes. Given a set of customer
requests available at each decision epoch and the initial location of servers (e.g., taxis),
the goal of the OSTM is to find a matching between servers and customer requests
such that the objective function (e.g., revenue, number of requests) of the matching
is optimized. The key constraint is that the requests should be assigned to a server at
the decision epoch at which they become available and the server should start serv-
ing the request on assignment. On serving a customer request the server moves to the
destination location of the customer request. Therefore, the location and availability of
servers at each decision epoch depends on the matching performed at previous decision
epochs. Formally, an OSTM problem is described using the following tuple:

<Z,D,/\/,C,T, f,g,M>

e Z is the set of all zones. A zone groups all nearby locations into one abstract entity.
For instance, in the context of taxis El, we represent each zone as an area where the
distance between any two points in that area is 0.5 KM.

e Dt represents the demand or the set of customer requests for servers at decision
epoch t. Each element j € D' is characterized by a tuple (o}, d;, Rt) where o;, d; €

4We include more details on zone creation in Section



Z denote the origin and destination zone of the requests and R; denotes the number
of requests having origin at zone o; and destination at zone d; at decision epoch ¢. In
the context of taxis, this would correspond to the set of customer requests that travel
between certain starting and ending zones.

e JV; indicates the initial number of servers in zone i € Z.

e (C represents the objective (e.g., revenue, number of requests served, negative of wait-

ing time), with Cfﬁoj’ d denoting the objective value obtained by matching a server
in zone 7 to a single customer request with origin and destination zones given by
(05, d;) at decision epoch ¢.

e T(z,7,t) gives the time taken by a server to move from zone z to 2’ at decision
epoch t.

e f(z,t) gives the list of zones for servers that can be assigned to a request originating
in zone z at decision epoch ¢t. Depending on the quality of service (QoS) constraints
in the domain, these can be appropriately defined. We can define f as a function re-
turning the set of zones, which can be reached from z within a duration 7 at decision
epoch ¢, i.e., 2/ € f(z,t) if and only if T'(', z,t) < 7. This ensures that waiting
time for any request is less than 7. Such QoS constraints can be employed to derive
f as well as g, that is described next.

e ¢(z,t) provides the list of originating zones for requests that can be assigned to a
server in zone z at decision epoch ¢, i.e., 2’ € g(z,t) = z € f(Z/,1).
e M is the total number of decision epochs.

Our goal is to identify the assignment of requests to servers so as to maximize the
sum of objective value over M decision epochs. This is subject to considering valid
matching and the number of requests at each decision epoch.

3.1. Optimization Formulation for OSTM Problems

We provide the integer linear optimization formulation for OSTM problems in Ta-
ble (1} Intuitively, the goal of the formulation is to set values for the assignment (of
servers to demand) variables while ensuring the flow of servers between zones and the
corresponding assignment to demand are valid. Depending on whether the Markovian
property for resource allocation is satisfied, the complexity of this formulation can ei-
ther be polynomial time or NP-Hard. We provide a detailed discussion on this aspect in
Section and an example to describe symbols of the formulation in Section

The complexity of the formulation is determined by the assumptions on the under-

lying binary constants 6?’.'5/ 1 <t <t < M (refer to Section ) and hence these

j
binary constants are defined first. 6f ]’-t indicates whether zone ¢ server assigned to a
single request belonging to the element j of D! at decision epoch ¢ completes its trip
exactly at decision epoch t’. The formal definition is as follows:

ey

o _ Uit | Tt Ot g g,
t 0 otherwise

The integer variable x}; denotes the number of zone 7 servers assigned to the el-
ement j € D! at decision epoch t. The number of servers available in any zone, at
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Table 1: OSTM formulation

any decision epoch depends on assignments at previous decision epochs. Constraints
(@) and () ensure that at any decision epoch ¢, the number of servers assigned from
a zone is less than the number of available servers in the zone at decision epoch t.
Constraint (@) ensures that for each element in D!, the number of requests assigned
to servers is less than the number of available requests between origin and destination
zone pairs corresponding to element j of D?.

. . t,t’
3.1.1. Discussion on 6,

We can observe in equation (T) that the values of binary constants Jff depends on

the total time taken by a zone i server to reach destination zone of element j of D?.
Therefore, as shown in the Figure[I] we have two cases

Server Availability timestep = ¢,

Server Availability timestep = ¢, |

Server Availability timestep = t,-» |

| Server Availability timestep = t,3 |

Figure 1: Cases for server assignment

e The time at which server becomes available again after serving a request is indepen-
dent of the assigned server.
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e The time at which server becomes available again after serving a request is depen-
dent of the assigned server. For example, suppose server A assigned to a request r at
t = 1 becomes available again for assignment at t=4. Now if request 7 is served by
another server B at t=1, then it is possible that B will still be serving the request r at
t=4 and becomes available again at { = 6. One of the cases where this is possible is
when the time taken by different servers to reach pickup location of request is dif-
ferent. In the above example A reaches pickup location of r at ¢ = 2 and B reaches
pickup location of r at ¢t = 4.

Case 1 is similar to the Markov property defined in the context of resource alloca-
tion problenﬂ and makes the problem polynomial time solvable as the formulation is
equivalent to a minimum cost network flow problem. Formally stating the above dis-
cussion, for the special case when 6ff/ = 5;;;‘-/, V5, t,t, 1,1 (ie., a request completion
decision epoch is same irrespective of the server assigned to it), we show the reduction
of the OSTM to a min cost flow problem with integer capacities (Proposition|[I). As the
min cost flow problem is polynomial time solvable, the OSTM is also polynomial time
solvable for this special case.

Proposition 1. IfV j,i,4',t,t' (5;’-’5/ = 52,’;/, then the OSTM is reducible to a min cost
Sflow problem.

Proof: See [ |

For case 2 (i.e., for at least one setting of j, 4,4, ¢, ¢ if (52’51 #* 6f;j/), we show that the
OSTM is NP-hard by reducing the well known 3-SAT problem to it (Proposition [2).

Proposition 2. If3j,i,i',t,t' s.t. 85" # 64", then the OSTM is NP-hard.

Z/j ’
Proof: See |

Relaxation of Optimization Formulation As shown in Proposition [I] if special con-
dition on ¢ values holds, the problem is reducible to min cost flow. Therefore, we will
get the integer optimal solution even if we relax the integrality constraints in the integer
program for the OSTM.

For the general case, we do not have any theoretical guarantees on the linear re-
laxation of the integer program. But in our experiments, we observed that the linear
relaxation of the OSTM integer program is tight and the difference between the opti-
mal value of the integer program and the relaxed linear program is always less than
1%. Therefore, the objective value obtained on solving the relaxation of the OSTM,
provides a tight upper bound on the value of the optimal solution. In addition, a major

Splease refer to chapter 13 of the book by Powell [13], which states that attributes of a transition resulting
from a decision acting on a resource with attribute r is independent of r (i.e., the transition is memoryless). In
the context of resource allocation problem, it is mentioned that when system satisfies the Markov property,
then a network formulation is obtained otherwise the formulation is not integral but there is no theoretical
proof provided. We also obtain a similar result and provide theoretical proofs for both cases. In [[13] authors
suggest to use aggregation over attributes to restore the Markov property (i.e., network structure) but as we
show in our experimental results, this does not give good results in our case.
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part of the solution has integer values. A simple heuristic of taking the integer part of
the solution satisfying all constraints provides a solution which is nearly 95% of the
optimal integer solution. In Section[d} we also provide a heuristic to extract an integral
solution from the LP relaxation solution.

3.1.2. Example
In this section, we show an example that explains the different parameters and
elements of OSTM model.

Example 1. We consider a 3 zone problem and show request assignment over 3 deci-
sion epochs (i.e., M = 3) in Figure[2] The following table provides a mapping between
Jformal notation and the visual depiction of the OSTM problem.

Shape Meaning Notation In the Shape

Circle Zone ) Zone number

Black Hexagon

Initial servers

Ni

Number of servers associated with the zone
next to the hexagon at the decision epoch 1

Black Diamond

Request

J

Request index for the rectangle below
the diamond

Black Rectangle

Demand

< O]',dj,R;' >

<source zone, destination zone, # of
requests from source to destination >

Black Line

Assignment

T

Line between zone i and demand j
at decision epoch t indicates the possible
assignment of zone i server to the demand j.

Green Numbers

Revenue

3
1,05,d;

Revenue obtained on performing
the assignment indicated by the line
below the number.

Black Dashed Line

Binary Constants

t,t
0.

ij

Dashed line from the line between zone i
and demand j at decision epoch t to the
destination zone d; at the decision epoch t'
indicates that 62]’7"/ = 1. Absence of the

dashed line indicates 6fj’-t/ =0.

For ease of explanation, we assume that the travel times between zones are same

at all decision epochs, so we drop index t from the definition of T, f and g. Travel time
between each pair of zone is mentioned at the bottom of the Figure [2| This represents
the set T. The value of T and A is taken as 5 (min). As mentioned in the model, the
sets f and g are populated based on the travel time and T values. Therefore, f(2) will
contain all zones which are reachable from 1 in less than 5 minutes, f(2) = 1,2,3.
Similarly g(2) contains all zones from which it takes less than 5 minutes to reach zone
2, therefore, g(2) = 1,2. All other values are populated in the same way.

The server availability at decision epochs 2 and 3 will depend on the assignments at
the decision epoch 1. The server, if assigned, will be available in the destination zone
of the requests at the decision epoch where the dashed line from the corresponding
assignment line ends. Unassigned servers will be available in the same zone at next
decision epoch.

We can also observe from this example, the importance of considering multi-stage
matching. For this, we compare the revenue earned by two kinds of decisions
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1. Single-stage decision, i.e., decisions which do not consider future requests:
In this case, at decision epoch 1 zone 1 server will be assigned to the demand
element 2 and zone 2 server will be assigned to the demand element 1, i.e., 1o =
1,23, = 1 and rest all variables as 0. This will give a total revenue of 20+14. As
none of the servers will be available at decision epoch 2, no other requests can
be served.

2. Multi-stage decision, i.e., decisions which consider future requests: In this
case, at decision epoch 1, zone 1 server will be assigned to the demand ele-
ment 1 and zone 2 server will not serve any request, i.e., x1; = 1 and rest all
variables for decision epoch I are set to 0. At decision epoch 2 both servers will
be available in the zone 2 and can serve both requests, i.e., v3, = 1 and 135 = 1.
This will give a total revenue of 15+15+10 = 40.

Decision epoch 1 Decision epoch2 ==~ Decision epoch 3

Travel Time: 1-1 = Omin, 1-2 = 3min, 1-3 = 7 min, 2-1 =4 min, 2-2 = 0min, 2 —3 =4min, 3-1 = 8 min, 3-2 = 6 min, 3-3 = Omin
T=5A=5,
(1) = {1,2},f(2) ={1,2,3}, f(3) ={3} (1) ={1,2}, g(2) = {1,2}, 8(3) = {2,3}

Figure 2: OSTM Example

We have presented the model for the case where the exact demand information is
available for all decision epochs. In the next section, we extend this model to consider
uncertain customer demand which is revealed in an online fashion.

4. Online Spatio-Temporal Matching (OLSTM)

In the OnLine Spatio Temporal Matching (OLSTM) problem, requests for all the
decision epoch are not known in advance, but instead requests for each decision epoch
are only revealed at that decision epoch. The goal is to make matching decisions at
each decision epoch so as to optimize the overall objective. Considering potential future
scenarios can help in making better matching decisions [10,15}32]. Therefore, we use
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multiple potential scenarios of demand requests at future decision epochs. One way of
obtaining the potential scenarios is to consider the scenarios observed in the past data.

4.1. Problem
An OLSTM problem is described using the following tuple:

<Z,D,/\/,C7§D,£S,f7g,T>

We only define, the new elements (i.e., the scenario related information) beyond
those defined for the OSTM problenﬂ

o &P s the set of customer request samples for the future decision epoch, where §tD *,
t > 1, represents the set of customer requests at ¢ — 1 decision epochs in the future

in sample k. Each element j € ftD % is characterized by a tuple <Oj, dj, R§k> where

0j,d; € Z denote the origin and destination zone of requests and R;fk denotes the
number of requests having origin at zone o; and destination at zone d; at decision
epoch ¢ for sample k.

o ¢91 s the set of servers that are not available at the current decision epoch but will
become available at decision epoch t where {f & represents the number of servers
that will become available in zone ;.

Similar to the binary constants ¢ defined in OSTM model, we will have binary
constants 6f»f ’k(t > 1), which are set to 1 if zone 7 server assigned to a single request

belonging to the element j of £ " at decision epoch t completes its trip exactly at
decision epoch ¢’.

For ease of explanation, we first describe the formulation for a two-stage model,
where we only consider requests at the next decision epoch in making matching deci-
sions at the current decision epoch.

Our goal is to identify the assignment of requests to the servers so as to maximize
the sum of objective values for the current decision epoch and the expected objective
value for the next decision epoch. An integer linear optimization formulation is pro-
vided in the Table [2] for computing the best match at the current decision epoch while
considering multiple samples of potential requests in the next decision epoch. We refer
to this as TSS(). Integer variables x}j denote the number of zone 7 servers assigned to

element j € D*. Similarly, integer variables x?jk denote the number of zone 7 servers
assigned to the element j € £2D "

While the first component of the objective value corresponds to the current decision
epoch, the second component computes the expected value associated with the future
requests (provided in £7). Constraints and ensure that at any decision epoch,
the number of assigned servers from the zone 7 is less than the number of available

%For ease of notation, in the formulation, we use decision epoch 1 to denote the current decision epoch.
Therefore, decision epoch t corresponds to the current decision epoch + (¢ - 1).

"This could be due to assignments made at previous decision epochs where servers are assigned to re-
quests which take multiple decision epochs to complete.
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TSS(Z,D,N,C,&P €5, f,9,T,0):

max Z Z cil,ojv,dj * I}j + ﬁ Z Z Z C?,Oj,dj * mfjk )

i€Z  jepl, K<|ED|I€EZ jc Dok,
0j€g(i,1) 0j€9(i,2)
s.t. Z 171] <N;::VieZ (8)
jeplt
0j€g(i,1)
x}; <R} ::VjeD ©)
iEf(OJ‘,])
SN =S a4+ > 57};_7? xwy; Vi€ Z,k < €] 10)
jeelk, jepl! jeDl,dj=it' €f(04,1)
05 €9(i,2)
S e <R¥F vk <P et an
i€f(0j,2)
:vij integer ::: Vi € Z,j € p! (12)
wfjk integer ::: Vi € Z,Vk < |£D|7j e £2D'k (13)

Table 2: TSS optimization formulation

servers. In Constraint (T0) the number of servers available at decision epoch “2” in zone
1 is calculated by considering the remaining servers in zone ¢ after doing assignments
for decision epoch “1”. Constraints () and ensure that at any decision epoch,
between any zone pair, the number of requests assigned to servers is less than the
number of available requests between the origin and destination zone pair. For a single
sample, the above integer program is equivalent to an OSTM integer program with
M=2. Therefore, as shown in Proposition El, if 61.1,32 = 61-1;2 Vi,14’, j, the relaxation of
TSS, for a single sample, will have an integer optimal solution.

For a general case with multiple samples, we show in Proposition [3| that TSS is NP-
hard.

Proposition 3. Solving TSS for more than one sample is an NP-hard problem irre-
spective of 6 values.

Proof: See[Appendix D.3| B

Relaxation of the TSS Optimization Formulation

For a general case with multiple samples, the linear relaxation of the TSS integer
program can yield fractional solutions. But in our experiments on synthetic domains
and two real world datasets, we observe that the linear relaxation of TSS is tight and
the difference between the optimal value of the integer program and the relaxed linear
program is always less than 1%. We also observe that most of the time, the solution is
integral and even if the solution is not integral, major part of the solution has integer
values. Therefore, our approach is to solve the relaxed version of the problem and in
case the solution is not integral, we round it to an integer solution as described below.
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While converting a fractional solution to an integer, only the parts of the solution
that are fractional are modified. From the fractional part, variables x}j are rounded in
such a way that the number of servers assigned from each zone at the first decision
epoch remain close to the fractional optimal solution. This ensures that the servers
which were left unassigned by the TSS, remain unassigned and the assignments at
the second stage are least affected. We denote F; as [}, DY ; [zj;]1. ie., the
sum of fractional assigned servers from zone ¢ rounded up to the nearest integer. We
denote G as [, j; — >_;|xi; |1, i.e., the number of fractionally assigned requests
rounded up to the nearest integer. We further divide the set G; into two parts with the
set G'1; containing requests which complete on or before decision epoch 2 and the set
Go; containing remaining requests. We greedily assign the servers available in Fj, Vi
to the requests available in the set G;,V j in two rounds. In the first round, we only
consider the requests in the set Gy, i.e., we give priority to the requests which can be
completed by decision epoch 2. If after first round 3¢, F; > 0, we greedily assign them
to the requests in Ga;.

4.1.1. Example
In this section, we show an example that explains the different parameters and
elements of the OLSTM model.

Sample 1

Decision epoch 3

. Decisjonepéchl

Travel Time: 1-1 = Omin, 1-2 = 3min, 1-3 = 7 min, 2-1 = 4 min, 2-2 = Omin, 2 —3 = 4min, 3-1 = 8 min, 3-2 = 6 min, 3-3 = Omin
T=5A=5,
f(1) = {1,2}, f(2) ={1,2,3}, f(3) =(3} (1) ={1,2}, 8(2) = {1,2}, 8(3) = {2,3}

Figure 3: OLSTM Example
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Example 2. Similar to OSTM, we consider a 3 zone problem as shown in the Figure|[3]
The following table provides a mapping between the formal notation and the visual
depiction of the OLSTM problem. We only define the new elements as compared to the
OSTM example.

Shape Meaning Notation In the Shape

Colored Hexagon Servers & i Servers which become available in the zone next

will be same for all the samples.

to the colored hexagon at decision epoch t due to the
completion of previously assigned requests. The value

Colored Rectangle Sampled Demand < 0j,dj, R;k > <source zone, destination zone, # of
requests from the source to the destination in the sample >
Colored Diamond Sampled Request J Request index for the colored rectangle below
the colored diamond
Colored Line Assignment in xijk Line between zone i and demand element j
samples in sample k at decision epoch t indicates possible
assignment of the zone i server to the demand element j in
sample k.
Colored Dashed Line | Binary Constants 6f;t, ik Colored Dashed line from the line between zone i
for sample and the demand element j in the sample k at decision epoch

t to the destination zone d;j at decision epoch t'
!
indicates that S:Jt ® = 1. Absence of the

L t,t!
dashed line indicates 6 ; =0.

For decision epoch 1, the assignment decisions are independent of samples, but server
which will become available after serving the request, will be available for all samples.
Therefore, in the graphical representation, we represent it by creating copies of first
stage § constants for each sample and represent them with colored dash lines even for
first decision epoch. All these copies will have identical values. In the formulation, this

is shown by having (51»1jft/ and x}j in constraint (10).

The value of T and A is taken as 5. Travel time T and sets f and g are populated as
explained in the OSTM example.

We can also observe from this example, that the optimal decision for individual
samples will not remain optimal when all the samples are considered together. We

show the decisions and revenue computation in following three cases:

1. Only sample 1 is considered: If only sample 1 is considered, it will be beneficial
to move both servers to zone 2 at decision epoch 2. Therefore, the optimal deci-
sion will be, 1, = 1,28, = l,xg’ll = 1,3:3’21 = 1 and rest all variables as 0.
This will give a total revenue of 15+14+15+14=58.

2. Only sample 2 is considered: Similar to above case, if only sample 2 is consid-
ered, the optimal decision will be v, = 1,13, = 1,:17?’11 = 1,3:?’11 = 1 and rest
all variables as 0. This will give a total revenue of 15+14+15+14=58.

3. Both samples are considered: On the other hand if both samples are considered,
the optimal decision will be v}, = 1,23, = 1, xfjl = 1,:1:%’-1 = 1 and rest all
variables as 0. This will give a total revenue of 14+ 14+ w =55.

In this case, individual sample’s optimal decision will give a revenue of 15+ 14+
((15+14)+(7+12)) _ 53
— :
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4.2. Benders Decomposition

Given the scale of the problems of interest in this paper (i.e., thousands of taxis
serving thousands of customers spread across hundreds of zones), we reduce the com-
plexity associated with increasing the number of samples by exploiting the following
observation:

Observation 1. In TSS, once the assignment at the first decision epoch, {lej} is given,
the optimization models for computing the assignment at the second decision epoch,
{xfjk} for each of the samples k, are independent of each other.

We exploit Observation [T| by using the Benders Decomposition [48] method, a master
slave decomposition technique where the Master Problem is responsible for obtaining
the solutions for the “difficult” variables; and the Slave problem(s) is (are) responsible
for finding the solutions to other variables, given a fixed assignment of values to “dif-
ficult” variables (from the master). The Slave problem(s) also generate Benders cuts,
which are added to the master problem and the master problem is solved with these
cuts to obtain an improved solution. This process continues until no more cuts can be
added to the master problem.

Based on Observation {xllj} are the difficult variables as they impact the values
assigned to all the other variables. Therefore, the master is responsible for obtaining
the assignments for the {xllj} variables and the slave(s) are responsible for obtaining
the assignments to the {:v?]k} For the master (Table , in the optimization provided in
TSS, we replace the part of the objective dealing with future variables, {xfjk} by the
recourse function Q({x%j}iez’(je'plyojeg(iyl))7 k) which becomes the objective func-
tion in the slave problems. The recourse function Q() needs to be computed for each

Master:

1
1 1 1
max D > Ciopa; it my 2 QUmidiez gentoeouy ) (9
€2 jep!, k<€D
0j€g(i,1)
s.t. Soal, SNimVieZ (15)
jepl,
0j€g(i,1)
1 1 . 1
Z z;; S R;::VjeD (16)
i€f(0j,1)

Table 3: Master Formulation

value of xllj In the slaves (Table , we consider the fixed values of J;}j and to avoid
confusion, we refer to them using the capital letter notation, X }j
The duaﬂ of the primal slave problems are provided in Table where a variables

8The idea of taking a dual of a linear program is an important concept in linear programming. The linear
program is typically called the ’primal‘ linear program. For each linear program, there is an associated
linear program called its ’dual’. The dual of a linear program is obtained by creating one variable for each
constraint of the primal, and having one constraint for each variable of the primal. The maximization problem
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Slave Q({Xilj}iez,jG’Dla k) :

Jk
maxd D Cloa; % (7

TE€E jeeDok,
0j€9(i,2)
2,k - 1 S,2 1,2 1
szk it <N Zl X} + & +Zl / Do SuixXy;mVieZ (18
jeeD:k, jeD!, jepl, €f(oj,1)
ojeg(m) 0j€g(i,1) dj=i
ST el <RV vt (19)
i€f(05,2)

Table 4: Slave Formulation

are the dual variables corresponding to the constraints (I8) and 3 variables are the dual
variables corresponding to the constraints (19).

The weak duality theorem [49] states that the solution to a maximization primal
problem is always less than or equal to the solution of the corresponding dual problem.
Therefore, using the concept of weak duality we can say that by taking the dual of
the slave problems, we can find an upper bound on the value of the recourse function
(Q())(objective of primal slave problem), in terms of the master problem variables x}]
These can then be added as optimality cuts to the master problem [47]] for generating
better first stage assignment Let 6% be the approximation of Q() function then the

Dual Slave ({ X }icz jept, k) ¢

min Y af s Wi— S xL+ed?eY Sl xp+ Y By xR

i€z jepl, jepl, i'€f(oj1) jeeg "
0j€a(i1) dj=i
(20)
st of + 55 - C?,Oj,dj >0mvVieZ,jeg” @D
ozf >0::Vie Z 22
ﬁf 20:::Vj€§2D’k @)

Table 5: Dual Slave Formulation

is changed to minimization and the roles of the coefficients of the objective function and of the right-hand
sides of the inequalities are switched. In addition, transpose of the matrix of coefficients of the left-hand side
of the inequalities is taken.

That is to say for a primal problem,

maxCTz st. Az =B
x

we have the associated dual given by

max BTy st. ATy>C
x

9 As the slave problems are always feasible for any value of the master variables we only need to add
optimality cuts to the master problem.

19



master problem with optimality cuts is provided in the Table[6] It should be noted that

Master Formulation with Optimality Cuts:
1 1 1 k
max Z Z Ci)oj’dj *x;; + ﬁ Z 4 24)
€2 jepl, > T k<eD)
0j€g(i,1)
k k 1 S,2 1,2 1 k 2,k
TAVED RTINS SERRE CES SENED SRR R DR SR
€2 jeD2, jepl, i'€f(o;,1) oDk
o;eg(i,l) ]dj=i 7 783
(25)
S oa <NimViez (26)
jept,
0j€9(i,1)
zl < RY: Vj € p! (27
13 — J
i€ f(oj,1)

Table 6: Master Formulation with Optimality Cuts

we are using xgj variables in the “master with optimality cuts” and not the fixed values,
X }] In each iteration we solve the master problem and the computed x}j variable
values are passed to the dual slave problems. After solving the dual slave problems,
optimality cuts are generated. If the current values of 6% (Vk) satisfy the optimality
cut conditions then we have obtained an optimal solution, else cuts are added to the
master problem and the master problem is solved again. As we can see in the “Dual
Slave” linear programs, the slave problems are independent of each other and are only
connected by the choice of the master variables (“difficult” variables). Therefore, once
the master variables are fixed, the slave problems can be solved in a parallel fashion.

4.3. Complexity Analysis

The complexity of a linear program depends on the number of variables and con-
straints in the formulation. The maximum number of variables in the TSS formulation
are | Z|.|DY + 3, |Z|.]¢2°%|. This maximum value will be obtained when any request
can be served using server from any zone. But in practice depending on the value of 7,
f and g function will restrict the number of variables. For 7 = 0, request can only be
served using the server present at its origin zone, therefore, the number of variables are
are [DY|+ >, \55 *|. As the value of 7 increases, the number of variables increases.
The number of constraints are | Z| + |D'| + |¢P.| 2] + 3, 2

Therefore, on increasing the number of zones and the number of samples, both
variables and constraints increase. The size of D! and §2D * increases with the value of
A. This is because A is the duration between 2 decision epochs, so when A is small, the
number of requests between two decision epochs will be less. Therefore, on increasing
the value of A, the number of variables and constraints both increase.

In addition to 7, the travel time between zones (1) also affect the number of vari-
ables. For a constant 7, if travel time between zones increases, there will be less zones
from where servers can be used to serve any requests. Hence the number of variables
decrease on increasing travel time keeping the value 7 constant.
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4.4. Competitive Ratio

Competitive analysis is typically employed for evaluating the quality of online al-
gorithms. The metric used is called as the competitive ratio [L6] and it compares a
solution produced by an online algorithm with the best possible solution. Specifically,
the competitive ratio of an online algorithm is defined as the worst-case ratio between
the objective of the solution found by the algorithm and the objective of an optimal so-
lution, which assumes all uncertain information is known beforehand. For deterministic
input model and maximization problems, an online algorithm is called c—competitive
if for any instance of the problem

ALG(I)

oOPT(I) >c: VI (28)
where ALG(I) is the value of any given online algorithm and O PT'(I) is the value of
the offline optimal algorithm for instance 1. Equivalently, this can be written as

(29)

In stochastic environments, we calculate empirical competitive ratio, cE that is
defined as

CM_ D

5 ALG(I)
g

(30)

For stochastic input models where multiple distributions of uncertainty are pro-
vided, we can also calculate expected competitive ratio (Please refer Section 2.2.1 in
[L8]). It is computed in expectation over the randomness in the input:

3D

where D is the distribution over instances I from which input is drawn and expected
competitive ratio is the expectation over the ratio achieved by the algorithm and the
optimum for that distribution.

Proposition 4. In OLSTM without sample information and adversarial behavior from
environmenm when maximizing the number of requests satisfied for a fixed number of
servers N, the competitive ratio, c for any deterministic b-stage algorithm (i.e., with
information available up to the b*" decision epoch) in a M-decision epoch (M > b)

problem is
1

< -
M _bt1
Proof: See|Appendix D.4, B

19Environment generates demand that creates worst case performance for algorithms decisions
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Proposition 5. In OLSTM with sample information and stochastic behaviour from en-
vironment according to the samples, when maximizing the number of requests satisfied,
the expected competitive ratio, c,, of the TSS algorithm is

3 3

<
ST 1) T dxM

where M is the number of decision epochs (M > 3).

Proof: See[Appendix D.5| B

The expected competitive ratio value is typically overly pessimistic as it measures
the worst case. However, the algorithms can have good average case performance, cﬁ)
as demonstrated in our experimental results. We will compute this for our formulations
and other one-stage approaches, by comparing the solution values obtained with the M-
stage optimal offline solution. We solve the OSTM integer program defined in Section

B]to compute the M-Stage optimal offline solution.

D ¢S .
MSS(27D7N7C15 75 >f7gaT767Q)°
1 1 1 Easy t t,k
max Z Z ci,oj,dj * T+ FD‘ Z Z Z Z Ci,oj,dj * T, (32)
i€EZ  jepl, k<|eD| t=2 i€Z jegtD,k7
0j€g(i,1) 0;j€g(i,t)
st. > @ SN mVieZ (33)
jep?!
0;€g(i,1)
a:llJ < le- Vg € Dt 34)
i€f(0;,1)
t—1 ,
t,k 1 t/ Kk S,t
PP S D DD DI e
jeel®, U._ig@D(:,l) v'=2 jeelk,
0j€g(i,t) A 0;€g(it")
£ 1,t" 1 = ¢ t! "k t' Kk
+ 8.0 kmy .+ 8,00 Tl
DUED DD DT 7 v )
t"'=2 jepl, i'€f(o;,1) t/=24"=t/+1 jeg Dok i'€f(of,t!)
d;j=1 djt:i
mVie 2,k < |8, vt >1 (35)
S ol <RI vk <[P G el v > (36)
iE,f(nj‘t)
wl}j integer ::: Vi € Z,j € pt (37)
wf;k integer ::: Vi € Z,Vk < |§D|7j€§?’k,vt> 1 (38)
Table 7: MSS

5. Relaxing the Assumptions

In our optimization models for the OSTM and OLSTM, we make a few assump-
tions. In this section, we describe the assumptions and provide the ways of relaxing

22



them:

1. The time is divided into discrete blocks (each with duration A) and we consider
only the next decision epoch in TSS. Such an approach is limiting as different re-
quests have different travel time. We relax this assumption by providing a multi-
stage model, which allows for smaller values of A and also considers multiple
discrete blocks at once. More details about the multi-stage model is provided in
the Section 3.1}

2. The server moves from one place to another if and only if it is assigned to a
request. It is fairly trivial to relax this assumption by introducing the notion of
dummy requests. We provide a detailed description in the Section[5.2]

3. Customers are impatient and if they are not assigned a server in one decision
epoch, they will not wait for the next decision epoch for a server to be assigned.
However, we can easily relax this assumption by representing a customer staying
across multiple decision epochs as a customer who leaves and arrives as a new
customer at the next decision epoch.

4. The server will start moving as soon as it is assigned to a request. The time taken
to compute the assignment is ignored. Therefore, a server assigned to a request
at decision epoch ¢ will start moving towards request at the time corresponding
to decision epoch t. This is a reasonable assumption, as we are able to obtain
solutions in less than a minute (as shown in our experiments).

5.1. Multi-Stage Model

In TSS, we only consider the future requests for the next decision epoch. Given
that different requests may have different travel time, we extend the TSS model to
consider the samples for multiple decision epochs to improve the performance for small
A values. The extended model is referred to as MSS.

The optimization model for MSS is shown in the Table[/] A parameter () is added
to the formulation which denotes the look-ahead timesteps, i.e., () denotes the number
of decision epochs for which future demand samples are considered. The number of
variables and constraints in the formulation increase with the value of (). Therefore,
the complexity of MSS formulation increases as the value of () increases.

The variable x%j denotes the number of zone 7 servers assigned to the j*" element
t

Z;’C, t > 1 denotes the number of

of D' at the current decision epoch. The variable z
zone ¢ servers assigned to element j of £tD -,
Constraints (33) and (35) ensure that at any decision epoch, the number of servers
assigned from zone 7 is less than the number of available servers. Constraints (34) and
(36) ensure that at any decision epoch, between any zone pair, the number of requests
assigned to servers is less than the number of available requests between the origin and
destination zone pair.

Given the similarity in the formulations, we can again employ Benders Decomposi-
tion to reduce the complexity with increasing the number of samples. Difficult variables
will still be the stage 1 variables, i.e., x}j and all other variables, xijk (t > 1) would be

the slave variables with a slave for each sample of customer requests.
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MSS(Z7D’N7C7€Da557fvgaTa 57 Q):

1 1 1 1
max E ( E Ci,oj,dj * T — E C’ost”/ *uij/)

i€EZ jEDl, jlez
0j€g(i,1)
L Q+1 N K
t t,k t t,
tiepp 2 22 (X Chopay el = 3 Costly e ulf) 69
K<|gD| =2 0€Z o Dok i’ez
0;€g(it)
1 1 .
st Doowit Yy ug SNimVieZ @0
jep?t i'ez
0j€g(i,1)
1 1 . 1
Z T < Rj ::Vj €D (4D
i€f(oj,1)
t—1 , ,
t.k tk 1 1 ok 'k st
Doow D un SNe =Y u = Y @ =y ( 2wty )+5i
jeelok, ez ez jept, Y=z ek, i'ez
0j€4(it) A oj€g(ist)
t " t—1 t ;o ,
1,t 1 t,t"k t'k
5 SIS SRR T RTINS D SIS SRS SR e
t""=2 jepl,K i€f(of,1) =2t =t/ 41 je Dok i€ f(og,t7)
dj=i dji:i

L ” =1 i ’or ’
1 1 ¢ ke
+ E E ST vl + E E E SR otk
VA2 Je gl gl

t''=2 j'ecz t/=2t""=t'+1 jlcz
mVie Z, k< el ve>1 (42)
S el <RYF vk <|eP) el v 43)
Lef(uJ t)
ac%j,,u%j/ integer ::: Vi € Z,j EDl,j, €z (44)
wfjk7uf;’f integer :: Vi€ Z,Vk < |¢P),j e ¢l ki ez vi>1 (45)

(46)

Table 8: MSS formulation with Dummy requests
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5.2. Dummy Requests

We can remove the assumption that servers will only move when they are assigned
to a request by introducing dummy requests. Dummy requests have zero revenue and
have a destination in a given zone. We introduce ullj, as an integer variable denoting
the number of zone 7 servers assigned to move to zone ;' at the current decision epoch,
i.e., the number of zone ¢ servers assigned to dummy requests with destination in zone
j' at the current decision epoch. Similarly, ufjlf denote the number of zone ¢ servers
assigned to move to zone ;' in sample k at decision epoch ¢, > 1. We modify the
MSS formulation to include these variables. There will be a cost associated with the
movement of server to serve dummy requests which is included in the objective func-
tion. The modified MSS formulation is shown in Table Costi ;+ denotes the cost
of moving a server from zone 4 to zone ;' at decision epoch ¢.

zones for any dataset.

Main Results

Section | Description Key Content

Datasets Details on the datasets and different data fields
used from the datasets.

Experimental Settings Details on the different inputs, parameters
and evaluation settings used.

M Zone Creation Describes the process of creating multiple
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Describes our key results and shows the comparison of
seven algorithms at different times on the three
metrics of revenue, number of requests and run-time.

algorithms for different parameter values.

Justification for values Justifies the parameters used
of parameter settings in Section|6.3|by comparing the performance of our

2
9

BD do not Improve Performance our algorithms do not provide good results.

Synthetic Scenarios where MSS and | Describes the specially created scenarios where

Table 9: Experiment section outline

6. Experiments

In this section, we will compare the performance of seven approaches Multi-Stage
Stochastic optimization (MSSE-] and Benders Decomposition (BD), Greedy (GD) al-
gorithm, Randomized Greedy Algorithm (RGD), One-Stage optimization (OS), Ap-
proximate Dynamic Programming formulation (ADP) and Hybrid Multi-Stage Stochas-
tic optimization approach (HSS) used in [[10]. We employ MSS(A = z,Q = y) and
BD(A = z,(Q = y) to refer to our approaches when the time interval A is set to « and
the look ahead duration @ is set to y. We compare different approaches with respect
to (i) Revenue earned by taxis; (ii) Number of requests satisfied; and (iii) Run-time to
compute the assignment.

’
TWe abuse the notation a bit and also use 5;.’,2 as a binary constant which is 1 if server starting at decision
epoch t from zone j’ reaches zone i exactly at decision epoch ¢’
I2MSS is a generalization of TSS, so we only focus on MSS. TSS is equivalent to MSS for Q=1
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Table Q] provides the outline for this section. We will show two main results that demon-
strate the significant utility of our approaches:

e MSS and BD consistently outperform myopic (GD, RGD and OS) and multi-stage
approaches (ADP and HSS). While the improvement varies, on an average (across
data sets and other settings) there was a 20% improvement over GD, RGD and OS
and 9% improvement over HSS and ADP.

e BD provides the best trade off between run-time and solution quality. It can solve
the problems in quickly while achieving roughly the same solution quality as MSS.

6.1. Datasets

We conducted our experiments by taking the demand distribution from three real
world datasets of major taxi companies. The first dataset is the publicly available New
York Yellow Taxi Dataset [S0]], henceforth referred to as NYDataset. The names of the
other two real world datasets can not be revealed due to confidentiality agreements.
They are referred to as Dataset] and Dataset2. These datasets contain the data of past
customer requests for taxis at different times of the day and for different days of the
week. From these datasets, we take the following fields:

e Pickup and Drop off Location (Latitude and Longitude coordinates): These locations
are mapped to the zones as mentioned in the Section[6.1.1]

e Pickup Time: This time is converted to the appropriate timestep based on the value of
A. The pickup time hh : mm is mapped to the timestep/decision epoch [ 2/:x60+mm]
For example, for A = 5, 08:04 AM is mapped to the timestep {8*657(”4} =97, 1ie.,
all the requests between time 08:00 AM and 08:05 AM are mapped to the the time
08:05 AM.

The distance of a trip and the revenue earned from a trip are computed using the under-

lying model typically employed by the taxi companies (an initial base fare + a quantum

that accrues with the distance travelled/time taken). We describe it in the Section[6.2}

Since our approaches perform well on these three real world data sets, we also provide

the specially created scenarios where our approaches may not work as well. The details

of these specially created synthetic scenarios are described in the Section [6.5]

In the next subsection, we describe the zone creation process using the publicly
available NYDataset. The zone creation process is important because we perform match-
ing at the level of zones. The zone level matching ensures scalablility while providing
a good approximation.

6.1.1. Zone Creation
We employ past data of pickups and drop-offs to divide a city into zones. Using
past data helps in providing the right tradeoff between having few zones and the error
introduced due to consideration of zones. There are four key steps to the zone creation
process for all three data sets:
e We divide the entire city area into small grids (0.5 KM x 0.5 KM).
e We consider the minimum number of grids that make up most of the pickups and
drop-offs (> 90%). These are the first set of zones. This will ensure that the error is
negligible for most of the requests.
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Figure 4: Zone Creation

e We then add a minimum number of zones, so that 9% of the remaining pickups and
drop-offs are within 1 KM x 1 KM of a zone.

o We add a minimum number of zones, so that the remaining 1 % of the pickups and
drop-offs are within 2 KM x 2 KM of zone.

Figure [] provides the spatial configuration of zones in case of New York city. All
the red grids represent zones. Green grids represent the areas that are within 1 KM x
1 KM of a zone and account for 9% of the pickups/drop-offs. Blue grids represent the
areas that are within 2 KM x 2 KM of a zone and account for 1% of past pickups/drop-
offs. We used the trip data for 6 months from Jan 2016-June 2016 (total 136830072
pickups/drop-offs) to create these zones. To assign zone to any new location, we check
the distance of the location from the centers of these created zones and assign the zone
with minimum distance. The percentage values can be changed depending on the need
and dataset, while ensuring that for majority of locations error remains negligible.

6.2. Experimental Settings

There are three different categories of settings that have an impact on the performance
of algorithms:

1. Inputs provided to all algorithms: These include:

e 7: It represents the maximum time within which the taxi should reach the pickup
point. We take the value of 7 as 5 minutes, i.e., at any decision epoch a taxi can be
assigned to a request if and only if the time taken by the taxi to reach the request
origin zone is less than or equal to 5 minutes.
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2.

Revenue model: We employed the following model for experimental evaluation that
is a well accepted standard ([S1]). The model calculates revenue as follows:

Cf’oj’dj =B + R« dist(oj,d;) — P x (dist(i,05) + dist(oj,d;)) 2Vt
where dist(o;, d;) is the distance between the centers of zones o; and d;. For differ-
ent cities, the values of B, R and P are differen

Travel time between zones: For the experimental results, the time taken to travel
between Zone is also same irrespective of the time of day and is calculated as

_ dist(z,2)

Vtaxi

T(z,2,t) i VE

where v4,; 1S the speed of taxi which is taken as 40km per hour.

Number of taxis (/\/'il): The number of taxis used is dependent on the fleet size of the
taxi company. At the start of the experiment taxis in different zones are distributed
either uniformly if taxi locations are not observed (N'YDataset and Dataset 1) or as
observed in the data (Dataset2). Based on the assignment obtained by algorithms
at any decision epoch availability of taxis at the next decision epoch is updated.
In the results section, we vary the number of taxis to show the performance of all
algorithms for different number of taxis.

Number of zones (| Z|): We described the zone creation process in the Section
Using our zone creation process we obtained 483 zones for the 2 confidential datasets
and 436 zones for the NYDataset. For a different city and dataset, the number of
zones will be different.

Parameters of algorithms: The parameters required by our algorithms (MSS and

BD) are:

Decision epoch length (A): This parameter determines how often, the algorithm
should be executed and assignment decisions are made. We identify the right value
of A through experiments as described in results section.

Look ahead timesteps (Q)): The value of Q is taken such that A x (Q + 1) = 30
minutes, i.e., if A is 1, Q is taken as 29 and if A is 15, Q is taken as 1. We choose a
fix value of 30 minutes because more than 90% of the requests complete within 30
minutes with average travel time between 5-10 minutes. So 30 minutes provides a
good look ahead. But this value can be changed depending on the dataset.

Number of samples (¢7): While computing an assignment at decision epoch ¢, our
approaches (MSS and BD) and existing multi-stage approaches (HSS and ADP) re-
quire samples of customer requests at decision epochs t + 1,¢ 4+ 2,..,t + @ from
past data (at the same decision epoch on a weekday/weekend depending on whether
the decision epochs are on a weekday/weekend). We identify the right value for the

13For datasetl, dataset2, we use 3.8, 0.5 and 0.1 for B, R and P respectively. For NYDataset, we use 2.5,

2.5, 0.1 for B, R and P respectively.

14We can update it to more realistic values from data without impacting the overall results.
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number of samples through experiments as described in results section.
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Figure 5: Comparison of Revenue earned and Number Of Requests served using different algorithms at
each decision epoch. | Z| = 483, |¢P| = 10, Nil = 2000 (a) (b) Dataset1 (c) (d) Dataset2

3. Evaluation settings: For each algorithm, once the assignment is computed at each
decision epoch, we evaluate the assignment on the realized requests (which are sam-
ples from the past data that are not considered while computing the assignment). The
objective for all the algorithms is to maximize revenue. To provide the right trade-off
between run-time and solution quality, we considered 3 iterations in BD. The evalua-
tion settings include the following :

e Number of decision epochs (M): Typically transitions in the taxi demand happen
approximately every 3 hours (morning and evening peak hours, lunch), so we choose
the value of 2.5 hours, i.e., M = 2590 However, we did try other values for M
(lower and higher than 2.5 hrs) and the results were similar.

e Number of days and the time of evaluation: We performed experiments with requests
at various times of the day, 8:00 AM, 3:00 PM, 6:00 PM and on different days.
We evaluated the approaches by running them on 45 different days and taking the
average values over 45 days for Dataset] and Dataset2. For NYDataset, we evaluated
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Figure 6: Comparison of Revenue earned and Number Of Requests served using different algorithms at
each decision epoch. | Z| = 436, |¢P| = 10, N} = 2000 (a), (b) NYDataset

the approaches on 15 weekdays between 4th April 2016-22nd April 2016.

We conducted experiments with all the combinations of settings and inputs mentioned
in this section. To avoid repeating similar results over and over again, we provide the
representative results.

6.3. Main Results

In this section, we compare the revenue and the number of requests served by all
seven algorithms. We also compare the run-time of all the approaches by using different
number of taxis.

We conducted experiments by considering the demand distributions from all the

datasets. We choose the best configuration for parameters of all algorithms (justifica-
tion provided in the next section). All approaches are executed for A = 5. For our
approaches, we use 10 samples and the look ahead timesteps (Q) as 5. For HSS and
ADP as well, we use the number of samples as 10. For HSS similar to MSS, we use
the look ahead timesteps as 5. For ADP, we use the look ahead timesteps as 10. ADP
algorithm as described in the involves solving an optimization problem
for each sample and for each time step in the planning horizon. As opposed to other
multi-stage approaches, ADP algorithm considers one sample at a time, therefore, we
use a higher value of Q for ADP. But it is not possible to run ADP algorithm for more
than 10 time steps for sufficient number of samples in real time. Moreover, we checked
on few instances by using all the M (30) time steps as planning horizon and did not
see any significant improvement in the performance of ADP algorithm. Therefore, we
report the results for ADP algorithm with a fixed value of Q as 10.
We first compare the revenue obtained by all the algorithms at each time step for 2000
taxis starting from 8 AM. We have similar results while starting from 3:00 PM and 6:00
PM. Figure [5] and [f] shows the comparison of the total revenue obtained and the total
number of requests served by different algorithms at each decision epoch for all the
datasets. Here are the key observations:
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e For the first decision epoch, the value obtained by the myopic approaches is higher
than MSS and BD. This is because MSS and BD take sub-optimal decisions at the
current decision epoch to obtain high revenue over future decision epochs. After
initial decision epochs, MSS and BD starts outperforming other approaches.

e With respect to the revenue, on NYDataset, MSS and BD provided close to $37 im-
provement per taxi as compared to the myopic approaches and close to $22 improve-
ment per taxi as compared to ADP and HSS. For Dataset2, MSS and BD provided
nearly $41 improvement per taxi as compared to the myopic approaches and $26
improvement as compared to ADP and HSS. Similarly, on Dataset1, we get $8 im-
provement as compared to the myopic approaches and $4 improvement as compared
to ADP and HSS.

e With respect to the number of requests served, on NYDataset, MSS and BD serve
21381 additional requests as compared to the myopic approaches and they serve
9378 additional requests as compared to ADP and HSS. For Dataset2, MSS and BD
serve 24000 additional requests as compared to myopic approaches and it serves
additional 11000 requests as compared to ADP and HSS. Similarly, on Dataset1, we
serve 3000 additional requests as compared to the myopic approaches and 1400 ad-
ditional requests as compared to ADP and HSS. This is a significant result, because
in most cities at rush hours, the number of taxis is almost always lower than the
actual demand available.

e On NYDataset, ADP and HSS have identical results (requests served by HSS is
more but revenue is almost the same). On Dataset2, HSS slightly outperforms ADP
and on Dataset] ADP outperforms HSS. Datasetl has higher variance in requests as
compared to the other 2 datasets at 8AM. Therefore, for NYDataset and Dataset2,
ADP gets almost similar samples in each iteration but with Dataset1 it gets different
samples which could be the reason for better performance of ADP on Dataset].

The reason for MSS and BD providing better results as compared to HSS is that
HSS works with larger regions at future stages, so MSS and BD have better approx-
imation of future as compared to HSS. One of the reasons for ADP not performing
as well as MSS is that the decision epoch at which the request completes depends on
the assigned server (as described in the Section [3)) which breaks the markov property.
In addition, as described in[Appendix C} possible assignment of the taxis from nearby
regions makes the value function non separable across zones, but ADP approxima-
tion assumes this separation. Due to these reasons, the value function approximation
updated using the dual variables of a relaxed linear program is not accurate.

The value function approximation used for ADP is linear. With piece-wise linear
value function approximation, the time taken to run each optimization increases, so it
is not possible to perform significant number of iterations using piece-wise linear value
function approximation. The results obtained using the piece-wise linear value function
approximation with smaller number of taxis are similar to the linear value function ap-
proximation. Therefore, we use linear value function approximation for reporting the
results.

Peak and Non-Peak Time: To evaluate the sensitivity of performance of algorithms
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with respect to the time of the day, we now compare the competitive ratio of algo-
rithms in the morning (8:00AM), evening (06:00PM) and afternoon (03:00PM) for all
datasets. For NYDataset, as shown in the next section, the distribution of requests re-
mains almost same throughout the day and the number of requests were low only at the
night time. Therefore, for NYDataset, we also compare the competitive ratio at 12AM.

Revenue Comparison Revenue Comparison

Empirical Competitive Ratio

Empirical Competitive Ratio
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Time Time

(@ (b)

Revenue Comparison

Empirical Competitive Ratio
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©

Figure 7: Comparison of Empirical Competitive Ratio of algorithms during Peak and Non Peak Time, |¢D|
=10,(a) Dataset] A/;' = 2000 (b) Dataset2 N} = As observed in data (¢) NYDataset N} = 1000

For Datasetl, the average number of requests at each decision epoch is 700 at
08:00AM, 200 at 03:00PM and 350 at 06:00PM. We can observe in the Figure |Z| that
at 03:00PM, when there are more taxis as compared to the number of requests, the gap
between the competitive ratio of MSS, BD and myopic approaches is less than 10%
but at 08:00AM and 06:00PM, on an average the gap between the competitive ratio
of MSS,BD and myopic approaches is more than 25%, the gap between MSS,BD and
ADP is nearly 12% and the gap with HSS is nearly 19%.

Similar results are observed on Dataset2. For Dataset2, the number of available
taxis is taken as observed in the data. The average number of requests at each decision
epoch is 2000 at 08:00AM, 1700 at 03:00PM and 1800 at 06:00PM. We can observe
that at 3PM the gap between the competitive ratio of MSS, BD and other approaches is
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less than 1% due to fewer requests and more available taxis (nearly 8000 taxis at 3PM
as compared to 5500 taxis at 08:00AM). At 08:00AM the gap is nearly 10% from all
the approaches.

For N'YDataset, the average number of requests at each decision epoch is 1941.8 at
08:00AM, 1726.1 at 03:00PM, 2407.617 at 06:00PM and 712.88 at 12:00AM. Figure
[7] shows the comparison of the competitive ratio of algorithms at different times. In
NYdataset, we did not observe the competitive ratio of myopic algorithm improve with
fixed number of taxis at different time but the competitive ratio of ADP improves at
12:00AM. This improvement is more likely due to variance in the samples provided.
As shown in the Section [6.4] NYDataset has low mean and high variance in the num-
ber of requests at night time. The gap between the competitive ratio of MSS, BD and
myopic approaches is more than 40% at all times. The maximum gap between MSS,
BD and ADP is 40% and minimum gap is 20%. The maximum gap between MSS, BD
and HSS is 12% and minimum gap is 7%.

Number Of Taxis: Finally, we also compare all the algorithms by experimenting with
different number of taxis (Figures [§] and [9). We observe that as the number of taxis
increase, the gap between MSS, BD and other approaches decreases. This is because
when more taxis are available, taxis will be free even after executing assignments at
the current decision epoch, so future demands can be met irrespective of the current
assignment. Furthermore, when there are significantly more taxis than the demand,
sophisticated matching approaches are not required.

We also compare the run-time of algorithms with different number of taxis. Figure
shows the run-time of MSS and BD with different number of taxis. We observed
that when the number of taxis are much less or taxis are available in excess, run-time
of MSS is lower as compared to the case when the number of taxis is comparable to
the available requests. For Dataset], MSS has maximum run-time at 2000 taxis and
for the other 2 datasets it has maximum run-time for 5000 taxis. Though run-time
of MSS changes with the number of taxis, run-time of BD(P) remains almost same
irrespective of the number of taxis [°} Moreover we conducted our experiments on
academic systems, on commercial servers this will take much less time.

6.4. Justification for Values of Parameter Settings

In this section, we show the reason for using the A value as 5 and the number of
samples as 10 in the previous section.
Decision epoch length (A): We identify the appropriate value of A which provides the
right trade-off between solution quality and run-time. The solution quality increases
with decreasing the value of A. This is because a server is assigned to only one request

15 Since, the reported run-time for BD is based on sequential solving of slaves, the actual run-time when
slaves are run in parallel on multiple cores is lower. We show the expected time which will be taken by BD,
if slaves are solved in parallel (denoted by BD(P) in the figure). We calculated this time by considering the
time taken to solve slaves in parallel as the maximum time taken by any slave in each iteration.

33



Revenue (per taxi)

Revenue Comparison

O Mss(a = 5, Q=5)

2000 E
Number Of Taxis

Number Of Requests (per taxi)

Number Of Requests Comparison

Number Of Taxis

Figure 8: Comparison of the revenue earned and the number of requests served using different algorithms.

(2)

(b)

NYDataset: In (a) and (b) | Z| = 436,|¢P| = 10

Revenue Comparison

8 8 8

Revenue (per Taxi)

[C MSS(a = 5, Q=5)

2000 5000
Number Of Taxis

Number Of Requests (per taxi)

Number Of Requests Comparison

[0 Mss(a = 5, Q=5)
Il BD( = 5, Q=5)
M 6

0] RGD

Number Of Taxis

(a)

(b)

Revenue (per taxi)

Revenue Comparison

[0 MsS(a = 5, Q=5)
M BD(A = 5, Q=5)
M G0

0 RGD
0s

Number Of Taxis

Number Of Requests (per taxi)

Number Of Requests Comparison

2000
Number Of Taxis

5000

Figure 9: Comparison of the revenue earned and the number of requests served using different algorithms.
(a), (b) Dataset] and (c), (d) Dataset2. In (a), (b), (c) and (d) | Z| = 483,

(©)

34

(C))

£P|=10




RunTime Comparison RunTime Comparison
120 1600
]
1400/ (] o(Py(a - 5, 0=5)
’!IT 100 ~ | 1)
T B 1200 | F R0
|mos
€ €
80 W Aop
§ g 1000-{{ W HsS
£ 60 £ 800
< <
E g 600
£ £
3 3 400
€ 5] 4
2004
o o0
1000 2000 5000 8000 1000 2000 5000 8000
Number Of Taxis Number Of Taxis
(@) ®)
RunTime Comparison
1000
0 mss(a = 5,0=5)
1 BD(A = 5,Q=5)
[ BD(P)(A = 5,Q=5)
“» 800-| M6
£ O red
€ Hos
§ i
2 600
£
<
g
E
3
3
& 200
o
1000 2000 5000 8000
Number Of Taxis
(©

Figure 10: Run time comparison of our algorithms for different number of taxis(a) | Z| = 483,|6P| = 10
Datasetl (b) | Z| = 483,|¢P| = 10 Dataset2 (c) | Z| = 436,|¢ | = 10 NYDataset

400000 o
[ NYDataset
M Dataset2 |
M Dataset1 1400 [ NYDataset
M DataSet2
300000 512"0 1 W DataSet1
2
H 8
g
9 2
€
& 200000 £
5
100000 &
o
1 3 s 10 15
Decision Epoch Length (in minutes) Decision Epoch Length (in minutes)
(a) (b)

Figure 11: Revenue and the run-time comparison of the Offline algorithm on different datasets for different
decision epoch length.

35




in each decision epoch (Section E[) Therefore, for large A values, even if a server can
serve more than one request in A duration, it will be serving only one request. To
observe the change in solution quality on decreasing the value of A, we compare the
objective value of OSTM over 2.5 hours for different value of A on both datasets.

Figure[IT|shows the comparison of total revenue earned and run-time of OSTM for
different A values (in minutes) on all the datasets E}

As mentioned in the Section the value of Q is taken such that A x (Q +1) =30
minutes, i.e., if A is 1, Q is taken as 29 and if A is 15, Q is taken as 1.

Figure shows the total revenue obtained on executing OSTM. We observe that
on all the datasets, there is a major increase in revenue on decreasing the value of A
from 15 to 10 and 10 to 5. But the increase in revenue on decreasing the value of A
from 5 to 3 and 3 to 1 is comparatively less. Figure [[Tb| shows the maximum time
taken to compute a single assignment with 1 sample of future demand. We observe
that the time taken to compute an assignment, drastically increases on decreasing the
value of A from 3 to 1. This is due to the large increase in the number of constraints
in the optimization formulation. Even for A = 3, the time taken to compute a single
assignment with one sample is 100 seconds on Dataset2.

As the time taken is high for A < 5 and quality of solution at A = 5 is comparable
to the solution quality at A = 1, we take the value of A as 5 for our experiments.

Number of samples (|¢”): Our next set of experiments measure the performance of

Mean Deviation
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20000
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10000

Figure 12: Mean and Deviation in the number of requests available at each hour for NYDataset

our approaches with respect to change in the number of samples. Figure|l2a|shows the
mean and deviation in the number of requests available at each hour over 15 week-
days in NYDataset. From the figure, we can observe that there is a high variance in
the number of requests at night between 10:00PM to 02:00AM, but during the day,

16The average number of requests in Dataset 2 and NYDataset is more than twice the average number of
requests in Dataset] (nearly 60000 requests in Dataset2 and N'YDataset as compared to 30000 requests in
Datasetl). Therefore, there is a significant difference between total revenue earned and time taken to compute
an assignment.
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the variance is low. Therefore, during the day, even with a single sample, we can ob-
tain good quality results. Due to this reason, to observe the effect of using different
number of samples for NYDataset, we provide the results at 12:00AM (as there is low
mean and high variance at 12:00AM). On the other hand, Dataset] has high variance
in the number of requests in the morning at 8:00AM on weekday (minimum: 6000,
maximum: 60000 over 2.5 hours). Therefore, for Datasetl, we provide the results at
08:00AM. The average number of requests at each decision epoch is 700 for Dataset1
and 712.88 for NYDataset. The total number of taxis is set to 1000 for NYDataset and
2000 for Datasetl.
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Figure 13: Comparison of empirical competitive ratio of algorithms for different number of samples.
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Figure 14: Comparison of run time of algorithms for different number of samples.(a)Dataset 1: | Z| = 483,
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Figure [I3] provides the results for the average value of empirical competitive ratio
for Dataset] and NYDataset. In Figure [I3a] and [13b] X-axis denotes the number of
samples considered while computing the assignment and Y-axis denotes the empirical
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competitive ratio (from Section d.4). The key observations are as follows:

(1) The most significant result is that MSS and BD are able to achieve more than 88% of
the optimal revenue with 10 samples on Dataset] and more than 95% on NYDataset.
Even though both datasets have high variance in the number of requests, Datasetl
has higher variance. Moreover, Dataset] has more requests within the same pair of
zones which makes a single zone more prominent than the others. So in case of
Datasetl, the important zones for different samples are different and can be com-
pletely different from the test day. On the other hand, requests are more distributed
in NYDataset, therefore, NYDataset has higher empirical competitive ratio as com-
pared to the Datasetl.

(2) Even with 1 sample, on an average MSS and BD obtain 84% of the optimal revenue
on the Dataset] and more than 85% of the optimal revenue on NYDataset.

(3) With respect to the revenue, on Dataset1, on an average, MSS provides 1.5% addi-
tional improvement over BD, while on NYDataset, with higher number of samples,
MSS provides 1% improvement over BD.

(4) BD provides the right trade-off between run-time and solution quality. While MSS
provides high quality solutions (especially for Datasetl), it can take significantly
more time (up to 1500 seconds when making online decisions).

(5) BD(P) on an average takes 24 seconds with 10 samples to compute an assignment
for Dataset] and 83 seconds with 10 Samples for NYDataset.

On the other hand, there is very low variance over the requests on different days in
Dataset2 (minimum:56000 ,maximum:60000 over 2.5 hours). Therefore, the empiri-
cal competitive ratio is more than 95% even on taking only one sample and does not
improve much on adding more samples. The run-time results on Dataset2 are similar
to NYDataset. NYDataset and Dataset2 take more time to compute an assignment as
compared to Dataset] because as discussed before Dataset] has more requests between
same zone pairs while requests are more distributed in other 2 datasets. Therefore, the
number of zone pairs which have requests between them is much lower for Datasetl.
Due to this, the overall size of linear program is larger for other two datasets resulting
in higher run-time.

RunTime Comparison

RunTime (in seconds)

1 5 8 10 13 15
Number Of Samples

(2)

Figure 15: (a)Dataset 2: | 2| =483, 3", > N} = 5000
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On all the datasets, MSS and BD provide high value of competitive ratio with very
few samples. One of the major reasons for this is that the samples need not be exactly
similar to the test data to provide a gain in the competitive ratio. As mentioned before,
a taxi can be assigned to a request if it can reach the pickup location of request within 5
(7) minutes and the cost of traveling to reach the request pickup location is negligible
as compared to the revenue obtained. Therefore, unless samples are drastically differ-
ent, they will contribute a lot in increasing the competitive ratio.

6.5. Synthetic Scenarios Where MSS and BD Do Not Improve Performance

To better understand the settings where our approaches work well and where it
does not, we also performed experiments on the synthetic datasets. We investigate the
following cases, where our approaches can potentially yield bad results as compared to
the myopic approaches:

1. Requests between zones generated using uniform, binomial and Poisson distribu-
tions: For this setting, we obtained similar results (as on the real world data sets) with
MSS and BD outperforming myopic approaches. On synthetic data sets with uniform
distribution, MSS and BD do not get the advantage of making taxis available in the
locations with more demand (based on samples) as requests are available in all the
zones. The reason behind MSS and BD still outperforming myopic approaches in this
scenario is the revenue model which rewards shorter trips over longer trips.

2. Revenue model with no bias for short trips (over long trips). As myopic approaches
consider the revenue for only the current decision epoch, they will assign taxis to a
trip having long distance. On the other hand, MSS and BD will prefer serving multiple
short distance trips. When we change the revenue model in equation (6.2)) such that the
revenue is directly proportional to the distance, MSS and BD do not get the advantage
by serving multiple short distance trips. On synthetic dataset with uniform distribution
of requests and the modified revenue model, all algorithms have comparable value of
the competitive ratio, as shown in Figure [T6]

Revenue Comparison

[0 MSs(A = 5,Q=5)
H BD(A = 5,Q=5)
B 6D

M RGD
mos

Empirical Competitive Ratio
°
o

Revenue Model

Figure 16: Revenue model with no bias for short trips: | Z| =50, 3, > N} = 2000,
25290, Dt = 2507

3. High proportion of long distance trips with far apart zones: To simulate this sce-
nario, we had to create a specific setting that is hard to replicate in real world data sets.
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We took 5 zones and no request has an origin and destination in the same zone. The
time taken to travel between zones is taken such that the taxis need to be in exactly
the same zone to serve the requests. In the 5 zones considered, we take the minimum
time taken to travel between any pair of zones as 15 minutes and maximum time as 40
minutes. Out of 20 possible (5*4) zone pair combinations, time taken to travel between
6 zone pairs is taken as more than 30 minutes (revenue 12.5), between 6 other zone
pairs as 15 minutes (revenue 7.2), 4 other zone pair as 20 minutes (revenue 8.2) and
between remaining 4 zone pairs as 25 minutes (revenue 10.5). Requests are generated
such that the requests with travel time 15, 20 and 25 minutes are not available at all
decision epochs but the requests having travel time 30 minutes or more are available
at all decision epochs. The value of 7 and A is 5 minutes and the value of @ is 5, i.e.,
A % (Q + 1) = 30 minutes.

In these settings, MSS and BD can perform arbitrarily bad as compared to the
myopic approaches. The intuition is that MSS and BD can keep on taking sub-optimal
decision at the current decision epoch with an expectation of getting higher revenue
at the next decision epochs but on reaching the next decision epoch it again takes a
sub-optimal decision.

The competitive ratio of MSS and BD in this setting is constantly less than the
myopic approaches even after providing multiple samples as shown in Figure The
reason is as MSS and BD are only looking at the next 30 minutes, they decide to first
serve a request with 15 minute travel time followed by a request having travel time
30 minutes or more. But on reaching the next decision epoch it ignores the request of
higher travel time even if there are no requests with 15-minute travel time available.
MSS and BD find it a better option to be idle for a couple of decision epochs in order
to wait for a 15 minute request so that it can serve that and follow it with a request
having travel time more than 30 minutes. This keeps on happening till the last decision
epoch. As a result, MSS and BD remain idle, waiting for a short trip and the myopic
approaches keep on serving the requests, resulting in higher revenue for them.

Revenue Comparison
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Figure 17: High proportion of long distance trips with far apart zones: |Z| =5, 3, = ./\/'i1 =10,
Zf21 D' =21
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7. Conclusion

In this paper, we have presented a multi-stage stochastic formulation for online
assignment of servers to customers and a Benders Decomposition of the formulation
to deal with large numbers of future scenarios. We provide crucial theoretical results
that indicate the complexity of the problem and the worst case performance obtained
by greedy and multi-stage approaches. In addition, we have compared the assignment
computed by our algorithms against multiple existing myopic and multi-stage algo-
rithms (including an approach for solving MDPs online). We found that our algorithms
are able to provide a significant gain in performance over all the current best approaches
on three different taxi data sets. We also created synthetic scenarios and demonstrated
certain revenue models and zone configurations (which typically do not occur in real
taxi domains) where our approaches do not provide improvements.

In the future, we would like to extend this work to support queuing of requests and
multi-capacity servers to address the general pickup and delivery problems with time
windows. We are also exploring how anonymity and homogeneity (key ideas that are
exploited in this paper) can be used to improve the performance of online MMDPs.
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Appendix A. Two-Stage Formulation of Assignment Problem

In this section, we provide the two-stage formulation for the pure assignment prob-
lem in the Table [A.T0] In this formulation, the locations are not grouped in the zones
and each server and request is considered individually. Time is discretized into timesteps
of duration A. We provide the formulation for the offline problem. The formulation
does not provide a solution within 5 minutes even for 20 servers.

We use V to denote the set of servers and W' to denote the set of requests at
timestep . The set W corresponds to the element D* in our OSTM model as both rep-
resent the demand. But as each element of the set D? corresponds to multiple requests
and set W* corresponds to individual requests, for each element in D?, there will be
multiple elements in the set W,

x!,, denotes that the server v is assigned to the request w at time ¢. b, denotes
the waiting time of the request w when it is served using server v at timestep t. a’,
is the binary variable which is set to 1 if the server v is available at timestep ¢. C?,,
provides the net revenue obtained on assigning the server v to the request w at time
t. The revenue for the timestep ¢ + 1 depends on the updated location of the server
as shown in the constraint Constraint ensures that the server is assigned to
atmost one request at each timestep and constraint (A.3) ensures that the request is
assigned to atmost one server. Constraint (A.4) ensures that the waiting time of any
request is less than 7. Constraint computes the waiting time of request depending
on the updated position of server. Constraint checks the availability time of server
depending on its updated position.

Tyw (v, w, t) denotes the time taken to travel from server’s initial location at ¢ to the
pick up location of request w at timestep t. Ty (W', £, w, t 4+ 1) denotes the time taken
to travel from the drop location of request w’ at ¢ to the pickup location of request w at
t + 1. T,y (w, t) denotes the travel time of request w at timestep ¢.

Similarly ¢, (v, w,t) denotes the cost to travel from server’s initial location at ¢
to the pick up location of the request w at timestep t. ¢y (W', ¢, w,t + 1) denotes the
cost to travel from the drop location of the request w’ at ¢ to the pickup location of the
request w at ¢ + 1. rev(w, t) denotes the revenue of request w at time ¢.

Extending this formulation to multiple timesteps further increases the complexity.
Linearizing the product of b%%! and x!}! we can write, (M is a large constant)

vw
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Table A.10: Two-Stage formulation for assignment problem
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Similarly, we need to linearize the product of C%f! and 2!} ! and the constraint (A7).

Appendix B. Hybrid Multi-Stage Stochastic Optimization (HSS)

In this section, we provide the details and the formulation of the model used by
Powell et.al. [[10]. This formulation solves the assignment problem at first stage and a
pure network flow approximation at the future stages. As for the truckload problem,
the typical value of time step is one day, therefore, even after having an assignment
problem at first stage, this formulation will be a pure network for the truckload assign-
ment using a single sample of future demand. As described in Sections [2.2and [3] in
our case, due to smaller timesteps and specifically as the completion timestep of the
customer request depends on the server assigned, this formulation will not be a pure
network. But using this formulation for our case, allows us to measure the impact of
using more accurate information for future demands. As opposed to the formulation
and experimental evaluation in [10], we use multiple samples of future demand for
this approach.

Table presents the Hybrid Multi-Stage Stochastic optimization formulation
for our problem. As HSS considers pure assignment problem at the current timestep,
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we use V to denote the set of servers and W to denote the set of requests at current
timestep. The set WV in this model and D! in our model both represent current demand
but as each element of D' corresponds to multiple requests and as the set VW corre-
sponds to individual requests, for each element in D', there will be multiple elements
in the set W. z,,,, denotes that a server v is assigned to the request w. We set ,,, to
0 if the server v can not reach the pickup zone of the request w within 7 minutes. u}
denotes that the server v is held at its initial zone. z;k d denotes the number of servers

moving from the zone o; to the zone d; at time ¢ in the sample k. yf’k denotes the
number of servers held at the zone ¢ at timestep ¢ in sample k. We abuse the notation a
bit and also use & }t/ as a binary constant which is 1 if the server starting at the decision
epoch ¢ from the zone i reaches zone j exactly at the decision epoch ¢'. We use o, to
denote the initial zone of server v and o,, and d,, to denote the origin and destination
zones of the request j.
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270
yhk integer :: Vi € Z,Vk < |€P|, vt > 1 (B.10)

Table B.11: HSS

Constraint (B.2) ensures that either the server is assigned to atmost one request or it
is held at its initial position. Constraint (B.3]) ensures that a request is assigned to atmost
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one server. Constraint (B.4) ensures that for any sample at any timestep, the number
of servers moving between zones is equal to the number of available requests between
those pair of zones. Constraint (B.3)-(B.6) ensure that the number of servers held at any
zone at any decision epoch is the difference between the number of available servers in
the zone and the number of assigned servers from the zone.

As at the future stages, servers get assigned to requests if and only if they are
present in the same zone, we use zones of large size (2KM) for HSS formulation at
future stages as opposed to 0.5KM for our formulation. We did some experiments with
0.5KM zones as well but results were worse than the results obtained with 2KM zone
size.

Appendix C. Approximate Dynamic Programming (ADP)

In this section, we provide the Approximate Dynamic Programming formulation
for our problem of matching servers with the customer demand. The modeling is sim-
ilar to the stochastic dynamic resource allocation formulation presented by Godfrey
et.al. [32] for multi-timestep travel time. The modeling uses the language of dynamic
resource management where the servers are resources and the customers are tasks. We
now describe the different dimensions of the model We define resources (servers) using
the following vector

A; = the total number of servers that we know about at time ¢.

Ay = the total number of servers that we know about at time ¢ but will become
available at time ¢/, with A;;;» denoting the number of servers in the zone i

Dt = the customer demand at time t where each element j of D? has attributes
origin zone (0;), destination zone (d;) and the number of requests between the origin
and destination zone denoted by ;. As exact demand is known only for the current
time step, Dt = ¢, ¢ > 1.

Let £P represent the new demand arriving in time step ¢, where gtD o representing
the k" sample or scenario.

D%* = total customer demand at time ¢ including the new customer demand that
first become available in time step ¢. Therefore, while solving for sample k, D** in-
cludes §tD *,

Therefore, the system state is given by

St = (Ata Dt;&-)

xﬁj are the decision variables denoting the number of servers assigned to the de-
mand element j at time ¢. We use () to denote the planning timesteps or look ahead
timesteps. y! are the intermediate variables denoting the number of servers in the zone
7 at time ?.

Therefore, the dynamic programming recursion is given by

17We can relate this with the variables in OLSTM definition , if ¢ represent current time step then A,/ =
St
N; +¢&;
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Vi(Sy) = E[maxxt,yt ge(xe, yt) + Vt+1(St+1)|St] where ¢;(x,y;) denotes the
single step reward/objective function value
We then drop the expectation and solve for a single sample at a time. V; (.S, tD ’k)

max, o) 0k 9@ (), 5 (€0F) +Vt+1(5t+1(§tD’k)]

Appendix C.1. Value Function Approximation

The value function defined above is replaced by a suitable approximation. In gen-
eral, the value function approximation is defined in terms of resources and it works well
when the tasks should be served as soon as possible and in case the tasks are not served
they will not be available at the next time step. This holds true for our case where if
the demand is unserved, it is removed from the system. Therefore, the value function
approximation can be written as

V(A 60%) = [max, eoy o0y 90 @€00) 0 (60F) + Vi (A (€0)]
The problem is solved by executing a forward pass through time, determining the set
of decisions for a single sample at a time. As we are solving for a single sample at a
time, we can drop the samples symbol from the value function.

Godfrey et.al. [32] proposed a separable approximation, for the multi-timestep
travel time, of the form

Vi(Ae) = Yiez S0, [Vt,t+t' (At,t+t')}

As the travel times span multiple timesteps, some servers are next available for as-
signment at time ¢ + 1, some at time ¢ 4+ 2 and so on. The function V; 14y (At t+v)
estimates the expected value of only those servers which are next available for assign-
ment at time ¢ + ¢'. After taking the sum over all possible travel times and all zones,
we get the estimated future contribution of all the servers.

Here, we would like to highlight that in our case, as the servers can be assigned
from nearby zones, the value function may not remain separable across zones
as the value of having a extra resource in zone i will depend on the number of
resources in nearby zones.

But it is still possible to assume the separation and apply these approximations
for our problem. Linear and piecewise linear value function approximations are typi-
cally used to solve these problems as the subproblem has network structure but as we
show in the following subsections, in our case the linear and piecewise value function
approximation do not have a network subproblem.

Appendix C.1.1. Linear Value Function Approximation

Linear value function approximation generally works well when value of function
is linear in terms of the number of resources or the number of resources in each state can
be either 0 or 1. But even when this is not the case, sometimes linear approximations

can work reasonably well. V;(A;) = > .~ ES:1 [V;,t,tth'(Au,tH') where each
of Vi ¢eqe (Aiee4v) is given by vF, o, * Ay 41y where vf, ., is the slope of the
approximation at k" iteration.

The formulation which is solved at each time step for each sample is provided in

the Table

49



oD Chxal+ Z vt eyl (C.1)

i€Z jeDt t'=t+1
> @l <R wvje DY (C.2)
Zxﬁj < Ay i Vit (C.3)

yitt = At/t+Am—ZxU+Z Sl e ohh Vit >t (C.4)

m j,dj=i

_At,t+zzx *5” Vit > t+1 (C.5)

m j,d;j=i
;vf-j integer Vi, j (C.6)
yh integer VL >t (C.7)

Table C.12: Formulation using the Linear value function approximation

As we can see, the formulation does not have a network structure due to the pres-
ence of binary constants § in equations (C.4) and (C.5), i.e., the Markov property is
broken.

Updating the value function

The slopes are updated in each forward simulation using the standard update equa-
tion as follows

k
Vi,t,t+t’ =(1—ax 1) * V tt+t/ + Qp—1 % Ty gt

where m; 4 414 are the dual variable corresponding to equations [CE] and @ We use
the dual values obtained after solving the linear relaxation. ;1 is the step size. We
use the stepsize as 4+Lk as mentioned in [32]. For the multi-timestep travel time we
perform adjustment to dual values using dual next as proposed in [32].

The complete algorithm is presented in the Algorithm T}

Appendix C.1.2. Piecewise Linear Value Function Approximation

When we need to estimate the value of having a quantity of some resource and
the function is piecewise linear, i.e., the slopes of the function are monotonically in-
creasing or decreasing, piecewise linear value function approximations are used. This
is more suitable approximation for the problem of interest in this paper as the value
of function increases linearly on having more resources but after reaching a threshold
(when the number of servers is sufficient to serve the demand), the value remains con-
stant. Therefore, the slope of value function is monotonic decreasing, i.e., we have a
piecewise linear concave function. Let |N| denote the total number of servers in the
system, then value function approximation is given by
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Algorithm 1: ADPLinear()

1: Initialize: Set V +i,t,t +¢,Vt' =0,1,..,Q, Vi, Vt
2: Forward Simulation:
3: for each sample s do

4: fort=0,1,..,Q — 1do

5: Solve the optimization in the Table|C.12]

6: Store dual vectors m; ¢4/, Vt'

7. fort=0,1,..,Q — 1do

8: fort' =1,..,Qdo

9: Compute adjusted marginal contribution 7; ; v using DualNext.
10: Update V; 111, = (1 — an—1) * Vfﬁnfli/,t/ + Qp_1 * piz;z,

Vi(A) =) ez 28:1 Z"r]i‘l [Uzr,t,tth'(Ai,mt-i-t’)} where eachof v, ;4 (Aittrt)

is given by 0}, ;4 * Aj ¢ t+e wWhere 0, , 4, is the slope of the piecewise component
r.

The formulation which is solved at each time step for each sample is provided in
the Table [C.13] As the slopes (v) are monotonic, it ensures that the right values are
assigned to the y variables.

As we can see, the formulation does not have a network structure due to the pres-
ence of binary constants ¢ in the equations and (C.12), i.e., the Markov property
is broken.

Due to the presence of large number of servers (|N| varies from 1000 to 8000
in our experiments) and the need to execute the formulation multiple times (multiple
timesteps and multiple samples), it is not possible to execute this approximation in
real time. We also tried using the alternate formulation which defines one variable
for each component of the piecewise approximation instead of having the number of
variables equal to the number of servers but as we need the dual values to update the
value function approximation, we need to solve the linear relaxation of the formulation.
The linear relaxation of this modified formulation provides worse result than the linear
approximation presented previously.

Updating the value function

We use the CAVE algorithm used by Godfrey et.al [32] to preserve the concavity
after the update of the value function using the piece wise value function approxima-
tions.

But in our case, as the formulation is not pure network due to the presence of binary
constants § in constraints and (C.12), we need to solve the optimization multiple
times to compute the left and right hand side dual values and this can not be done
within the online time constraints. Similarly re-optimizations are needed to compute
the numerical derivatives. Therefore, we use the dual values for the constraints obtained
after solving the linear relaxation of the optimization problem in the Table|C.13]

The complete algorithm is presented in the Algorithm 2]

51



Algorithm 2: ADPPiecewise()
1: Initialize: Set vg ¢t1+e = 0 and u?,t,t 1 = 0 as the piecewise-linear approximation for
Vitasr, V' =0,1,..,Q, Vi, Vt, where Uf,t,t-w denotes the slope of the component k and
(uf,tﬁt L ufﬁ ) provides the range in which component k is active.

2: Forward Simulation:
3: for sample s do
4. fort=20,1,..,QQ —1do
5: Solve the optimization in the Table [C.13|
6: Store dual vectors 7; ; 4/, Vi, t’
7. Update value function using CAVE
8 fort=0,1,..,Q —1do
9: fort' =1,..,Qdo
Compute the adjusted marginal contribution 7, ; ;+ using DualNext.

—
@

UCAVE

—_
—_

Update V; 441,10 = (Vi,t+1,t',7Ti,t,t'7 Ai,t+1,t’)

Appendix D. Complete Proofs of Propositions

Appendix D.1. Proof of Propositionl[l]
Proposition ItV j,0,4 ¢t 5§}t/ =4
flow problem.

Proof: Min cost flow optimization problems are polynomial time solvable, as they con-
sider deterministic unconditional flows. For the case when each request completes at a
fixed decision epoch irrespective of the server assigned to it, we show that the OSTM
problem also has deterministic unconditional flows and hence the optimization model
for OSTM is equivalent to the min cost flow optimization model. We first describe the
network corresponding to the OSTM problem.

Nodes: Nodes of the network represent the server zones and requests. Formally, we
create a node for each element in the set Z at each decision epoch. A node is also
created for each element in D?, V£. We also create a source node .S and a sink node 7.
Therefore, the maximum number of nodes in the network will be (| Z] + (| Z] = |Z])) -
M + 2.

Edges: Intuitively, we have edges to indicate the assignment (server zone to a request)
and movement (origin zone to the destination zone). Specifically, we have the following
edges in the network.

t,t
i/j 9

then the OSTM is reducible to a min cost

e An edge is created between a node corresponding to the zone ¢ at the decision epoch
t and a node for the element j of D" if o; € f(i, ). The capacity of the edge is equal
to R; and the cost of the edge is —C!__, . The flow on these edges is given by xﬁj

i,05,d;°
e An edge is created between the element j of D¢ and the node corresponding to the
zone 7 at decision epoch ¢’ (¢’ > t),if d; = 7 and 5;’t/ =1j,14,7,t,t 5;’-"‘/ = 52}?,
therefore we define 5§’t/ = 6ff/ Vi, j,t,t'). The capacity of the edge is R; and the
cost is 0. We denote the flow on these edges by y§
e An edge is created between the node corresponding to the zone ¢ at decision epoch

t and the node corresponding to the zone ¢ at decision epoch ¢ + 1 to have the flow
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k=|N| Q

max Z Z ij *xf] + Z Z 'U;C,t+1,t/ * yflyk (C.8)

i€Z jeDt k=0 t'=t+1
> al, <R!w:Vje DV (C.9)
foj < Ay i Vit (C.10)
J
STy = A+ A =Yl +30NT wt bl it > (€1
k j m j,d;=i
U= A+ 30Nl wdhh Vit >t 1 (C.12)
J;ﬁj integer Vi, j (C.13)
yf/l binary Vit >t (C.14)

Table C.13: Formulation using Piecewise Linear value function approximation

of unassigned servers, i.e., to ensure that the unassigned servers from the zone ¢ at

decision epoch ¢ remain in the same zone at next decision epoch. The capacity of

this edge is equal to ), V; and the cost is 0. The flow on these edges is denoted by

e From source node S, we create an edge to all the zone nodes at the decision epoch
1. The capacity of edge between the source node S and the zone i node is N; (the
number of initial servers in zone 7) and the cost is 0.

e If the requests present in the element j of DY, V¢ complete at a decision epoch > M,
then we create an edge between the element j of D! to the sink T'. The capacity of
the edge is R’ and the cost is 0.

e We also create edges from the zone nodes at decision epoch M (last decision epoch)
to the sink node 7. The capacity of the edge is ) _, N; and the cost is 0.

Given this network, we can view the similarity of the two optimization models in
Table The transformation uses slack variables (wf-) and the intermediate variables
(yl;) to convert the original OSTM constraints into the flow and capacity constraints
present in the min cost flow model. As the min cost flow is polynomial time solvable
and gives integral flow values for the integer capacities, we can solve the OSTM also
in polynomial time to get integer solutions. ll

Example 3. The example network with three zones and M=3 is shown in the Figure
D18 S and T denote the source and sink node. Circular nodes represent the server
zone nodes and rectangular nodes represent the request nodes between zones. Requests
between the zones Zs and Zs at decision epoch 1 complete at decision epoch 3. Re-
quests between the zones Z1 and Zs complete at decision epoch 4 and as M=3, they
are connected to sink node T'. N denotes the total number of servers available initially,
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OSTM(Z,D,N.,C, f,g9,T,6,M): | MinCostFlow: G(V, E):

Objective
M min > cuwx fo D.2)
) . . wv * fuw
min Z Z Z —1x Ci,.oi,di * Tig (u,v)EE
t=1i€Z jcpt, c
0;j€g(i,t)
M M
+D D w0+ > g0 D)
t=14i€Z t=1 jcpt
Flow Constraints
SToml 4w =N Vi (D.3) S fik— > fij=bjumVieEV
jepl, k|(j,k)EE il(i,j)EE
0j€g(i,1) (D.7)
yi— > al;=0::VtjeD" (D4
i€f(oj,t)
S el -l
jeDt,
0j€9(i,t)
= t! .t t/
— Z Z 5J Ty, =0m Vit >1
V=1 ept’,
dj:1,
{D.5)
M , ,
e w4 3T 3 8 My
i€EZ t’:leDt”
dj:i
13N, D.6)
iEZ
Capacity Constraints
0<yl <R!:wvtjeDt (D.8) 0< fij <wuij::V(i,5) €E (D)
0 <=z}, <R!::VitjeD (D.9)
0<w) <> N; Vit (D.10)
1EZ

Table D.14: MinCost Flow and OSTM
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i.e., N = N1+ Ny + Ns. Each arc contains 2 values with the first value representing
capacity and the second value representing the cost.

Decision epoch 1 Decision epoch 2 Decision epoch 3

RE1,—Ch1)

(N,,0)

(R33, —Cas)
L
(R33,0)

(2)

Figure D.18: Example min cost flow network for OSTM

In general, depending on the server assigned, a request can have a maximum of [ T | +
1 different completion decision epochs. Therefore, in the network constructed in the
Proposition [T} we will have edges between the decision epoch ¢ request nodes to the
decision epoch ', #'+1, .., t'+[ X | zone nodes with the flow on these edges conditioned
to be equal to the flow on the edges from the server node to request nodes.

In the example shown in the Figure [D.T8] suppose if the Z, server is assigned to
the request between zones Z2 and Z3, then the request completes at decision epoch 3
and if the Z; server is assigned to the request between zones Z, and Zs, the request
will complete at decision epoch 4. The modified network is shown in Figure [D.19]
Now the node Z», Z3 at decision epoch 1 will have the capacity R3, with the condition
that flow on 2 green edges should be equal and flow on 2 orange edges should be equal.
Proposition[2]shows that in the above case where there are conditional flows, the OSTM
is NP-hard.

Appendix D.2. Proof of Proposition
Propositionl% If 35,4,4',t,t' s.t. (5;?' £ 5% then the OSTM is NP-hard.

g
Proof: To show that the OSTM is NP-hard in general case, we reduce the well known
3-SAT problem to OSTM. We construct an instance of the OSTM for any arbitrary

instance of 3-SAT with L clauses and V' variables. We show that we obtain the optimal
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Decision epoch 1 Decision epoch 2 Decision epoch 3

(Rl —Chy

2

(R3s,0)

(a)

Figure D.19: Modified Example flow network for OSTM

value for the OSTM if and only if there exists an assignment to variables in 3-SAT
formula such that all the clauses in 3-SAT will evaluate to true.

For any arbitrary instance of 3-SAT with L clauses and V' variables, we construct

an instance of OSTM as follows:

We create an OSTM problem instance with 4L + 1 decision epochs, i.e., M=4L + 1.
At first decision epoch, we create 2V requests. At remaining 4L decision epochs, we
create one request each.

We create 2V +1 zones, denoted by Zy and Z;, Z;, 1t <= V. So the set of zones
Z={Z,Z;, Z;,i <=V}

Initially zones Z; have one server each and zones Z; and Z; have zero servers.

We create 2V requests at first decision epoch. Each zone Z; is the origin zone of two
requests with one request having destination in Z; and one request having destination
in Z; . Requests having origin in Z; at decision epoch 1, can only be assigned server
from the zone Z;. Therefore, D' = {< Z;, Z;,1 >, < Z;, Z;,1 >} and f(Z;,1) =
{Z;}. All the requests at the first decision epoch have unit revenue.

If zone ¢ server is assigned to the request between zone pairs < Z;, Z; > then the
variable x; is true else if it is assigned to the request between zone pairs < Z;, Z; >
then x; is false. Requests served at decision epoch 1 determines the value of variables
x;. Therefore, at second decision epoch, server will be available in zone Z; if x; is
true, and will be available in the zone Z; if x; is false.

If there are L clauses, we create L requests with request corresponding to k" clause
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at decision epoch 4k — 2. Each of these requests have destination in the zone Zj.
The origin zone of these requests is the zone corresponding to the first literal of the
kth clause.

In addition, if the k*" clause has literal x; then the zone Z, server can be assigned
to the request at decision epoch 4k — 2 and if the k" clause has literal —z;, then
the zone Z; can be assigned to the request. On the other hand, if the k" clause
does not contain literal x; then zone Z; server can not be assigned to the request at
decision epoch 4k — 2. In short, request at the decision epoch 4k — 2 can be assigned
server only from 3 zones which correspond to the literals present in the k*" clause.
Therefore, the request at decision epoch 4k — 2 will have atleast one server available
if clause evaluates to true, i.e., if atleast one of the literals has true value.

On assigning a server from the zone corresponding to the first literal, request com-
pletes at decision epoch 4k — 1 earning revenue 1, on assigning a server from the
zone corresponding to second literal, request completes at decision epoch 4k earning
revenue 2 and on assigning a server from the zone corresponding to the third literal,
request completes at decision epoch 4k + 1 earning revenue 3.

At decision epoch 4k — 1, a request is present between zone Z and the zone corre-
sponding to first literal of k*" clause with revenue 3. At decision epoch 4k, a request
is present between zone Z, and the zone corresponding to second literal of k*" clause
with revenue 2. Similarly, at the decision epoch 4k + 1, a request is present between
zones Z; and the zone corresponding to the third literal of k*" clause with revenue
1.

The requests at decision epoch 4k — 1,4k and 4k + 1 can be assigned a server only
from zone Zj. The server will be available in zone Zj only if the request at decision
epoch 4k — 2 is served. As there is only one request available at the decision epoch
4k — 2, maximum one of these three requests can be served. The maximum revenue
which can be earned by serving the requests between decision epochs 4k — 2 to
4k + 1is 4.

After serving the request at decision epoch 4%k — 2 and one of the requests at decision
epochs 4k — 1, 4k or 4k + 1 such that total revenue is 4, the availability of servers in
the zones at decision epoch 4k + 2 will be same as decision epoch 4k — 2. Therefore,
next clause will be evaluated for the same assignment of variables.

We now show that there is an assignment of values to the variables in the 3-SAT

instance so that the formula evaluates to true if and only if there exists a solution to the
OSTM problem with objective value V' + 4L.

The “if”’ direction: Suppose there exists a solution with the objective value V +4L.
As maximum revenue which can be earned by serving the requests between decision

epochs 4k —2 and 4k+1 is 4 and the maximum revenue earned at first decision epoch is

V, it means that V' requests are assigned a server at first decision epoch earning a total
revenue V' and one request is served at each of the decision epochs 4k — 2,Vk = 1..L
and one request is served from every three decision epochs 4k — 1,4k and 4k + 1
earning a total revenue of 4L. The variable x; is set to true if at first decision epoch
zone Z; server is assigned to the request having destination in zone Z; otherwise it is

set to false.

This will be a solution to 3-SAT instance as all the request at decision epoch 4k — 2
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are served (i.e., all clauses are true) and as the revenue earned between decision epochs
4k — 2 and 4k + 1 is 4, at decision epoch 4k + 2 the servers availability is same as at
decision epoch 2.

So if there is a solution to the OSTM problem, we can find an assignment for 3-SAT
instance.

The “only if”’ direction: Suppose there is an assignment of values to the variables
such that the 3-SAT formula evaluates to true. So at decision epoch 1, if x; is true, we
assign Z; server to request having destination in zone Z; otherwise it is assigned to the
request having destination in zone Z; . Therefore, revenue earned at decision epoch 1
will be V. Now, as the 3-SAT formula evaluates to true, at decision epoch 2, we will
have atleast one server available to serve the request. If the first literal of the first clause
is true we assign it to request at decision epoch 2 and serve the request at decision
epoch 3 earning a revenue of 4. If first literal is false but second literal is true, then
we assign it to request at decision epoch 2 and serve the request at decision epoch 4
earning a revenue of 4. If first and second literal are false but the third literal is true
then we assign it to request at decision epoch 2 and serve the request at decision epoch
5 earning a revenue of 4. Therefore we can serve request at decision epoch 2 and one of
the requests at decision epoch 3, 4 or 5 and earn a total revenue of 4. At decision epoch
6 the servers, the availability of servers will be same as at decision epoch 2. As all the
clauses of 3-SAT evaluate to true, the second clause will also be true and at decision
epoch 6 we will have atleast one server available to serve the request. Therefore, for
each clause in 3-SAT, we will serve 2 requests earning a revenue of 4 resulting in
objective value of the OSTM tobe V + 4L A.

Example 4. We show the graphical representation in the Figure for an example
3-SAT clause (x1V 22V x3) A (21 V ~x2 V —2x3). Initially, there is one server available
in zone Z1, Zs and Zs denoted by flow of 1 from the source S. At each decision epoch,
the circular nodes represent the server zone nodes and rectangular nodes represent the
request nodes with vertex capacity as the number of requests between the zone pairs.
The edge between the server node and the request node at a decision epoch represent
that server can be assigned to the request. The revenue obtained on assigning a server
to the request is marked on the edge. The value of flow on the edge will represent
the number of zone servers assigned to request. At first decision epoch, depending on
the assignment of server to the requests, the value of x1,x2,x3 will be I or O (true
or false). At second decision epoch, the request node has edges from Zy, Zo and Zs.
That is the server will be assigned to the request if one of these zones has a server
available. Also as the capacity of node is 1, only one of the servers from these zones
will be assigned a request. If server of Z1 is assigned to the request at decision epoch 2,
the black edges represent the movement of server. After serving the request at decision
epoch 3, the server will become available in the zone Z, again. Similarly green edges
show the movement of server if server from zone Zs is assigned and orange edges
show the movement of server, if server from zone Zs is assigned. Unassigned servers
at decision epoch 2, will remain in the same zones and their movement is represented
through dotted lines in the graph. At decision epoch 6, the server distribution in the
zones will be same as decision epoch 2 as the servers which moved between decision
epoch 2 and 6 came back into the same zone at decision epoch 6.
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Decision epoch 1 Decision epoch 2

| Uecision epoch 3

Decisi\m’poshll\ Decision epoch 5 {Decision epoch &

® © ©

Decision epoch 6 Decision epoch 7 Decision epoch 8

Figure D.20: Example clause - (z1 V z2 V 23) A (21 V "2 V —23)
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Appendix D.3. Proof of Proposition

Proposition[3}; Solving TSS for more than one sample is an NP-hard problem irrespec-
tive of the § values.

Proof: To show that solving TSS for more than one sample is NP-hard, we reduce the
3-SAT problem to TSS. We construct an instance of TSS for any arbitrary instance of
3-SAT with L clauses and V' variables. We show that we obtain the optimal value of
V' +1 for TSS if and only if there exists an assignment of variables such that the 3-SAT
clause evaluates to true.

Each clause of 3-SAT corresponds to one sample in TSS. Each sample has one
request, i.e., if the clause evaluates to true, request in the sample is served by a server
else it will not be served. The first stage requests are created so that they consider
all possible (true/false) values for the variables. Intuitively, the first stage decides the
assignment of variables present in clauses and the second stage evaluates the clauses
for those variable assignments.

The detailed steps are as follows:

e If there are V variables L clauses we create 2V + L zones, denoted by {Z;, Z;, 1 <=
Vyand {Zs, k=1,2,...,L}.
e Initially zones Z; have one server each and other zones have zero servers.

e We create 2V requests at the first stage. Each zone Z; is the origin zone of two
requests with one request having destination in Z; and one request having destination
in Z;. Requests having origin in zone Z; can only be assigned servers from zones
Z;. Therefore, D' = {< Z;, Zi,1 >,< Zi, Z;,1 > i <=V}, f(Zi,1) = {Zi}.
All the requests have unit revenue.

e If the zone Z; server is assigned to the request having destination in zone Z; then the
variable z; is true else if it is assigned to the request having destination in the zone
Z; then z; is false. Requests served at the first decision epoch determine the value of
variables xz;. Therefore, at the second stage, server will be available in the zone Z; if
x; 18 true, and will be available in zone Z; if x; is false.

e If there are n clauses, we create n requests (one request in each sample). [¢P| = L
and 55 ** has one element. Request in k" sample has origin in the zone Z,, and
destination in 2 .§2D - {< Zs, Z1,1 >. All requests have unit revenue.

e If the k*" clause has literal z; then zone Z; server can be assigned to the request in
sample k, and if the k" clause has literal —z;, then zone Z,; can be assigned to the
request in sample k. On the other hand, if the £*" clause does not contain literal z;
then zone Z; server can not be assigned to the request in sample k. In short, request
in k*" sample can be assigned server only from 3 zones which correspond to literals
present in k** clause.

e Now, the request in sample k will have atleast one server available if clause evaluates
to true, i.e., if one of the literals has true value.

We now show that there is an assignment of values to the variables in the 3-SAT
instance so that the formula evaluates to true if and only if there exists a solution to
TSS with objective value V' + 1.

The “if”” direction: Suppose there exists a TSS solution with the objective value V +1,

it means that V' requests are assigned a server at the first stage and in all the L samples
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requests are assigned a server. The variable z; is set to true if at the first stage zone
Z; server is assigned to the request having destination in zone Z; otherwise it is set to
false. This will be a solution to the 3-SAT instance as requests in all the samples are
served so atleast one of the literals in each clause is set to true. So if there is a solution
to TSS instance, we can find an assignment for 3-SAT instance.

The “only if”’ direction: Suppose there is an assignment of values to the variables such
that the 3-SAT formula evaluates to true. So if x; is true, we assign Z; server to request
having destination in zone Z; otherwise it is assigned to the request having destination
in zone Z;. Now, in each sample for each request, we will have atleast one server
available so we can serve all the L requests at the second stage. Therefore objective
value of TSS willbe V + 7 - L=V + 1.1

Appendix D.4. Proof of Proposition

Proposition | In OLSTM without sample information and adversarial behavior from
environment, when maximizing the number of requests satisfied for a fixed number of
servers N, the competitive ratio, c for any deterministic b-stage algorithm (i.e., with
information available up to the b*" decision epoch) in a M-decision epoch (M > b)

problem is
1

<7
=M b1

Proof. Before we describe the key elements of the proof, we first provide the key
terms that will be used in this proof:

e ALG denotes the value of the best deterministic b-stage algorithm over M deci-
sion epochs.

e OPT denotes the value obtained by an M-Stage optimal algorithm over M deci-
sion epochs.

e NN is the number of servers available.

e Let OPT, denote the value of optimal solution for first b decision epochs (i.e.,
the maximum number of requests which can be served in first b decision epochs).

In order to show the upper bound on competitive ratio, we will consider different
cases on values that can be taken by o. Since we are computing competitive ratio (least
value of SILDLT%), we identify the least value of the numerator and the highest value of

the denominator.
(1) OPT, > N, i.e., the number of requests served in the first b decision epochs is

greater than N

As ALG denotes the number of requests served by the best deterministic b-stage
algorithm over M decision epochs. Therefore, at the very least, it can obtain the
optimal solution for b decision epochs and hence:

ALG > OPT,
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Since OPT is the value obtained by an M-stage optimal algorithm, it can potentially
serve N requests for every one of the remaining (M — b) time steps. Therefore,

OPT < (M —b) * N + OPT},

Hence, we have:

< ( OPT, ):( 1 )
~ \OPTy,+ N« (M —b) 1_,_(%)}5)
-~

The above expression will be minimum when OI;Tb is minimum. As OPT, > N,

the minimum value of % is 1. Therefore,

< 1
T M-b+1

(2) OPT, < N, i.e., the number of requests served in first b decision epochs is lower
than N

As the number of requests served in first b decision epochs is lower than NV, there
will be some servers which did not move from their initial position. So if optimal
algorithm uses these servers to serve requests, deterministic algorithm can also serve
requests using them, As the minimum value of ALG and OPT is OPT;, we take
ALG = OPTy 4+ x and OPT = OPTy + y. Assume the competitive ratio in this

case is better than ﬁ Therefore,
OPTb +x 1

OPT;,+y< 1+M—0b (D.12)

= (OPTy+z)*x (M —b)+OPT,+x < OPT, +y (D.13)

= y>O0PTy*x(M—-b)+xx(M—->b+1) (D.14)

As the maximum number of requests served in remaining M — b decision epochs
is N« (M —b),

y< Nx(M-0) (D.15)
From equation and (D.T9),
OPTy+ (M —b)+x+ (M —b+1) < Nx*(M—b)
M—b

:>x<(N_OPTb)*m

— x < N —OPT,
— x+OPT, < N
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As the value of ALG in all M decision epochs is less than N, N — (OPT, +
x) servers did not move from their initial position. Therefore, even for the optimal
algorithm, N — (OPT, + z) servers will not be moving. So,

y < (OPTy + )« (M —b)

= OPT, +y < (OPTber)*(be)JrOPTb
OPT, +vy OPT,
— 2 T < (M —-b)F
OPTb+x_( )+OPTb+1:
OPTb—‘r.T> 1

OPTy +y = ol + (M —b)

RHS > M%b“. But we assumed 8§§ZIZ < M71b+1
1
VA L

We can also extend the above reasoning for the case when objective is to maximize
revenue. If revenue of any request C' € {C),in, Crnaz - then at first b stages, requests
with revenue C,,,;,, are served by both deterministic and optimal algorithm and for the
remaining decision epochs requests with revenue C,,, are served by optimal algo-
rithm. Therefore, the competitive ratio will be o +(€/}"i%)* o

The competitive ratio is low mainly due to the assumption that server only moves
when it is assigned to a request. Therefore, the adversary can take more advantage by
creating requests in the zones which are not reachable from the server position.

It should be possible to improve the competitive ratio on removing this assumption.
By taking decision to move randomly to another zone if no request is available at the
current stage, we may improve the competitive ratio against an online adversary (i.e.,
the adversary who is not aware of the output of random decision).

which is a contradiction. Thus,

Appendix D.5. Proof of Proposition

Proposition[5} In OLSTM with sample information and stochastic behaviour from en-
vironment according to the samples, when maximizing the number of requests satisfied,
the expected competitive ratio, c,, of the TSS algorithm is

< 3 n 3
c“_4>|<(M—1) 4% M

where M is the number of decision epochs (M > 3).

Proof: To prove the upper bound on the expected competitive ratio, we construct
a worst case distribution and show the value of expected competitive ratio for that
distribution. The value of expected competitive ratio for any specific distribution is
upper bound on the true value.

We assume that there is a positive probability of having a request at second decision
epoch As the TSS only knows distribution for the next decision epoch, we create an

I31f the probability of having a request at second decision epoch is 0, TSS will not have any future infor-
mation available and will be as good as deterministic one-stage algorithm. In case of zero probability, from
Proposition the competitive ratio will be ﬁ
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instance such that TSS can not serve any requests after first two decision epochs.

We construct a worst case instance with one server and two requests at first two
decision epochs. Initially, the server is located in zone Z1, the two requests are request
1,71 =< Z1,Z; > and request 2, ro =< Z1, Zo >. Requests originating in zone Z
can only be served by server in zone Z;. Similarly request originating in zone Z5 can
only be served by server in Zs.

As per the distribution at decision epoch 2, the probability that request has origin
and destination in Z; is P; and probability that request has origin and destination in
Zs is P» and the probability is zero for all other zone pairs. P; and P are independent
of each other. Also as per the distribution, at subsequent decision epochs, there is zero
probability of a request having origin in zone Z; and 1 probability of requests having
origin and destination at Z,.

The TSS algorithm will make the first stage assignment based on the expected
number of requests served, i.e., it will maximize 1+ max(Py, P»). If P, > P, TSS
will assign the server to request 1 at decision epoch 1 and will serve request at deci-
sion epoch 2 with probability P;. TSS will not be able to serve any more requests at
subsequent decision epoch.

The M-stage optimal algorithm will assign server to request 2 at first decision
epoch. At second decision epoch, the M-stage optimal algorithm will be able to serve
the request if it originates in zone Z5 otherwise it will not. The M-stage algorithm will
be able to serve requests at all subsequent decision epochs{ﬂ Therefore, the expected
competitive ratio is given by

2 2 1
CuSP1*(I—PQ)*m-l—Pl*PQ*M-F(l—Pl)*PQ*M
1

M-1

+(1-P)x(1—P)* (D.16)
The four terms correspond to four possible cases of drawing 2 requests from the given
distribution. Rearranging the terms, we get

1 1
T a0 (D.17)

cp < (14 P1) —Pyx (14 P1)*(

1
M—-1
From equation (D.17), as ﬁ > ﬁ, for a fix value of P, on increasing the value
of P, the expected competitive ratio decreases. As P; > P», to minimize the expected
value of competitive ratio, we take P, = Pj. Substituting P, = P in equation (D.17),
we get

e < (14 Py = —Pl*(l—l—Pl)*( 1 i))

1 L
M—-1 M—-1 M

The above expression will be minimum when the derivative (with respect to P;) is 0,

19The number of decision epochs (M) is greater than or equal to 3
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ie.,

1
(1)*M_1—(1—|—2*P1)*( _1—M):0
1, 1
B S Vo i VA
:>P1:M2—1

As 0 < P; <1, and M is a positive integer, the possible value of P; are 0, 0.5
and 1.0. Since, we have a positive probability of having request at second decision
epoch, P; = 0 is not possible. Therefore, the competitive ratio will be minimum when
P; = 0.5 or 1. On substituting P, = P, = 1.0, in equation (D.17)), we get % and on
substituting P, = P> = 0.5, in equation (D.17), we get ﬁ + ﬁ

As % > m + ﬁ, for M > 3, therefore

3 3

< .
S A M —1) T dxM (D.18)

As there exists an instance for which the expected competitive ratio of TSS can not
be more than m + ﬁ, we can say that m + ﬁ is the upper bound on
the expected competitive ratio of TSS. B
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